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Model
<latexit sha1_base64="sJV3XxlHZPiCpYh4Lo8siohcnLY=">AAACEnicbVDLSsNAFJ3UV62vqEs3wSK0SEsSfG2Eoht3VrAPaJMymUzboZNJmJkIJfQb3Pgrblwo4taVO//GSZuFth64cOace7lzjxdRIqRpfmu5peWV1bX8emFjc2t7R9/da4ow5gg3UEhD3vagwJQw3JBEUtyOOIaBR3HLG12nfusBc0FCdi/HEXYCOGCkTxCUSurpZV+49mWlWeJlX7r2cUrcpGJNfK5eqvzubYAH0LV7etGsmlMYi8TKSBFkqPf0r64fojjATCIKhehYZiSdBHJJEMWTQjcWOIJoBAe4oyiDARZOMj1pYhwpxTf6IVfFpDFVf08kMBBiHHiqM4ByKOa9VPzP68Syf+EkhEWxxAzNFvVjasjQSPMxfMIxknSsCEScqL8aaAg5RFKlWFAhWPMnL5KmXbXOqqd3J8XaVRZHHhyAQ1ACFjgHNXAD6qABEHgEz+AVvGlP2ov2rn3MWnNaNrMP/kD7/AFNiJtl</latexit>

ds2 = �V (r)dt2 + V (r)�1dr2 + r2d⌦2

<latexit sha1_base64="6qMvSBRvqmXZhUWQkvoaHjaHD/c=">AAACD3icbVDLSgMxFM3UV62vUZdugkWpiGWm+NoIRTduhAr2AZ2xZNJMG5rJDElGKMP8gRt/xY0LRdy6deffmLaz0NYDISfn3MvNPV7EqFSW9W3k5uYXFpfyy4WV1bX1DXNzqyHDWGBSxyELRctDkjDKSV1RxUgrEgQFHiNNb3A18psPREga8js1jIgboB6nPsVIaalj7jdK4uDCPnJ8gXBSuUkTkR5OHuK+kiYOYUzfHbNola 0x4CyxM1IEGWod88vphjgOCFeYISnbthUpN0FCUcxIWnBiSSKEB6hH2ppyFBDpJuN9UrinlS70Q6EPV3Cs/u5IUCDlMPB0ZYBUX057I/E/rx0r/9xNKI9iRTieDPJjBlUIR+HALhUEKzbUBGFB9V8h7iMdhtIRFnQI9vTKs6RRKdun5ZPb42L1MosjD3bALigBG5yBKrgGNVAHGDyCZ/AK3own48V4Nz4mpTkj69kGf2B8/gDhpJv8</latexit>

V (r) = 1� 2M

r
+

r2

`2

<latexit sha1_base64="0X19YlpZPpirb8MU/8kCByZ+mr0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdRGCXjxGMA9IljA76U3GzO4sM7NCWPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dQSK4Nq777Swtr6yurRc2iptb2zu7pb39hpapYlhnUkjVCqhGwWOsG24EthKFNAoENoPh7cRvPqHSXMYPZpSgH9F+zEPOqLFSo4NCXHvdUtmtuFOQReLlpAw5at3SV6cnWRphbJigWrc9NzF+RpXhTOC42Ek1JpQNaR/blsY0Qu1n02vH5NgqPRJKZSs2ZKr+nshopPUoCmxnRM1Az3sT8T+vnZrwys94nKQGYzZbFKaCGEkmr5MeV8iMGFlCmeL2VsIGVFFmbEBFG4I3//IiaZxWvIvK+f1ZuXqTx1GAQziCE/DgEqpwBzWoA4NHeIZXeHOk8+K8Ox+z1iUnnzmAP3A+fwAEso7H</latexit>

` = 1
<latexit sha1_base64="HHrpOV0QHoF8gLXZuNVX/U7b210=">AAACFXicbVDLSsNAFJ34rPUVdekmWIQWtSTF10Youumygn1AU8NkOmmHTh7M3Agl5Cfc+CtuXCjiVnDn3zhNu9DWAxcO59zLvfe4EWcSTPNbW1hcWl5Zza3l1zc2t7b1nd2mDGNBaIOEPBRtF0vKWUAbwIDTdiQo9l1OW+7wZuy3HqiQLAzuYBTRro/7AfMYwaAkRz9uFkXpyjoS95UT2xOYJMKppYlIbU49KGaGU7MF6w+g5OgFs2xmMOaJNSUFNEXd0b/sXkhinwZAOJayY5kRdBMsgBFO07wdSxphMsR92lE0wD6V3ST7KjUOldIzvFCoCsDI1N8TCfalHPmu6vQxDOSsNxb/8zoxeJfdhAVRDDQgk0VezA0IjXFERo8JSoCPFMFEMHWrQQZYZQMqyLwKwZp9eZ40K2XrvHx2e1qoXk/jyKF9dICKyEIXqIpqqI4aiKBH9Ixe0Zv2pL1o79rHpHVBm87soT/QPn8AIjadmA==</latexit>

V (r) = 1 + r2 � rH
r

�
1 + r2

H

�
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Model

<latexit sha1_base64="2ohXcpz9SPYioS1antHOhvfn474=">AAACC3icbVBLSwMxGMzWV62vVY9eQosgiGW3Pi9CqRePFewDuuuSzWbb0OyDJCuWpXcv/hUvHhTx6h/w5r8x2+5BWwcShplvSL5xY0aFNIxvrbCwuLS8Ulwtra1vbG7p2zttESUckxaOWMS7LhKE0ZC0JJWMdGNOUOAy0nGHV5nfuSdc0Ci8laOY2AHqh9SnGEklOXrZakQPTh9a8YAe1rL7yGIq7qGJdHd8aTh6xagaE8B5YuakAnI0Hf3L8iKcBCSUmCEheqYRSztFXFLMyLhkJYLECA9Rn/QUDVFAhJ1OdhnDfaV40I+4OqGEE/V3IkWBEKPAVZMBkgMx62Xif14vkf6FndIwTiQJ8fQhP2FQRjArBnqUEyzZSBGEOVV/hXiAOMJS1VdSJZizK8+Tdq1qnlVPb04q9UZeRxHsgTI4ACY4B3VwDZqgBTB4BM/gFbxpT9qL9q59TEcLWp7ZBX+gff4A4t2ZsA==</latexit>

⇤g�+ 2�� ��3 = 0

<latexit sha1_base64="sJV3XxlHZPiCpYh4Lo8siohcnLY=">AAACEnicbVDLSsNAFJ3UV62vqEs3wSK0SEsSfG2Eoht3VrAPaJMymUzboZNJmJkIJfQb3Pgrblwo4taVO//GSZuFth64cOace7lzjxdRIqRpfmu5peWV1bX8emFjc2t7R9/da4ow5gg3UEhD3vagwJQw3JBEUtyOOIaBR3HLG12nfusBc0FCdi/HEXYCOGCkTxCUSurpZV+49mWlWeJlX7r2cUrcpGJNfK5eqvzubYAH0LV7etGsmlMYi8TKSBFkqPf0r64fojjATCIKhehYZiSdBHJJEMWTQjcWOIJoBAe4oyiDARZOMj1pYhwpxTf6IVfFpDFVf08kMBBiHHiqM4ByKOa9VPzP68Syf+EkhEWxxAzNFvVjasjQSPMxfMIxknSsCEScqL8aaAg5RFKlWFAhWPMnL5KmXbXOqqd3J8XaVRZHHhyAQ1ACFjgHNXAD6qABEHgEz+AVvGlP2ov2rn3MWnNaNrMP/kD7/AFNiJtl</latexit>

ds2 = �V (r)dt2 + V (r)�1dr2 + r2d⌦2

<latexit sha1_base64="6qMvSBRvqmXZhUWQkvoaHjaHD/c=">AAACD3icbVDLSgMxFM3UV62vUZdugkWpiGWm+NoIRTduhAr2AZ2xZNJMG5rJDElGKMP8gRt/xY0LRdy6deffmLaz0NYDISfn3MvNPV7EqFSW9W3k5uYXFpfyy4WV1bX1DXNzqyHDWGBSxyELRctDkjDKSV1RxUgrEgQFHiNNb3A18psPREga8js1jIgboB6nPsVIaalj7jdK4uDCPnJ8gXBSuUkTkR5OHuK+kiYOYUzfHbNola 0x4CyxM1IEGWod88vphjgOCFeYISnbthUpN0FCUcxIWnBiSSKEB6hH2ppyFBDpJuN9UrinlS70Q6EPV3Cs/u5IUCDlMPB0ZYBUX057I/E/rx0r/9xNKI9iRTieDPJjBlUIR+HALhUEKzbUBGFB9V8h7iMdhtIRFnQI9vTKs6RRKdun5ZPb42L1MosjD3bALigBG5yBKrgGNVAHGDyCZ/AK3own48V4Nz4mpTkj69kGf2B8/gDhpJv8</latexit>

V (r) = 1� 2M

r
+

r2

`2

<latexit sha1_base64="0X19YlpZPpirb8MU/8kCByZ+mr0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdRGCXjxGMA9IljA76U3GzO4sM7NCWPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dQSK4Nq777Swtr6yurRc2iptb2zu7pb39hpapYlhnUkjVCqhGwWOsG24EthKFNAoENoPh7cRvPqHSXMYPZpSgH9F+zEPOqLFSo4NCXHvdUtmtuFOQReLlpAw5at3SV6cnWRphbJigWrc9NzF+RpXhTOC42Ek1JpQNaR/blsY0Qu1n02vH5NgqPRJKZSs2ZKr+nshopPUoCmxnRM1Az3sT8T+vnZrwys94nKQGYzZbFKaCGEkmr5MeV8iMGFlCmeL2VsIGVFFmbEBFG4I3//IiaZxWvIvK+f1ZuXqTx1GAQziCE/DgEqpwBzWoA4NHeIZXeHOk8+K8Ox+z1iUnnzmAP3A+fwAEso7H</latexit>

