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|Outline|

• Monte Carlo integration

• amplitude calculation

• phase space generation

• Improved Transverse Momentum Factorization

• phenomenology
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|Parton-level cross sections|

Hadron-scattering process Y with partonic processes y contributing to multi-jet final state

dσY(p1, p2;k3, . . . , k2+n) =
∑
y∈Y

∫
d4k1 Py1(k1)

∫
d4k2 Py2(k2)dσ̂y(k1, k2;k3, . . . , k2+n)

Collinear factorization:

Pyi(ki) =

∫
dxi

xi
fyi(xi, µ) δ

4(ki − xipi)

kT -dependent factorization factorization:

Pyi(ki) =

∫
d2kiT
π

∫
dxi

xi
Fyi(xi, |kiT |, µ) δ

4(ki − xipi − kiT)

Differential partonic cross section:

dσ̂y(k1, k2;k3, . . . , k2+n) = dΦY(k1, k2;k3, . . . , k2+n)ΘY(k3, . . . , k2+n)

× flux(k1, k2)× Sy |My(k1, . . . , k2+n)|
2

Parton-level phase space:

dΦY(k1, k2;k3, . . . , k2+n) =

(
n+2∏
i=3

d4kiδ+(k
2
i −m

2
i )

)
δ4(k1 + k2 − k3 − · · ·− kn+2)

p2

p1

k2

k1

k3

k4

kn+2
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|Parton-level cross sections|

eh-scattering process Y with partonic processes y contributing to multi-jet final state

dσY(p1, p2;k3, . . . , k3+n) =
∑
y∈Y

∫
d4k1 Py1(k1) dσ̂y(k1, k2;k3, . . . , k3+n)

Collinear factorization:

Pyi(ki) =

∫
dxi

xi
fyi(xi, µ) δ

4(ki − xipi)

kT -dependent factorization factorization:

Pyi(ki) =

∫
d2kiT
π

∫
dxi

xi
Fyi(xi, |kiT |, µ) δ

4(ki − xipi − kiT)

Differential partonic cross section:

dσ̂y(k1, k2;k3, . . . , k3+n) = dΦY(k1, k2;k3, . . . , k3+n)ΘY(k3, . . . , k3+n)

× flux(k1, k2)× Sy |My(k1, . . . , k3+n)|
2

Parton-level phase space:

dΦY(k1, k2;k3, . . . , k3+n) =

(
n+3∏
i=3

d4kiδ+(k
2
i −m

2
i )

)
δ4(k1 + k2 − k3 − · · ·− kn+3)

p2 = k2

p1

q

k1

k3

k4

kn+2

kn+3
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|KATIE| https://bitbucket.org/hameren/katie

• parton level event generator, like Alpgen, Helac, MadGraph, etc.

• arbitrary hadron-hadron or hadron-lepton processes within the standard model (includ-
ing effective Higgs-gluon coupling) with several final-state particles.

• 0, 1, or 2 space-like initial states.

• produces (partially un)weighted event files, for example in the LHEF format.

• requires LHAPDF. TMD PDFs can be provided as files containing rectangular grids,
or with TMDlib (Hautmann, Jung, Krämer, Mulders, Nocera, Rogers, Signori 2014).

• a calculation is steered by a single input file.

• employs an optimization stage in which the pre-samplers for all channels are optimized.

• during the generation stage several event files can be created in parallel.

• event files can be processed further by parton-shower program like CASCADE.

• (evaluation of) matrix elements separately available.
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|Monte Carlo integration| to calculate

∫
M

dωx f(x)
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|Monte Carlo integration| to calculate

∫
M

dωx f(x)

Let g be a probability density on M of dimension ω such that if f(x) 6= 0 then g(x) 6= 0.
Let {xi} be a sequence of points in M independently drawn at random from g.
Then, for N→∞, the probability distribution of the random variable

XN =
1

N

N∑
i=1

f(xi)

g(xi)

becomes Gausian, with expectation value and variance

E(XN) =

∫
M

dωx f(x) , V(XN) =
1

N

[∫
M

dωx
f(x)2

g(x)
−

(∫
M

dωx f(x)

)2]

XN is an estimate of the integral of f
with error estimate

√
V(XN)

√
V(XN)

E(XN)
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|Monte Carlo integration| to calculate

∫
M

dωx f(x)

Let g be a probability density on M of dimension ω such that if f(x) 6= 0 then g(x) 6= 0.
Let {xi} be a sequence of points in M independently drawn at random from g.
Then, for N→∞, the probability distribution of the random variable

XN =
1

N

N∑
i=1

f(xi)

g(xi)

becomes Gausian, with expectation value and variance

E(XN) =

∫
M

dωx f(x) , V(XN) =
1

N

[∫
M

dωx
f(x)2

g(x)
−

(∫
M

dωx f(x)

)2]

• XN is an estimate of the integral of f with error estimate
√

V(XN)