` = 1
<latexit sha1_base64="HHrpOV0QHoF8gLXZuNVX/U7b210=">AAACFXicbVDLSsNAFJ34rPUVdekmWIQWtSTF10Youumygn1AU8NkOmmHTh7M3Agl5Cfc+CtuXCjiVnDn3zhNu9DWAxcO59zLvfe4EWcSTPNbW1hcWl5Zza3l1zc2t7b1nd2mDGNBaIOEPBRtF0vKWUAbwIDTdiQo9l1OW+7wZuy3HqiQLAzuYBTRro/7AfMYwaAkRz9uFkXpyjoS95UT2xOYJMKppYlIbU49KGaGU7MF6w+g5OgFs2xmMOaJNSUFNEXd0b/sXkhinwZAOJayY5kRdBMsgBFO07wdSxphMsR92lE0wD6V3ST7KjUOldIzvFCoCsDI1N8TCfalHPmu6vQxDOSsNxb/8zoxeJfdhAVRDDQgk0VezA0IjXFERo8JSoCPFMFEMHWrQQZYZQMqyLwKwZp9eZ40K2XrvHx2e1qoXk/jyKF9dICKyEIXqIpqqI4aiKBH9Ixe0Zv2pL1o79rHpHVBm87soT/QPn8AIjadmA==</latexit>

V (r) = 1 + r2 � rH
r

�
1 + r2

H

�

conformal equation: permits Robin BC
<latexit sha1_base64="OdHuoJtGhVs8Bk9hSSzsHfbHf2s="></latexit>

lim
r!1

�
r2@r(r�) + b(r�)

�
= 0
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Model

<latexit sha1_base64="2ohXcpz9SPYioS1antHOhvfn474=">AAACC3icbVBLSwMxGMzWV62vVY9eQosgiGW3Pi9CqRePFewDuuuSzWbb0OyDJCuWpXcv/hUvHhTx6h/w5r8x2+5BWwcShplvSL5xY0aFNIxvrbCwuLS8Ulwtra1vbG7p2zttESUckxaOWMS7LhKE0ZC0JJWMdGNOUOAy0nGHV5nfuSdc0Ci8laOY2AHqh9SnGEklOXrZakQPTh9a8YAe1rL7yGIq7qGJdHd8aTh6xagaE8B5YuakAnI0Hf3L8iKcBCSUmCEheqYRSztFXFLMyLhkJYLECA9Rn/QUDVFAhJ1OdhnDfaV40I+4OqGEE/V3IkWBEKPAVZMBkgMx62Xif14vkf6FndIwTiQJ8fQhP2FQRjArBnqUEyzZSBGEOVV/hXiAOMJS1VdSJZizK8+Tdq1qnlVPb04q9UZeRxHsgTI4ACY4B3VwDZqgBTB4BM/gFbxpT9qL9q59TEcLWp7ZBX+gff4A4t2ZsA==</latexit>

⇤g�+ 2�� ��3 = 0

<latexit sha1_base64="sJV3XxlHZPiCpYh4Lo8siohcnLY=">AAACEnicbVDLSsNAFJ3UV62vqEs3wSK0SEsSfG2Eoht3VrAPaJMymUzboZNJmJkIJfQb3Pgrblwo4taVO//GSZuFth64cOace7lzjxdRIqRpfmu5peWV1bX8emFjc2t7R9/da4ow5gg3UEhD3vagwJQw3JBEUtyOOIaBR3HLG12nfusBc0FCdi/HEXYCOGCkTxCUSurpZV+49mWlWeJlX7r2cUrcpGJNfK5eqvzubYAH0LV7etGsmlMYi8TKSBFkqPf0r64fojjATCIKhehYZiSdBHJJEMWTQjcWOIJoBAe4oyiDARZOMj1pYhwpxTf6IVfFpDFVf08kMBBiHHiqM4ByKOa9VPzP68Syf+EkhEWxxAzNFvVjasjQSPMxfMIxknSsCEScqL8aaAg5RFKlWFAhWPMnL5KmXbXOqqd3J8XaVRZHHhyAQ1ACFjgHNXAD6qABEHgEz+AVvGlP2ov2rn3MWnNaNrMP/kD7/AFNiJtl</latexit>

ds2 = �V (r)dt2 + V (r)�1dr2 + r2d⌦2

<latexit sha1_base64="Eh4g+38kUu97GGgXsz6+kjEnMQU=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgxjIjUt0IRTcuK9gHtkPJZDJtaCYZkoxQhv6FGxeKuPVv3Pk3pu0stPVA4HDOueTeEyScaeO6305hZXVtfaO4Wdra3tndK+8ftLRMFaFNIrlUnQBrypmgTcMMp51EURwHnLaD0e3Ubz9RpZkUD2acUD/GA8EiRrCx0mOP22iIr8+8frniVt0Z0DLxclKBHI1++asXSpLGVBjCsdZdz02Mn2FlGOF0UuqlmiaYjPCAdi0VOKbaz2YbT9CJVUIUSWWfMGim/p7IcKz1OA5sMsZmqBe9qfif101NdOVnTCSpoYLMP4pSjoxE0/NRyBQlho8twUQxuysiQ6wwMbakki3BWzx5mbTOq16tWru/qNRv8jqKcATHcAoeXEId7qABTSAg4Ble4c3Rzovz7nzMowUnnzmEP3A+fwCjBpBB</latexit>

� = �1focusing case

<latexit sha1_base64="ZFNC+wHD6aXmTWbU/jQvLfKkZQM=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyItG6EohuXFexD2qFkMpk2NMkMSUYoQ7/CjQtF3Po57vwb03YW2nogcDjnXHLvCRLOtHHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFaEtEvNYdQOsKWeStgwznHYTRbEIOO0E49uZ33miSrNYPphJQn2Bh5JFjGBjpcc+t9EQX3uDcsWtunOgVeLlpAI5moPyVz+MSSqoNIRjrXuemxg/w8owwum01E81TTAZ4yHtWSqxoNrP5gtP0ZlVQhTFyj5p0Fz9PZFhofVEBDYpsBnpZW8m/uf1UhNd+RmTSWqoJIuPopQjE6PZ9ShkihLDJ5ZgopjdFZERVpgY21HJluAtn7xK2hdVr1at3V9WGjd5HUU4gVM4Bw/q0IA7aEILCAh4hld4c5Tz4rw7H4towclnjuEPnM8fNreQCg==</latexit>

� = 1defocusing case

<latexit sha1_base64="6qMvSBRvqmXZhUWQkvoaHjaHD/c=">AAACD3icbVDLSgMxFM3UV62vUZdugkWpiGWm+NoIRTduhAr2AZ2xZNJMG5rJDElGKMP8gRt/xY0LRdy6deffmLaz0NYDISfn3MvNPV7EqFSW9W3k5uYXFpfyy4WV1bX1DXNzqyHDWGBSxyELRctDkjDKSV1RxUgrEgQFHiNNb3A18psPREga8js1jIgboB6nPsVIaalj7jdK4uDCPnJ8gXBSuUkTkR5OHuK+kiYOYUzfHbNola 0x4CyxM1IEGWod88vphjgOCFeYISnbthUpN0FCUcxIWnBiSSKEB6hH2ppyFBDpJuN9UrinlS70Q6EPV3Cs/u5IUCDlMPB0ZYBUX057I/E/rx0r/9xNKI9iRTieDPJjBlUIR+HALhUEKzbUBGFB9V8h7iMdhtIRFnQI9vTKs6RRKdun5ZPb42L1MosjD3bALigBG5yBKrgGNVAHGDyCZ/AK3own48V4Nz4mpTkj69kGf2B8/gDhpJv8</latexit>

V (r) = 1� 2M

r
+

r2

`2

<latexit sha1_base64="0X19YlpZPpirb8MU/8kCByZ+mr0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdRGCXjxGMA9IljA76U3GzO4sM7NCWPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dQSK4Nq777Swtr6yurRc2iptb2zu7pb39hpapYlhnUkjVCqhGwWOsG24EthKFNAoENoPh7cRvPqHSXMYPZpSgH9F+zEPOqLFSo4NCXHvdUtmtuFOQReLlpAw5at3SV6cnWRphbJigWrc9NzF+RpXhTOC42Ek1JpQNaR/blsY0Qu1n02vH5NgqPRJKZSs2ZKr+nshopPUoCmxnRM1Az3sT8T+vnZrwys94nKQGYzZbFKaCGEkmr5MeV8iMGFlCmeL2VsIGVFFmbEBFG4I3//IiaZxWvIvK+f1ZuXqTx1GAQziCE/DgEqpwBzWoA4NHeIZXeHOk8+K8Ox+z1iUnnzmAP3A+fwAEso7H</latexit>

` = 1
<latexit sha1_base64="HHrpOV0QHoF8gLXZuNVX/U7b210=">AAACFXicbVDLSsNAFJ34rPUVdekmWIQWtSTF10Youumygn1AU8NkOmmHTh7M3Agl5Cfc+CtuXCjiVnDn3zhNu9DWAxcO59zLvfe4EWcSTPNbW1hcWl5Zza3l1zc2t7b1nd2mDGNBaIOEPBRtF0vKWUAbwIDTdiQo9l1OW+7wZuy3HqiQLAzuYBTRro/7AfMYwaAkRz9uFkXpyjoS95UT2xOYJMKppYlIbU49KGaGU7MF6w+g5OgFs2xmMOaJNSUFNEXd0b/sXkhinwZAOJayY5kRdBMsgBFO07wdSxphMsR92lE0wD6V3ST7KjUOldIzvFCoCsDI1N8TCfalHPmu6vQxDOSsNxb/8zoxeJfdhAVRDDQgk0VezA0IjXFERo8JSoCPFMFEMHWrQQZYZQMqyLwKwZp9eZ40K2XrvHx2e1qoXk/jyKF9dICKyEIXqIpqqI4aiKBH9Ixe0Zv2pL1o79rHpHVBm87soT/QPn8AIjadmA==</latexit>

V (r) = 1 + r2 � rH
r

�
1 + r2

H

�

conformal equation: permits Robin BC
<latexit sha1_base64="OdHuoJtGhVs8Bk9hSSzsHfbHf2s="></latexit>

lim
r!1

�
r2@r(r�) + b(r�)

�
= 0

• spherical symmetry


• 2 parameter model
<latexit sha1_base64="x1Nuw/53RO4mG7J4UFrNa40b0X0=">AAAB7nicbVBNSwMxEJ34WetX1aOXYBEqSNkVqR6LXnqsYD+gXUo2zbah2eySZIVl6Y/w4kERr/4eb/4b03YP2vpg4PHeDDPz/FhwbRznG62tb2xubRd2irt7+weHpaPjto4SRVmLRiJSXZ9oJrhkLcONYN1YMRL6gnX8yf3M7zwxpXkkH00aMy8kI8kDTomxUqeSDhqX/sWgVHaqzhx4lbg5KUOO5qD01R9GNAmZNFQQrXuuExsvI8pwKti02E80iwmdkBHrWSpJyLSXzc+d4nOrDHEQKVvS4Ln6eyIjodZp6NvOkJixXvZm4n9eLzHBrZdxGSeGSbpYFCQCmwjPfsdDrhg1IrWEUMXtrZiOiSLU2ISKNgR3+eVV0r6qurVq7eG6XL/L4yjAKZxBBVy4gTo0oAktoDCBZ3iFNxSjF/SOPhatayifOYE/QJ8/HnSOyg==</latexit>

(yH , b)
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Setup

<latexit sha1_base64="xuQpUHjfpC+oHLDWZTMsAf9lxyc=">AAACKXicbVDLSsNAFJ3UV62vqEs3wSK0iCUpUt0IRTddVrAPaGqYTCft0MmDmRshhPyOG3/FjYKibv0Rp49FrR4YOPfcc7lzjxtxJsE0P7Xcyura+kZ+s7C1vbO7p+8ftGUYC0JbJOSh6LpYUs4C2gIGnHYjQbHvctpxxzeTfueBCsnC4A6SiPZ9PAyYxwgGJTl6vV1KylfWqe0JTFIrS5P7anY2qxJVOY3M5tSD0qLFaSiTLdhwBGVHL5oVcwrjL7HmpIjmaDr6qz0ISezTAAjHUvYsM4J+igUwwmlWsGNJI0zGeEh7igbYp7KfTi/NjBOlDAwvFOoFYEzVxYkU+1ImvqucPoaRXO5NxP96vRi8y37KgigGGpDZIi/mBoTGJDZjwAQlwBNFMBFM/dUgI6wCARVuQYVgLZ/8l7SrFatWqd2eF+vX8zjy6AgdoxKy0AWqowZqohYi6BE9ozf0rj1pL9qH9jWz5rT5zCH6Be37B0iZprY=</latexit>

V (y) = 1 +
1

y2
� y

yH

✓
1 +

1

y2
H

◆
where

<latexit sha1_base64="iQDYXeZ0D6ssscSvOkoR6wRUiHA=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16CRbBU0lEqheh6KXHCvYD2hA22027dLMJuxslxPwULx4U8eov8ea/cdvmoK0PBh7vzTAzz48Zlcq2v43S2vrG5lZ5u7Kzu7d/YFYPuzJKBCYdHLFI9H0kCaOcdBRVjPRjQVDoM9Lzp7czv/dAhKQRv1dpTNwQjTkNKEZKS55ZTb3W9TAQCGdOngmvlXtmza7bc1irxClIDQq0PfNrOIpwEhKuMENSDhw7Vm6GhKKYkbwyTCSJEZ6iMRloylFIpJvNT8+tU62MrCASuriy5urviQyFUqahrztDpCZy2ZuJ/3mDRAVXbkZ5nCjC8WJRkDBLRdYsB2tEBcGKpZogLKi+1cITpHNQOq2KDsFZfnmVdM/rTqPeuLuoNW+KOMpwDCdwBg5cQhNa0IYOYHiEZ3iFN+PJeDHejY9Fa8koZo7gD4zPHx+ak+8=</latexit>

yH =
1

rH

<latexit sha1_base64="OhrrnbTmsIjUTyHYV0zxdwo0P3o=">AAACEHicbZBNS8MwGMfT+TbnW9Wjl+AQBWG0ItOLMPTicYJ7gbWMNE23sLQpSTocpR/Bi1/FiwdFvHr05rcx2zrQzT8Efvk/z0Py/L2YUaks69soLC2vrK4V10sbm1vbO+buXlPyRGDSwJxx0faQJIxGpKGoYqQdC4JCj5GWN7gZ11tDIiTl0b0axcQNUS+iAcVIaatrHjuhxx9SPxtezUidOoFAOJ3dRZY2s65ZtirWRHAR7BzKIFe9a345PsdJSCKFGZKyY1uxclMkFMWMZCUnkSRGeIB6pKMxQiGRbjpZKINH2vFhwIU+kYIT9/dEikIpR6GnO0Ok+nK+Njb/q3USFVy6KY3iRJEITx8KEgYVh+N0oE8FwYqNNCAsqP4rxH2k01A6w5IOwZ5feRGaZxW7WqnenZdr13kcRXAADsEJsMEFqIFbUAcNgMEjeAav4M14Ml6Md+Nj2low8pl98EfG5w8UGZ6I</latexit>

dv = dt+
dr

V

null coordinate

<latexit sha1_base64="Q5bS602su5qt/ZeaI5PQdCaax6E=">AAAB/HicbZDLSsNAFIZP6q3WW7RLN4NFaEFKIlLdCEU3LivYCzShTKaTdujkwsxECKG+ihsXirj1Qdz5Nk7bLLT1h4GP/5zDOfN7MWdSWda3UVhb39jcKm6Xdnb39g/Mw6OOjBJBaJtEPBI9D0vKWUjbiilOe7GgOPA47XqT21m9+0iFZFH4oNKYugEehcxnBCttDcyy0xqzalq7Fs4ZcmLNojYwK1bdmgutgp1DBXK1BuaXM4xIEtBQEY6l7NtWrNwMC8UIp9OSk0gaYzLBI9rXGOKASjebHz9Fp9oZIj8S+oUKzd3fExkOpEwDT3cGWI3lcm1m/lfrJ8q/cjMWxomiIVks8hOOVIRmSaAhE5QonmrARDB9KyJjLDBROq+SDsFe/vIqdM7rdqPeuL+oNG/yOIpwDCdQBRsuoQl30II2EEjhGV7hzXgyXox342PRWjDymTL8kfH5A5I2k3I=</latexit>

�(y) = r �(r)
<latexit sha1_base64="qBumAwrjX6kcwOsKPD6ln+uWuN8=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh6MVjBfsBbSib7aZdutnE3U0hhPwOLx4U8eqP8ea/cdPmoK0PBh7vzTAzz4s4U9q2v63S2vrG5lZ5u7Kzu7d/UD086qgwloS2SchD2fOwopwJ2tZMc9qLJMWBx2nXm97lfndGpWKheNRJRN0AjwXzGcHaSG5yM/AlJqmTpTIbVmt23Z4DrRKnIDUo0BpWvwajkMQBFZpwrFTfsSPtplhqRjjNKoNY0QiTKR7TvqECB1S56fzoDJ0ZZYT8UJoSGs3V3xMpDpRKAs90BlhP1LKXi/95/Vj7127KRBRrKshikR9zpEOUJ4BGTFKieWIIJpKZWxGZYJOCNjlVTAjO8surpHNRdxr1xsNlrXlbxFGGEziFc3DgCppwDy1oA4EneIZXeLNm1ov1bn0sWktWMXMMf2B9/gAERZJI</latexit>

y =
1

r

compactification
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Setup

Robin BC
<latexit sha1_base64="cRts7U+LtKy5EKgjQstfPSImM3o="></latexit>

(�@v�+ @y�� b�)|y=0 = 0

<latexit sha1_base64="gHNQJ2w7pfpJnvHYuxMKHPteY4g="></latexit>

2@y@v�� @y
�
y2 V (y) @y�

�
�

✓
y V 0(y) +

2

y2

◆
�+ ��3 = 0

<latexit sha1_base64="xuQpUHjfpC+oHLDWZTMsAf9lxyc=">AAACKXicbVDLSsNAFJ3UV62vqEs3wSK0iCUpUt0IRTddVrAPaGqYTCft0MmDmRshhPyOG3/FjYKibv0Rp49FrR4YOPfcc7lzjxtxJsE0P7Xcyura+kZ+s7C1vbO7p+8ftGUYC0JbJOSh6LpYUs4C2gIGnHYjQbHvctpxxzeTfueBCsnC4A6SiPZ9PAyYxwgGJTl6vV1KylfWqe0JTFIrS5P7anY2qxJVOY3M5tSD0qLFaSiTLdhwBGVHL5oVcwrjL7HmpIjmaDr6qz0ISezTAAjHUvYsM4J+igUwwmlWsGNJI0zGeEh7igbYp7KfTi/NjBOlDAwvFOoFYEzVxYkU+1ImvqucPoaRXO5NxP96vRi8y37KgigGGpDZIi/mBoTGJDZjwAQlwBNFMBFM/dUgI6wCARVuQYVgLZ/8l7SrFatWqd2eF+vX8zjy6AgdoxKy0AWqowZqohYi6BE9ozf0rj1pL9qH9jWz5rT5zCH6Be37B0iZprY=</latexit>

V (y) = 1 +
1

y2
� y

yH

✓
1 +

1

y2
H

◆
where

<latexit sha1_base64="iQDYXeZ0D6ssscSvOkoR6wRUiHA=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16CRbBU0lEqheh6KXHCvYD2hA22027dLMJuxslxPwULx4U8eov8ea/cdvmoK0PBh7vzTAzz48Zlcq2v43S2vrG5lZ5u7Kzu7d/YFYPuzJKBCYdHLFI9H0kCaOcdBRVjPRjQVDoM9Lzp7czv/dAhKQRv1dpTNwQjTkNKEZKS55ZTb3W9TAQCGdOngmvlXtmza7bc1irxClIDQq0PfNrOIpwEhKuMENSDhw7Vm6GhKKYkbwyTCSJEZ6iMRloylFIpJvNT8+tU62MrCASuriy5urviQyFUqahrztDpCZy2ZuJ/3mDRAVXbkZ5nCjC8WJRkDBLRdYsB2tEBcGKpZogLKi+1cITpHNQOq2KDsFZfnmVdM/rTqPeuLuoNW+KOMpwDCdwBg5cQhNa0IYOYHiEZ3iFN+PJeDHejY9Fa8koZo7gD4zPHx+ak+8=</latexit>

yH =
1

rH

<latexit sha1_base64="OhrrnbTmsIjUTyHYV0zxdwo0P3o=">AAACEHicbZBNS8MwGMfT+TbnW9Wjl+AQBWG0ItOLMPTicYJ7gbWMNE23sLQpSTocpR/Bi1/FiwdFvHr05rcx2zrQzT8Efvk/z0Py/L2YUaks69soLC2vrK4V10sbm1vbO+buXlPyRGDSwJxx0faQJIxGpKGoYqQdC4JCj5GWN7gZ11tDIiTl0b0axcQNUS+iAcVIaatrHjuhxx9SPxtezUidOoFAOJ3dRZY2s65ZtirWRHAR7BzKIFe9a345PsdJSCKFGZKyY1uxclMkFMWMZCUnkSRGeIB6pKMxQiGRbjpZKINH2vFhwIU+kYIT9/dEikIpR6GnO0Ok+nK+Njb/q3USFVy6KY3iRJEITx8KEgYVh+N0oE8FwYqNNCAsqP4rxH2k01A6w5IOwZ5feRGaZxW7WqnenZdr13kcRXAADsEJsMEFqIFbUAcNgMEjeAav4M14Ml6Md+Nj2low8pl98EfG5w8UGZ6I</latexit>

dv = dt+
dr

V

null coordinate

<latexit sha1_base64="Q5bS602su5qt/ZeaI5PQdCaax6E=">AAAB/HicbZDLSsNAFIZP6q3WW7RLN4NFaEFKIlLdCEU3LivYCzShTKaTdujkwsxECKG+ihsXirj1Qdz5Nk7bLLT1h4GP/5zDOfN7MWdSWda3UVhb39jcKm6Xdnb39g/Mw6OOjBJBaJtEPBI9D0vKWUjbiilOe7GgOPA47XqT21m9+0iFZFH4oNKYugEehcxnBCttDcyy0xqzalq7Fs4ZcmLNojYwK1bdmgutgp1DBXK1BuaXM4xIEtBQEY6l7NtWrNwMC8UIp9OSk0gaYzLBI9rXGOKASjebHz9Fp9oZIj8S+oUKzd3fExkOpEwDT3cGWI3lcm1m/lfrJ8q/cjMWxomiIVks8hOOVIRmSaAhE5QonmrARDB9KyJjLDBROq+SDsFe/vIqdM7rdqPeuL+oNG/yOIpwDCdQBRsuoQl30II2EEjhGV7hzXgyXox342PRWjDymTL8kfH5A5I2k3I=</latexit>

�(y) = r �(r)
<latexit sha1_base64="qBumAwrjX6kcwOsKPD6ln+uWuN8=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh6MVjBfsBbSib7aZdutnE3U0hhPwOLx4U8eqP8ea/cdPmoK0PBh7vzTAzz4s4U9q2v63S2vrG5lZ5u7Kzu7d/UD086qgwloS2SchD2fOwopwJ2tZMc9qLJMWBx2nXm97lfndGpWKheNRJRN0AjwXzGcHaSG5yM/AlJqmTpTIbVmt23Z4DrRKnIDUo0BpWvwajkMQBFZpwrFTfsSPtplhqRjjNKoNY0QiTKR7TvqECB1S56fzoDJ0ZZYT8UJoSGs3V3xMpDpRKAs90BlhP1LKXi/95/Vj7127KRBRrKshikR9zpEOUJ4BGTFKieWIIJpKZWxGZYJOCNjlVTAjO8surpHNRdxr1xsNlrXlbxFGGEziFc3DgCppwDy1oA4EneIZXeLNm1ov1bn0sWktWMXMMf2B9/gAERZJI</latexit>

y =
1

r

compactification
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Setup

Robin BC
<latexit sha1_base64="cRts7U+LtKy5EKgjQstfPSImM3o="></latexit>

(�@v�+ @y�� b�)|y=0 = 0

<latexit sha1_base64="gHNQJ2w7pfpJnvHYuxMKHPteY4g="></latexit>

2@y@v�� @y
�
y2 V (y) @y�

�
�

✓
y V 0(y) +

2

y2

◆
�+ ��3 = 0

<latexit sha1_base64="xuQpUHjfpC+oHLDWZTMsAf9lxyc=">AAACKXicbVDLSsNAFJ3UV62vqEs3wSK0iCUpUt0IRTddVrAPaGqYTCft0MmDmRshhPyOG3/FjYKibv0Rp49FrR4YOPfcc7lzjxtxJsE0P7Xcyura+kZ+s7C1vbO7p+8ftGUYC0JbJOSh6LpYUs4C2gIGnHYjQbHvctpxxzeTfueBCsnC4A6SiPZ9PAyYxwgGJTl6vV1KylfWqe0JTFIrS5P7anY2qxJVOY3M5tSD0qLFaSiTLdhwBGVHL5oVcwrjL7HmpIjmaDr6qz0ISezTAAjHUvYsM4J+igUwwmlWsGNJI0zGeEh7igbYp7KfTi/NjBOlDAwvFOoFYEzVxYkU+1ImvqucPoaRXO5NxP96vRi8y37KgigGGpDZIi/mBoTGJDZjwAQlwBNFMBFM/dUgI6wCARVuQYVgLZ/8l7SrFatWqd2eF+vX8zjy6AgdoxKy0AWqowZqohYi6BE9ozf0rj1pL9qH9jWz5rT5zCH6Be37B0iZprY=</latexit>

V (y) = 1 +
1

y2
� y

yH

✓
1 +

1

y2
H

◆
where

<latexit sha1_base64="iQDYXeZ0D6ssscSvOkoR6wRUiHA=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16CRbBU0lEqheh6KXHCvYD2hA22027dLMJuxslxPwULx4U8eov8ea/cdvmoK0PBh7vzTAzz48Zlcq2v43S2vrG5lZ5u7Kzu7d/YFYPuzJKBCYdHLFI9H0kCaOcdBRVjPRjQVDoM9Lzp7czv/dAhKQRv1dpTNwQjTkNKEZKS55ZTb3W9TAQCGdOngmvlXtmza7bc1irxClIDQq0PfNrOIpwEhKuMENSDhw7Vm6GhKKYkbwyTCSJEZ6iMRloylFIpJvNT8+tU62MrCASuriy5urviQyFUqahrztDpCZy2ZuJ/3mDRAVXbkZ5nCjC8WJRkDBLRdYsB2tEBcGKpZogLKi+1cITpHNQOq2KDsFZfnmVdM/rTqPeuLuoNW+KOMpwDCdwBg5cQhNa0IYOYHiEZ3iFN+PJeDHejY9Fa8koZo7gD4zPHx+ak+8=</latexit>

yH =
1

rH

<latexit sha1_base64="KIHsbF3drTO2kOpZxzxlSuuXJTE="></latexit>

dE

dv
= � (@v�)

2
���
y=yH

� b

2
@v

�
�2

���
y=0energy “loss” formula

<latexit sha1_base64="OhrrnbTmsIjUTyHYV0zxdwo0P3o=">AAACEHicbZBNS8MwGMfT+TbnW9Wjl+AQBWG0ItOLMPTicYJ7gbWMNE23sLQpSTocpR/Bi1/FiwdFvHr05rcx2zrQzT8Efvk/z0Py/L2YUaks69soLC2vrK4V10sbm1vbO+buXlPyRGDSwJxx0faQJIxGpKGoYqQdC4JCj5GWN7gZ11tDIiTl0b0axcQNUS+iAcVIaatrHjuhxx9SPxtezUidOoFAOJ3dRZY2s65ZtirWRHAR7BzKIFe9a345PsdJSCKFGZKyY1uxclMkFMWMZCUnkSRGeIB6pKMxQiGRbjpZKINH2vFhwIU+kYIT9/dEikIpR6GnO0Ok+nK+Njb/q3USFVy6KY3iRJEITx8KEgYVh+N0oE8FwYqNNCAsqP4rxH2k01A6w5IOwZ5feRGaZxW7WqnenZdr13kcRXAADsEJsMEFqIFbUAcNgMEjeAav4M14Ml6Md+Nj2low8pl98EfG5w8UGZ6I</latexit>

dv = dt+
dr

V

null coordinate

<latexit sha1_base64="Q5bS602su5qt/ZeaI5PQdCaax6E=">AAAB/HicbZDLSsNAFIZP6q3WW7RLN4NFaEFKIlLdCEU3LivYCzShTKaTdujkwsxECKG+ihsXirj1Qdz5Nk7bLLT1h4GP/5zDOfN7MWdSWda3UVhb39jcKm6Xdnb39g/Mw6OOjBJBaJtEPBI9D0vKWUjbiilOe7GgOPA47XqT21m9+0iFZFH4oNKYugEehcxnBCttDcyy0xqzalq7Fs4ZcmLNojYwK1bdmgutgp1DBXK1BuaXM4xIEtBQEY6l7NtWrNwMC8UIp9OSk0gaYzLBI9rXGOKASjebHz9Fp9oZIj8S+oUKzd3fExkOpEwDT3cGWI3lcm1m/lfrJ8q/cjMWxomiIVks8hOOVIRmSaAhE5QonmrARDB9KyJjLDBROq+SDsFe/vIqdM7rdqPeuL+oNG/yOIpwDCdQBRsuoQl30II2EEjhGV7hzXgyXox342PRWjDymTL8kfH5A5I2k3I=</latexit>

�(y) = r �(r)
<latexit sha1_base64="qBumAwrjX6kcwOsKPD6ln+uWuN8=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh6MVjBfsBbSib7aZdutnE3U0hhPwOLx4U8eqP8ea/cdPmoK0PBh7vzTAzz4s4U9q2v63S2vrG5lZ5u7Kzu7d/UD086qgwloS2SchD2fOwopwJ2tZMc9qLJMWBx2nXm97lfndGpWKheNRJRN0AjwXzGcHaSG5yM/AlJqmTpTIbVmt23Z4DrRKnIDUo0BpWvwajkMQBFZpwrFTfsSPtplhqRjjNKoNY0QiTKR7TvqECB1S56fzoDJ0ZZYT8UJoSGs3V3xMpDpRKAs90BlhP1LKXi/95/Vj7127KRBRrKshikR9zpEOUJ4BGTFKieWIIJpKZWxGZYJOCNjlVTAjO8surpHNRdxr1xsNlrXlbxFGGEziFc3DgCppwDy1oA4EneIZXeLNm1ov1bn0sWktWMXMMf2B9/gAERZJI</latexit>

y =
1

r

compactification
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Linear equation
<latexit sha1_base64="3crU+LLvR74ensO6MQPswXafEyQ="></latexit>

2@y@v�� @y
�
y2 V (y) @y�

�
�
✓
y V 0(y) +

2

y2

◆
� = 0

<latexit sha1_base64="iGcpsc1u+WRk4sikWX6CySBiJbk=">AAACB3icbVDLSgNBEJz1GeNr1aMgg0FIQMKuSPQiBL14jGAekF3D7KSTDJl9MDMbWJbcvPgrXjwo4tVf8ObfOEn2oIkFDUVVN91dXsSZVJb1bSwtr6yurec28ptb2zu75t5+Q4axoFCnIQ9FyyMSOAugrpji0IoEEN/j0PSGNxO/OQIhWRjcqyQC1yf9gPUYJUpLHfPIqQ1YcXSalK7gIWVO6EOf4NHYiSQrJqWOWbDK1hR4kdgZKaAMtY755XRDGvsQKMqJlG3bipSbEqEY5TDOO7GEiNAh6UNb04D4IN10+scYn2ili3uh0BUoPFV/T6TElzLxPd3pEzWQ895E/M9rx6p36aYsiGIFAZ0t6sUcqxBPQsFdJoAqnmhCqGD6VkwHRBCqdHR5HYI9//IiaZyV7Uq5cndeqF5nceTQITpGRWSjC1RFt6iG6oiiR/SMXtGb8WS8GO/Gx6x1ychmDtAfGJ8/tnSYmQ==</latexit>

�(v, y) = ei!v (y)

3/9



Linear equation
<latexit sha1_base64="3crU+LLvR74ensO6MQPswXafEyQ="></latexit>

2@y@v�� @y
�
y2 V (y) @y�

�
�
✓
y V 0(y) +

2

y2

◆
� = 0

<latexit sha1_base64="iGcpsc1u+WRk4sikWX6CySBiJbk=">AAACB3icbVDLSgNBEJz1GeNr1aMgg0FIQMKuSPQiBL14jGAekF3D7KSTDJl9MDMbWJbcvPgrXjwo4tVf8ObfOEn2oIkFDUVVN91dXsSZVJb1bSwtr6yurec28ptb2zu75t5+Q4axoFCnIQ9FyyMSOAugrpji0IoEEN/j0PSGNxO/OQIhWRjcqyQC1yf9gPUYJUpLHfPIqQ1YcXSalK7gIWVO6EOf4NHYiSQrJqWOWbDK1hR4kdgZKaAMtY755XRDGvsQKMqJlG3bipSbEqEY5TDOO7GEiNAh6UNb04D4IN10+scYn2ili3uh0BUoPFV/T6TElzLxPd3pEzWQ895E/M9rx6p36aYsiGIFAZ0t6sUcqxBPQsFdJoAqnmhCqGD6VkwHRBCqdHR5HYI9//IiaZyV7Uq5cndeqF5nceTQITpGRWSjC1RFt6iG6oiiR/SMXtGb8WS8GO/Gx6x1ychmDtAfGJ8/tnSYmQ==</latexit>

�(v, y) = ei!v (y)
<latexit sha1_base64="bBhs+8XVunIrULEqSgPNma7kIa8=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBGEQknaUt0IRTddVrAPaGKYTKft0MnDmYkYQldu/BU3LhRx6ze482+cpllo64ELZ865l7n3uCGjQhrGt7a0vLK6tp7byG9ube/s6nv7bRFEHJMWDljAuy4ShFGftCSVjHRDTpDnMtJxx1dTv3NPuKCBfyPjkNgeGvp0QDGSSnL0I+uBXlSK5dhp3JaL1BJ3XCaVYjV9Txy9YJSMFHCRmBkpgAxNR/+y+gGOPOJLzJAQPdMIpZ0gLilmZJK3IkFChMdoSHqK+sgjwk7SMybwRCl9OAi4Kl/CVP09kSBPiNhzVaeH5EjMe1PxP68XycG5nVA/jCTx8eyjQcSgDOA0E9innGDJYkUQ5lTtCvEIcYSlSi6vQjDnT14k7XLJrJVq19VC/TKLIwcOwTE4BSY4A3XQAE3QAhg8gmfwCt60J+1Fe9c+Zq1LWjZzAP5A+/wB61GXhg==</latexit>

⇠ = 3 + 2y2
H
+ i

q
3 + 4y2

H

<latexit sha1_base64="vRKE3l75TuRtkWV9Jl8VUOuVteg="></latexit>

 (x) = C HeunG

 
⇠

⇠
,
2(1 + y2

H
)

⇠
, 1, 1, 1 +

2i yH !

3 + y2
H

, 1 +
⇠ yH !

(3 + y2
H
)

p
3 + 4y2

H

,
2(yH � y)(1 + y2

H
)

yH ⇠

!
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Linear equation
<latexit sha1_base64="3crU+LLvR74ensO6MQPswXafEyQ="></latexit>

2@y@v�� @y
�
y2 V (y) @y�

�
�
✓
y V 0(y) +

2

y2

◆
� = 0

<latexit sha1_base64="iGcpsc1u+WRk4sikWX6CySBiJbk=">AAACB3icbVDLSgNBEJz1GeNr1aMgg0FIQMKuSPQiBL14jGAekF3D7KSTDJl9MDMbWJbcvPgrXjwo4tVf8ObfOEn2oIkFDUVVN91dXsSZVJb1bSwtr6yurec28ptb2zu75t5+Q4axoFCnIQ9FyyMSOAugrpji0IoEEN/j0PSGNxO/OQIhWRjcqyQC1yf9gPUYJUpLHfPIqQ1YcXSalK7gIWVO6EOf4NHYiSQrJqWOWbDK1hR4kdgZKaAMtY755XRDGvsQKMqJlG3bipSbEqEY5TDOO7GEiNAh6UNb04D4IN10+scYn2ili3uh0BUoPFV/T6TElzLxPd3pEzWQ895E/M9rx6p36aYsiGIFAZ0t6sUcqxBPQsFdJoAqnmhCqGD6VkwHRBCqdHR5HYI9//IiaZyV7Uq5cndeqF5nceTQITpGRWSjC1RFt6iG6oiiR/SMXtGb8WS8GO/Gx6x1ychmDtAfGJ8/tnSYmQ==</latexit>

�(v, y) = ei!v (y)
<latexit sha1_base64="bBhs+8XVunIrULEqSgPNma7kIa8=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBGEQknaUt0IRTddVrAPaGKYTKft0MnDmYkYQldu/BU3LhRx6ze482+cpllo64ELZ865l7n3uCGjQhrGt7a0vLK6tp7byG9ube/s6nv7bRFEHJMWDljAuy4ShFGftCSVjHRDTpDnMtJxx1dTv3NPuKCBfyPjkNgeGvp0QDGSSnL0I+uBXlSK5dhp3JaL1BJ3XCaVYjV9Txy9YJSMFHCRmBkpgAxNR/+y+gGOPOJLzJAQPdMIpZ0gLilmZJK3IkFChMdoSHqK+sgjwk7SMybwRCl9OAi4Kl/CVP09kSBPiNhzVaeH5EjMe1PxP68XycG5nVA/jCTx8eyjQcSgDOA0E9innGDJYkUQ5lTtCvEIcYSlSi6vQjDnT14k7XLJrJVq19VC/TKLIwcOwTE4BSY4A3XQAE3QAhg8gmfwCt60J+1Fe9c+Zq1LWjZzAP5A+/wB61GXhg==</latexit>

⇠ = 3 + 2y2
H
+ i

q
3 + 4y2

H

<latexit sha1_base64="vRKE3l75TuRtkWV9Jl8VUOuVteg="></latexit>

 (x) = C HeunG

 
⇠

⇠
,
2(1 + y2

H
)

⇠
, 1, 1, 1 +

2i yH !

3 + y2
H

, 1 +
⇠ yH !

(3 + y2
H
)

p
3 + 4y2

H

,
2(yH � y)(1 + y2

H
)

yH ⇠

!

static solution
<latexit sha1_base64="erIhFmalYt86cN+5rWEU4OyNnsA=">AAAB73icbVDLSgNBEJz1GeMr6tHLYBA8hV2R6EUIevEYwTwgWcLspDcZMo91ZlYIS37CiwdFvPo73vwbJ8keNLGgoajqprsrSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVFBpUcaXbETHAmYSGZZZDO9FARMShFY1up37rCbRhSj7YcQKhIAPJYkaJdVK7qwQMyLXfK5X9ij8DXiZBTsooR71X+ur2FU0FSEs5MaYT+IkNM6ItoxwmxW5qICF0RAbQcVQSASbMZvdO8KlT+jhW2pW0eKb+nsiIMGYsItcpiB2aRW8q/ud1UhtfhRmTSWpB0vmiOOXYKjx9HveZBmr52BFCNXO3YjokmlDrIiq6EILFl5dJ87wSVCvV+4ty7SaPo4CO0Qk6QwG6RDV0h+qogSji6Bm9ojfv0Xvx3r2PeeuKl88coT/wPn8Ah+uPpw==</latexit>

! = 0

<latexit sha1_base64="HQTAb2sUnzObkAWfbDPKAjWRefY="></latexit>

b (yH) = �
2
�
1 + y2

H

�
HeunG

0
⇣

⇠

⇠
, 2(1+y

2
H
)

⇠
, 1, 1, 1, 1, 2(1+y

2
H
)

⇠

⌘

yH ⇠HeunG

⇣
⇠

⇠
,
2(1+y

2
H
)

⇠
, 1, 1, 1, 1,

2(1+y
2
H
)

⇠

⌘
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Linear equation
<latexit sha1_base64="3crU+LLvR74ensO6MQPswXafEyQ="></latexit>

2@y@v�� @y
�
y2 V (y) @y�

�
�
✓
y V 0(y) +

2

y2

◆
� = 0

<latexit sha1_base64="iGcpsc1u+WRk4sikWX6CySBiJbk=">AAACB3icbVDLSgNBEJz1GeNr1aMgg0FIQMKuSPQiBL14jGAekF3D7KSTDJl9MDMbWJbcvPgrXjwo4tVf8ObfOEn2oIkFDUVVN91dXsSZVJb1bSwtr6yurec28ptb2zu75t5+Q4axoFCnIQ9FyyMSOAugrpji0IoEEN/j0PSGNxO/OQIhWRjcqyQC1yf9gPUYJUpLHfPIqQ1YcXSalK7gIWVO6EOf4NHYiSQrJqWOWbDK1hR4kdgZKaAMtY755XRDGvsQKMqJlG3bipSbEqEY5TDOO7GEiNAh6UNb04D4IN10+scYn2ili3uh0BUoPFV/T6TElzLxPd3pEzWQ895E/M9rx6p36aYsiGIFAZ0t6sUcqxBPQsFdJoAqnmhCqGD6VkwHRBCqdHR5HYI9//IiaZyV7Uq5cndeqF5nceTQITpGRWSjC1RFt6iG6oiiR/SMXtGb8WS8GO/Gx6x1ychmDtAfGJ8/tnSYmQ==</latexit>

�(v, y) = ei!v (y)
<latexit sha1_base64="bBhs+8XVunIrULEqSgPNma7kIa8=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBGEQknaUt0IRTddVrAPaGKYTKft0MnDmYkYQldu/BU3LhRx6ze482+cpllo64ELZ865l7n3uCGjQhrGt7a0vLK6tp7byG9ube/s6nv7bRFEHJMWDljAuy4ShFGftCSVjHRDTpDnMtJxx1dTv3NPuKCBfyPjkNgeGvp0QDGSSnL0I+uBXlSK5dhp3JaL1BJ3XCaVYjV9Txy9YJSMFHCRmBkpgAxNR/+y+gGOPOJLzJAQPdMIpZ0gLilmZJK3IkFChMdoSHqK+sgjwk7SMybwRCl9OAi4Kl/CVP09kSBPiNhzVaeH5EjMe1PxP68XycG5nVA/jCTx8eyjQcSgDOA0E9innGDJYkUQ5lTtCvEIcYSlSi6vQjDnT14k7XLJrJVq19VC/TKLIwcOwTE4BSY4A3XQAE3QAhg8gmfwCt60J+1Fe9c+Zq1LWjZzAP5A+/wB61GXhg==</latexit>

⇠ = 3 + 2y2
H
+ i

q
3 + 4y2

H

<latexit sha1_base64="vRKE3l75TuRtkWV9Jl8VUOuVteg="></latexit>

 (x) = C HeunG

 
⇠

⇠
,
2(1 + y2

H
)

⇠
, 1, 1, 1 +

2i yH !

3 + y2
H

, 1 +
⇠ yH !

(3 + y2
H
)

p
3 + 4y2

H

,
2(yH � y)(1 + y2

H
)

yH ⇠

!

static solution
<latexit sha1_base64="erIhFmalYt86cN+5rWEU4OyNnsA=">AAAB73icbVDLSgNBEJz1GeMr6tHLYBA8hV2R6EUIevEYwTwgWcLspDcZMo91ZlYIS37CiwdFvPo73vwbJ8keNLGgoajqprsrSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVFBpUcaXbETHAmYSGZZZDO9FARMShFY1up37rCbRhSj7YcQKhIAPJYkaJdVK7qwQMyLXfK5X9ij8DXiZBTsooR71X+ur2FU0FSEs5MaYT+IkNM6ItoxwmxW5qICF0RAbQcVQSASbMZvdO8KlT+jhW2pW0eKb+nsiIMGYsItcpiB2aRW8q/ud1UhtfhRmTSWpB0vmiOOXYKjx9HveZBmr52BFCNXO3YjokmlDrIiq6EILFl5dJ87wSVCvV+4ty7SaPo4CO0Qk6QwG6RDV0h+qogSji6Bm9ojfv0Xvx3r2PeeuKl88coT/wPn8Ah+uPpw==</latexit>

! = 0

<latexit sha1_base64="HQTAb2sUnzObkAWfbDPKAjWRefY="></latexit>

b (yH) = �
2
�
1 + y2

H

�
HeunG

0
⇣

⇠

⇠
, 2(1+y

2
H
)

⇠
, 1, 1, 1, 1, 2(1+y

2
H
)

⇠

⌘

yH ⇠HeunG

⇣
⇠

⇠
,
2(1+y

2
H
)

⇠
, 1, 1, 1, 1,

2(1+y
2
H
)

⇠

⌘

<latexit sha1_base64="Aq7bsc1ToVHVfcnBw3slmT+4aN0=">AAACHXicbVBNS8NAEN3U7/oV9ehlsQh6sCQi6kUQvXisYD+gKWGz3bRLN5uwOxFCyB/x4l/x4kERD17Ef+Om7UGrDwYe780wMy9IBNfgOF9WZW5+YXFpeaW6ura+sWlvbbd0nCrKmjQWseoERDPBJWsCB8E6iWIkCgRrB6Pr0m/fM6V5LO8gS1gvIgPJQ04JGMm3TzzBIz/P/BsPYo/LELICB55gIRyUouKDIRxeHHmhIjQ/LnIv4YVv15y6Mwb+S9wpqaEpGr794fVjmkZMAhVE667rJNDLiQJOBSuqXqpZQuiIDFjXUEkipnv5+LsC7xulj8NYmZKAx+rPiZxEWmdRYDojAkM965Xif143hfC8l3OZpMAknSwKU4EhxmVUuM8VoyAyQwhV3NyK6ZCYHMAEWjUhuLMv/yWt47p7Wj+9PaldXk3jWEa7aA8dIBedoUt0gxqoiSh6QE/oBb1aj9az9Wa9T1or1nRmB/2C9fkNc4+ixQ==</latexit>

lim
yH!1

b (yH) = � 2

⇡

3/9

<latexit sha1_base64="3TT4xwFiCJ1XI1fK8jgxSrjGM38=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV2R6EUIevEYwTwgWcLsZDYZM49lZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUWj26nfeqLaMCUf7DihocADyWJGsHVSs1sfsmu/Vyr7FX8GtEyCnJQhR71X+ur2FUkFlZZwbEwn8BMbZlhbRjidFLupoQkmIzygHUclFtSE2ezaCTp1Sh/FSruSFs3U3xMZFsaMReQ6BbZDs+hNxf+8TmrjqzBjMkktlWS+KE45sgpNX0d9pimxfOwIJpq5WxEZYo2JdQEVXQjB4svLpHleCaqV6v1FuXaTx1GAYziBMwjgEmpwB3VoAIFHeIZXePOU9+K9ex/z1hUvnzmCP/A+fwDYm46r</latexit>

� = 0

<latexit sha1_base64="3TT4xwFiCJ1XI1fK8jgxSrjGM38=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV2R6EUIevEYwTwgWcLsZDYZM49lZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUWj26nfeqLaMCUf7DihocADyWJGsHVSs1sfsmu/Vyr7FX8GtEyCnJQhR71X+ur2FUkFlZZwbEwn8BMbZlhbRjidFLupoQkmIzygHUclFtSE2ezaCTp1Sh/FSruSFs3U3xMZFsaMReQ6BbZDs+hNxf+8TmrjqzBjMkktlWS+KE45sgpNX0d9pimxfOwIJpq5WxEZYo2JdQEVXQjB4svLpHleCaqV6v1FuXaTx1GAYziBMwjgEmpwB3VoAIFHeIZXePOU9+K9ex/z1hUvnzmCP/A+fwDYm46r</latexit>

� = 0 unstable

stable
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Static solutions
<latexit sha1_base64="Eh4g+38kUu97GGgXsz6+kjEnMQU=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgxjIjUt0IRTcuK9gHtkPJZDJtaCYZkoxQhv6FGxeKuPVv3Pk3pu0stPVA4HDOueTeEyScaeO6305hZXVtfaO4Wdra3tndK+8ftLRMFaFNIrlUnQBrypmgTcMMp51EURwHnLaD0e3Ubz9RpZkUD2acUD/GA8EiRrCx0mOP22iIr8+8frniVt0Z0DLxclKBHI1++asXSpLGVBjCsdZdz02Mn2FlGOF0UuqlmiaYjPCAdi0VOKbaz2YbT9CJVUIUSWWfMGim/p7IcKz1OA5sMsZmqBe9qfif101NdOVnTCSpoYLMP4pSjoxE0/NRyBQlho8twUQxuysiQ6wwMbakki3BWzx5mbTOq16tWru/qNRv8jqKcATHcAoeXEId7qABTSAg4Ble4c3Rzovz7nzMowUnnzmEP3A+fwCjBpBB</latexit>

� = �1

focusing
<latexit sha1_base64="ZFNC+wHD6aXmTWbU/jQvLfKkZQM=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyItG6EohuXFexD2qFkMpk2NMkMSUYoQ7/CjQtF3Po57vwb03YW2nogcDjnXHLvCRLOtHHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFaEtEvNYdQOsKWeStgwznHYTRbEIOO0E49uZ33miSrNYPphJQn2Bh5JFjGBjpcc+t9EQX3uDcsWtunOgVeLlpAI5moPyVz+MSSqoNIRjrXuemxg/w8owwum01E81TTAZ4yHtWSqxoNrP5gtP0ZlVQhTFyj5p0Fz9PZFhofVEBDYpsBnpZW8m/uf1UhNd+RmTSWqoJIuPopQjE6PZ9ShkihLDJ5ZgopjdFZERVpgY21HJluAtn7xK2hdVr1at3V9WGjd5HUU4gVM4Bw/q0IA7aEILCAh4hld4c5Tz4rw7H4towclnjuEPnM8fNreQCg==</latexit>

� = 1

defocusing

no static solutions

single static solution

the whole ladder 
of unstable   

static solutions

0 2 4 6 8 10
-2

-1

0

1

2

y

ψ

0 2 4 6 8 10
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-1

0

1
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ψ
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0.0

0.1

0.2

0.3

0.4

0.5

y

ψ

one unstable mode
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<latexit sha1_base64="5ziVTcf8all0py1T5BeJYwkgA48=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy5HsA/pDCWTZtrQJDMkGaEM/Qo3LhRx6+e4829M21lo64HA4Zx7yT0nSjnTxnW/ndLa+sbmVnm7srO7t39QPTxq6yRThLZIwhPVjbCmnEnaMsxw2k0VxSLitBONb2d+54kqzRL5YCYpDQUeShYzgo2VHgN/xAKTILdfrbl1dw60SryC1KCA369+BYOEZIJKQzjWuue5qQlzrAwjnE4rQaZpiskYD2nPUokF1WE+P3iKzqwyQHGi7JMGzdXfGzkWWk9EZCcFNiO97M3E/7xeZuLrMGcyzQyVZPFRnHFkI87SowFTlBg+sQQTxeytiIywwsTYjiq2BG858ippX9S9Rr1xf1lr3hR1lOEETuEcPLiCJtyBDy0gIOAZXuHNUc6L8+58LEZLTrFzDH/gfP4ABySP6w==</latexit>

� ! 0

<latexit sha1_base64="eL2nZDpGuulWqiml2R9svYXJ9Wg=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSxCvZREpHosevFYwX5AE8tmu22XbjZhdyOEUP+KFw+KePWHePPfuG1z0NYHA4/3ZpiZF8ScKe0431ZhbX1jc6u4XdrZ3ds/sA+P2ipKJKEtEvFIdgOsKGeCtjTTnHZjSXEYcNoJJjczv/NIpWKRuNdpTP0QjwQbMoK1kfp22WuOmacj5MUhUg9Z1Tmb9u2KU3PmQKvEzUkFcjT79pc3iEgSUqEJx0r1XCfWfoalZoTTaclLFI0xmeAR7RkqcEiVn82Pn6JTowzQMJKmhEZz9fdEhkOl0jAwnSHWY7XszcT/vF6ih1d+xkScaCrIYtEw4cg8O0sCDZikRPPUEEwkM7ciMsYSE23yKpkQ3OWXV0n7vObWa/W7i0rjOo+jCMdwAlVw4RIacAtNaAGBFJ7hFd6sJ+vFerc+Fq0FK58pwx9Ynz9byZPz</latexit>

� ! ±s(0)

Dynamics for defocusing case
<latexit sha1_base64="ZFNC+wHD6aXmTWbU/jQvLfKkZQM=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyItG6EohuXFexD2qFkMpk2NMkMSUYoQ7/CjQtF3Po57vwb03YW2nogcDjnXHLvCRLOtHHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFaEtEvNYdQOsKWeStgwznHYTRbEIOO0E49uZ33miSrNYPphJQn2Bh5JFjGBjpcc+t9EQX3uDcsWtunOgVeLlpAI5moPyVz+MSSqoNIRjrXuemxg/w8owwum01E81TTAZ4yHtWSqxoNrP5gtP0ZlVQhTFyj5p0Fz9PZFhofVEBDYpsBnpZW8m/uf1UhNd+RmTSWqoJIuPopQjE6PZ9ShkihLDJ5ZgopjdFZERVpgY21HJluAtn7xK2hdVr1at3V9WGjd5HUU4gVM4Bw/q0IA7aEILCAh4hld4c5Tz4rw7H4towclnjuEPnM8fNreQCg==</latexit>

� = 1
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<latexit sha1_base64="nEOtbBkYzapBHVQzg7/LJYweOVA=">AAAB9XicbVBNS8NAEJ34WetX1aOXYBE8lUSkeix68VjBfkATy2a7aZduNmF3ooTQ/+HFgyJe/S/e/Ddu2xy09cHA470ZZuYFieAaHefbWlldW9/YLG2Vt3d29/YrB4dtHaeKshaNRay6AdFMcMlayFGwbqIYiQLBOsH4Zup3HpnSPJb3mCXMj8hQ8pBTgkZ68Joj7mFse1yGmPUrVafmzGAvE7cgVSjQ7Fe+vEFM04hJpIJo3XOdBP2cKORUsEnZSzVLCB2TIesZKknEtJ/Prp7Yp0YZ2GGsTEm0Z+rviZxEWmdRYDojgiO96E3F/7xeiuGVn3OZpMgknS8KU2GbP6cR2AOuGEWRGUKo4uZWm46IIhRNUGUTgrv48jJpn9fceq1+d1FtXBdxlOAYTuAMXLiEBtxCE1pAQcEzvMKb9WS9WO/Wx7x1xSpmjuAPrM8fXtaScw==</latexit>

� ! 1

<latexit sha1_base64="IOJiLDgSqEWUExUZrmTZ+8Q6xNg="></latexit>

% ±1
� ! ±s(0)

& 0

Dynamics for focusing case
<latexit sha1_base64="Eh4g+38kUu97GGgXsz6+kjEnMQU=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgxjIjUt0IRTcuK9gHtkPJZDJtaCYZkoxQhv6FGxeKuPVv3Pk3pu0stPVA4HDOueTeEyScaeO6305hZXVtfaO4Wdra3tndK+8ftLRMFaFNIrlUnQBrypmgTcMMp51EURwHnLaD0e3Ubz9RpZkUD2acUD/GA8EiRrCx0mOP22iIr8+8frniVt0Z0DLxclKBHI1++asXSpLGVBjCsdZdz02Mn2FlGOF0UuqlmiaYjPCAdi0VOKbaz2YbT9CJVUIUSWWfMGim/p7IcKz1OA5sMsZmqBe9qfif101NdOVnTCSpoYLMP4pSjoxE0/NRyBQlho8twUQxuysiQ6wwMbakki3BWzx5mbTOq16tWru/qNRv8jqKcATHcAoeXEId7qABTSAg4Ble4c3Rzovz7nzMowUnnzmEP3A+fwCjBpBB</latexit>

� = �1

Large BH limit
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Reissner-Nordström-anti-de Sitter

<latexit sha1_base64="S3XcztHNKSRAa7q3bvyxV95Fms0=">AAAB8XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVI9FLz1WsLXYLiWbZtvQJLskWaEs/RdePCji1X/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8La+sbmVnG7tLO7t39QPjxqmzjVlLVoLGLdCYlhgivWstwK1kk0IzIU7CEc3878hyemDY/VvZ0kLJBkqHjEKbFOeuwZPpQE636jX654VW8OvEr8nFQgR7Nf/uoNYppKpiwVxJiu7yU2yIi2nAo2LfVSwxJCx2TIuo4qIpkJsvnFU3zmlAGOYu1KWTxXf09kRBozkaHrlMSOzLI3E//zuqmNroOMqyS1TNHFoigV2MZ49j4ecM2oFRNHCNXc3YrpiGhCrQup5ELwl19eJe2Lql+r1u4uK/WbPI4inMApnIMPV1CHBjShBRQUPMMrvCGDXtA7+li0FlA+cwx/gD5/ABmdkI8=</latexit>�rH
<latexit sha1_base64="+zERiQBmMxjdW95HzCi6J9EWOxo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseilx4rWltoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLHSveo3+uWKW3XnIKvEy0kFcjT75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lTxeVL1atXZ3Wanf5HEU4QRO4Rw8uII6NKAJLWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QMo+o28</latexit>rHHorizons at  and

<latexit sha1_base64="sJV3XxlHZPiCpYh4Lo8siohcnLY=">AAACEnicbVDLSsNAFJ3UV62vqEs3wSK0SEsSfG2Eoht3VrAPaJMymUzboZNJmJkIJfQb3Pgrblwo4taVO//GSZuFth64cOace7lzjxdRIqRpfmu5peWV1bX8emFjc2t7R9/da4ow5gg3UEhD3vagwJQw3JBEUtyOOIaBR3HLG12nfusBc0FCdi/HEXYCOGCkTxCUSurpZV+49mWlWeJlX7r2cUrcpGJNfK5eqvzubYAH0LV7etGsmlMYi8TKSBFkqPf0r64fojjATCIKhehYZiSdBHJJEMWTQjcWOIJoBAe4oyiDARZOMj1pYhwpxTf6IVfFpDFVf08kMBBiHHiqM4ByKOa9VPzP68Syf+EkhEWxxAzNFvVjasjQSPMxfMIxknSsCEScqL8aaAg5RFKlWFAhWPMnL5KmXbXOqqd3J8XaVRZHHhyAQ1ACFjgHNXAD6qABEHgEz+AVvGlP2ov2rn3MWnNaNrMP/kD7/AFNiJtl</latexit>

ds2 = �V (r)dt2 + V (r)�1dr2 + r2d⌦2

<latexit sha1_base64="RRKbW7EJwXPsmHsFaCOjT94UyVY="></latexit>

V (r) = 1�
(1 + �)rH

�
1 +

�
1 + �2

�
r2
H

�

r
+

�r2
H

�
1 +

�
1 + � + �2

�
r2
H

�

r2
+ r2

<latexit sha1_base64="jfFpppARsVoZ07Q0u6bt621YITk=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRrN9mwuxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTS1TxbDBpJCqHVCNgsfYMNwIbCcKaRQIbAWj26nfekKluYwfzDhBP6KDmIecUWOlZheFuPZ6pbJbcWcgy8TLSRly1Hulr25fsjTC2DBBte54bmL8jCrDmcBJsZtqTCgb0QF2LI1phNrPZtdOyKlV+iSUylZsyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhlZ/xOEkNxmy+KEwFMZJMXyd9rpAZMbaEMsXtrYQNqaLM2ICKNgRv8eVl0jyveNVK9f6iXLvJ4yjAMZzAGXhwCTW4gzo0gMEjPMMrvDnSeXHenY9564qTzxzBHzifPwUEjsg=</latexit>

` = 1

<latexit sha1_base64="L4zgSvwb+t2P6Otmp9ACdBFNCPA=">AAACIXicbVDLSgMxFM3UV62vUZdugkWoiGWmSO1GKLpxI7RgH9CpJZNm2tBMZkgyQhnmV9z4K25cKNKd+DNm2llo9UJyzz3nXpJ73JBRqSzr08itrK6tb+Q3C1vbO7t75v5BWwaRwKSFAxaIroskYZSTlqKKkW4oCPJdRjru5CbVO49ESBrwezUNSd9HI049ipHS1MCsQdguidMr+9zxBMJx5S6JRXK2KJoPFV3pK6tTGDuEMZ0HZtEqW/OAf4GdgSLIojEwZ84wwJFPuMIMSdmzrVD1YyQUxYwkBSeSJER4gkakpyFHPpH9eL5hAk80M4ReIPThCs7ZnxMx8qWc+q7u9JEay2UtJf/TepHyav2Y8jBShOPFQ17EoApgahccUkGwYlMNEBZU/xXiMdJmKG1qQZtgL6/8F7QrZbtarjYvivXrzI48OALHoARscAnq4BY0QAtg8ARewBt4N56NV+PDmC1ac0Y2cwh+hfH1DQBEouc=</latexit>

V (r) = 1� 2M

r
+

Q2

r2
+

r2

`2

3 parameter model 
<latexit sha1_base64="L8Mgbz2A3yQ52y+aUu+v9+8bMnM=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahQimJSPVY9NJjBfsBbSyb7aZdutmE3Y0SQv+HFw+KePW/ePPfuG1z0NYHA4/3ZpiZ50WcKW3b31ZubX1jcyu/XdjZ3ds/KB4etVUYS0JbJOSh7HpYUc4EbWmmOe1GkuLA47TjTW5nfueRSsVCca+TiLoBHgnmM4K1kR7KyaBR8Sp9xUYBPh8US3bVngOtEicjJcjQHBS/+sOQxAEVmnCsVM+xI+2mWGpGOJ0W+rGiESYTPKI9QwUOqHLT+dVTdGaUIfJDaUpoNFd/T6Q4UCoJPNMZYD1Wy95M/M/rxdq/dlMmolhTQRaL/JgjHaJZBGjIJCWaJ4ZgIpm5FZExlphoE1TBhOAsv7xK2hdVp1at3V2W6jdZHHk4gVMogwNXUIcGNKEFBCQ8wyu8WU/Wi/VufSxac1Y2cwx/YH3+ACfmkak=</latexit>

(yH , b,�)
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Reissner-Nordström-anti-de Sitter

<latexit sha1_base64="S3XcztHNKSRAa7q3bvyxV95Fms0=">AAAB8XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVI9FLz1WsLXYLiWbZtvQJLskWaEs/RdePCji1X/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8La+sbmVnG7tLO7t39QPjxqmzjVlLVoLGLdCYlhgivWstwK1kk0IzIU7CEc3878hyemDY/VvZ0kLJBkqHjEKbFOeuwZPpQE636jX654VW8OvEr8nFQgR7Nf/uoNYppKpiwVxJiu7yU2yIi2nAo2LfVSwxJCx2TIuo4qIpkJsvnFU3zmlAGOYu1KWTxXf09kRBozkaHrlMSOzLI3E//zuqmNroOMqyS1TNHFoigV2MZ49j4ecM2oFRNHCNXc3YrpiGhCrQup5ELwl19eJe2Lql+r1u4uK/WbPI4inMApnIMPV1CHBjShBRQUPMMrvCGDXtA7+li0FlA+cwx/gD5/ABmdkI8=</latexit>�rH
<latexit sha1_base64="+zERiQBmMxjdW95HzCi6J9EWOxo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseilx4rWltoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLHSveo3+uWKW3XnIKvEy0kFcjT75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lTxeVL1atXZ3Wanf5HEU4QRO4Rw8uII6NKAJLWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QMo+o28</latexit>rHHorizons at  and

<latexit sha1_base64="sJV3XxlHZPiCpYh4Lo8siohcnLY=">AAACEnicbVDLSsNAFJ3UV62vqEs3wSK0SEsSfG2Eoht3VrAPaJMymUzboZNJmJkIJfQb3Pgrblwo4taVO//GSZuFth64cOace7lzjxdRIqRpfmu5peWV1bX8emFjc2t7R9/da4ow5gg3UEhD3vagwJQw3JBEUtyOOIaBR3HLG12nfusBc0FCdi/HEXYCOGCkTxCUSurpZV+49mWlWeJlX7r2cUrcpGJNfK5eqvzubYAH0LV7etGsmlMYi8TKSBFkqPf0r64fojjATCIKhehYZiSdBHJJEMWTQjcWOIJoBAe4oyiDARZOMj1pYhwpxTf6IVfFpDFVf08kMBBiHHiqM4ByKOa9VPzP68Syf+EkhEWxxAzNFvVjasjQSPMxfMIxknSsCEScqL8aaAg5RFKlWFAhWPMnL5KmXbXOqqd3J8XaVRZHHhyAQ1ACFjgHNXAD6qABEHgEz+AVvGlP2ov2rn3MWnNaNrMP/kD7/AFNiJtl</latexit>

ds2 = �V (r)dt2 + V (r)�1dr2 + r2d⌦2

<latexit sha1_base64="RRKbW7EJwXPsmHsFaCOjT94UyVY="></latexit>

V (r) = 1�
(1 + �)rH

�
1 +

�
1 + �2

�
r2
H

�

r
+

�r2
H

�
1 +

�
1 + � + �2

�
r2
H

�

r2
+ r2

<latexit sha1_base64="jfFpppARsVoZ07Q0u6bt621YITk=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRrN9mwuxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTS1TxbDBpJCqHVCNgsfYMNwIbCcKaRQIbAWj26nfekKluYwfzDhBP6KDmIecUWOlZheFuPZ6pbJbcWcgy8TLSRly1Hulr25fsjTC2DBBte54bmL8jCrDmcBJsZtqTCgb0QF2LI1phNrPZtdOyKlV+iSUylZsyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhlZ/xOEkNxmy+KEwFMZJMXyd9rpAZMbaEMsXtrYQNqaLM2ICKNgRv8eVl0jyveNVK9f6iXLvJ4yjAMZzAGXhwCTW4gzo0gMEjPMMrvDnSeXHenY9564qTzxzBHzifPwUEjsg=</latexit>

` = 1

<latexit sha1_base64="L4zgSvwb+t2P6Otmp9ACdBFNCPA=">AAACIXicbVDLSgMxFM3UV62vUZdugkWoiGWmSO1GKLpxI7RgH9CpJZNm2tBMZkgyQhnmV9z4K25cKNKd+DNm2llo9UJyzz3nXpJ73JBRqSzr08itrK6tb+Q3C1vbO7t75v5BWwaRwKSFAxaIroskYZSTlqKKkW4oCPJdRjru5CbVO49ESBrwezUNSd9HI049ipHS1MCsQdguidMr+9zxBMJx5S6JRXK2KJoPFV3pK6tTGDuEMZ0HZtEqW/OAf4GdgSLIojEwZ84wwJFPuMIMSdmzrVD1YyQUxYwkBSeSJER4gkakpyFHPpH9eL5hAk80M4ReIPThCs7ZnxMx8qWc+q7u9JEay2UtJf/TepHyav2Y8jBShOPFQ17EoApgahccUkGwYlMNEBZU/xXiMdJmKG1qQZtgL6/8F7QrZbtarjYvivXrzI48OALHoARscAnq4BY0QAtg8ARewBt4N56NV+PDmC1ac0Y2cwh+hfH1DQBEouc=</latexit>

V (r) = 1� 2M

r
+

Q2

r2
+

r2

`2

Extremal case            

Lemma
There are no nontrivial regular static solutions for 
                                                             , , and .

<latexit sha1_base64="2unQpFYhHIaqm7cibHBT4WTczAA=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyItG6EohuXFexD2qFkMpk2NMkMSUYoQ7/CjQtF3Po57vwb03YW2nogcDjnXHLvCRLOtHHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFaEtEvNYdQOsKWeStgwznHYTRbEIOO0E49uZ33miSrNYPphJQn2Bh5JFjGBjpcc+t9EQX7uDcsWtunOgVeLlpAI5moPyVz+MSSqoNIRjrXuemxg/w8owwum01E81TTAZ4yHtWSqxoNrP5gtP0ZlVQhTFyj5p0Fz9PZFhofVEBDYpsBnpZW8m/uf1UhNd+RmTSWqoJIuPopQjE6PZ9ShkihLDJ5ZgopjdFZERVpgY21HJluAtn7xK2hdVr1at3V9WGjd5HUU4gVM4Bw/q0IA7aEILCAh4hld4c5Tz4rw7H4towclnjuEPnM8fNTOQCQ==</latexit>

� = 0
<latexit sha1_base64="ZFNC+wHD6aXmTWbU/jQvLfKkZQM=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyItG6EohuXFexD2qFkMpk2NMkMSUYoQ7/CjQtF3Po57vwb03YW2nogcDjnXHLvCRLOtHHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFaEtEvNYdQOsKWeStgwznHYTRbEIOO0E49uZ33miSrNYPphJQn2Bh5JFjGBjpcc+t9EQX3uDcsWtunOgVeLlpAI5moPyVz+MSSqoNIRjrXuemxg/w8owwum01E81TTAZ4yHtWSqxoNrP5gtP0ZlVQhTFyj5p0Fz9PZFhofVEBDYpsBnpZW8m/uf1UhNd+RmTSWqoJIuPopQjE6PZ9ShkihLDJ5ZgopjdFZERVpgY21HJluAtn7xK2hdVr1at3V9WGjd5HUU4gVM4Bw/q0IA7aEILCAh4hld4c5Tz4rw7H4towclnjuEPnM8fNreQCg==</latexit>

� = 1
<latexit sha1_base64="Eh4g+38kUu97GGgXsz6+kjEnMQU=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgxjIjUt0IRTcuK9gHtkPJZDJtaCYZkoxQhv6FGxeKuPVv3Pk3pu0stPVA4HDOueTeEyScaeO6305hZXVtfaO4Wdra3tndK+8ftLRMFaFNIrlUnQBrypmgTcMMp51EURwHnLaD0e3Ubz9RpZkUD2acUD/GA8EiRrCx0mOP22iIr8+8frniVt0Z0DLxclKBHI1++asXSpLGVBjCsdZdz02Mn2FlGOF0UuqlmiaYjPCAdi0VOKbaz2YbT9CJVUIUSWWfMGim/p7IcKz1OA5sMsZmqBe9qfif101NdOVnTCSpoYLMP4pSjoxE0/NRyBQlho8twUQxuysiQ6wwMbakki3BWzx5mbTOq16tWru/qNRv8jqKcATHcAoeXEId7qABTSAg4Ble4c3Rzovz7nzMowUnnzmEP3A+fwCjBpBB</latexit>

� = �1

<latexit sha1_base64="g6DBbZ5GQddXOIQFVVpY2MLsGwk=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV2R6EUIevEYwTwgWcLsZDYZMo91ZlYIS37CiwdFvPo73vwbJ8keNLGgoajqprsrSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUWj26nfeqLaMCUf7DihocADyWJGsHVSu2vYQODroFcq+xV/BrRMgpyUIUe9V/rq9hVJBZWWcGxMJ/ATG2ZYW0Y4nRS7qaEJJiM8oB1HJRbUhNns3gk6dUofxUq7khbN1N8TGRbGjEXkOgW2Q7PoTcX/vE5q46swYzJJLZVkvihOObIKTZ9HfaYpsXzsCCaauVsRGWKNiXURFV0IweLLy6R5Xgmqler9Rbl2k8dRgGM4gTMI4BJqcAd1aAABDs/wCm/eo/fivXsf89YVL585gj/wPn8Ala2PsA==</latexit>

� = 1

3 parameter model 
<latexit sha1_base64="L8Mgbz2A3yQ52y+aUu+v9+8bMnM=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahQimJSPVY9NJjBfsBbSyb7aZdutmE3Y0SQv+HFw+KePW/ePPfuG1z0NYHA4/3ZpiZ50WcKW3b31ZubX1jcyu/XdjZ3ds/KB4etVUYS0JbJOSh7HpYUc4EbWmmOe1GkuLA47TjTW5nfueRSsVCca+TiLoBHgnmM4K1kR7KyaBR8Sp9xUYBPh8US3bVngOtEicjJcjQHBS/+sOQxAEVmnCsVM+xI+2mWGpGOJ0W+rGiESYTPKI9QwUOqHLT+dVTdGaUIfJDaUpoNFd/T6Q4UCoJPNMZYD1Wy95M/M/rxdq/dlMmolhTQRaL/JgjHaJZBGjIJCWaJ4ZgIpm5FZExlphoE1TBhOAsv7xK2hdVp1at3V2W6jdZHHk4gVMogwNXUIcGNKEFBCQ8wyu8WU/Wi/VufSxac1Y2cwx/YH3+ACfmkak=</latexit>

(yH , b,�)
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• Static solutions play a key role in the dynamics of the 
system.


• In SAdS with sufficiently large black holes, small field 
configurations are stable.


• Large charges seem to introduce significant qualitative 
differences.

Summary

Thank you for your attention

For details see: 
FF and M. Maliborski, Dynamics of nonlinear scalar field with Robin boundary condition 
on the Schwarzschild–anti–de Sitter background, Phys. Rev. D 109, 044015 (2024).


for the charged case: FF and M. Maliborski, in preparation
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