• V(XN) can be estimated itself with
[
N−1
∑N

i=1 f(xi)
2/g(xi)

2 − X2N
]
/(N− 1)

• the error decreases as N−1/2, independently of M

• importance sampling : convergence can be improved by choosing g such that it has the
same shape as f. If you can construct g(x) = f(x)/

∫
M
dωy f(y), then you actually

solved the integration problem without the need of Monte Carlo.
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|Monte Carlo integration| to calculate

∫
M

dωx f(x)

Let g be a probability density on M of dimension ω such that if f(x) 6= 0 then g(x) 6= 0.
Let {xi} be a sequence of points in M independently drawn at random from g.
Then, for N→∞, the probability distribution of the random variable

XN =
1

N

N∑
i=1

f(xi)

g(xi)

becomes Gausian, with expectation value and variance

E(XN) =

∫
M

dωx f(x) , V(XN) =
1

N

[∫
M

dωx
f(x)2

g(x)
−

(∫
M

dωx f(x)

)2]

• we are considering Monte Carlo integration: f(x) can be evaluated for any x.
The integral can, in principle, be calculated to arbitrary precision.

• Monte Carlo simulation: evaluating f(x) is essentially impossible, and one can only try
to approximate it as much as possible with g(x).
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|Weighted event generation|
∫

M

dωx f(x) ≈ 1

N

N∑
i=1

f(xi)

g(xi)
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|Weighted event generation|
∫

M

dωx f(x) ≈ 1

N

N∑
i=1

f(xi)

g(xi)

Let ϕ be also be a function on M (but more like a coordinate function). Then we define
a bin of ϕ as

bin(ϕ;a, b) =

∫
M

dωx f(x) θ(a < ϕ(x) < b) , θ(Π) =

{
1 if Π is true

0 if Π is false

From the Monte Carlo point of view, we only changed the integrand f(x) to f(x)θ(a <
ϕ(x) < b), and we can use the same density g(x) to calculate the bin.

bin(ϕ;a, b) ≈ 1

N

N∑
i=1

f(xi)

g(xi)
θ(a < ϕ(xi) < b)

In case there are more than one, but non-overlapping, bins, then each xi can only contribute
to one of those, and we can make an unbiased estimate for all bin using the same set of
random points

bin(ϕ;aj, bj) ≈
1

N

N∑
i=1

f(xi)

g(xi)
θ(aj < ϕ(xi) < bj)

Despite that we are calculating “exact” integrals, we call this making a histogram by
weighted event generation.
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|Zero-dimensional QFT|
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|Zero-dimensional QFT|
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|Zero-dimensional QFT|

99914



|Tree-level recursion|
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|One-loop recursion|
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|Two-loop recursion|
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|Generalization to realistic QFT|
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|Recursive computation|

Caravaglios, Moretti 1995
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|DS skeleton for ∅ → hhhhh|
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|DS skeleton for ∅ → e+e− e+e− γ|
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|Cross sections from Monte Carlo|
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|QCD Feynman rules|
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|Color representation|
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|Color connection (flow) representation|
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|Decomposition into partial amplitudes|
Kanaki, Papadopoulos 2000; Maltoni, Paul, Stelzer, Willenbrock 2003
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|Partial amplitudes for ∅ → gg ūd µ+νµ|
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|Planar recursion (Berends-Giele)|
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|Explicit kT -employing factorization|

TMD factorization

• holds at leading power in kT/µ

• on-shell parton-level matrix elements

• Transverse Momentum Dependent PDFs,
evolve via the Collins-Soper-Sterman equations,
re-sum large logs of kT/µ

The following is in the context of High energy factorization

dσhh =
∑
a,b

∫
dx1

d2kT1

π

∫
dx2

d2kT2

π
Fa(x1, kT 1)Fb(x2, kT 2)dσab(x1, kT 1, x2, kT 2)

• focus on small-x, not neglecting powers of kT/µ

• off-shell parton-level matrix elements

• Transvers Momentum Dependent, or un-integrated, PDFs,
evolve to resum logs of 1/x,
e.g. with BFKL or CCFM equations, or their non-linear extensions,
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|BCFW recursion| for on-shell amplitudes

Amplitudes have poles at kinematical channels, and the residues factorize into amplitudes.

p1 pn

p2

pi pi+1

pn−1

1

K2

Kµ = pµ1 + p
µ
2 + · · ·+ pµi

= −pµi+1 − · · ·− pµn−1 − pµn
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|BCFW recursion| for on-shell amplitudes
Britto, Cachazo,
Feng, Witten 2005

Amplitudes have poles at kinematical channels, and the residues factorize into amplitudes.

p1 + ze pn − ze
p2

pi pi+1

pn−1

1

K̂(z)2

K̂µ(z) = pµ1 + p
µ
2 + · · ·+ pµi + zeµ

= −pµi+1 − · · ·− pµn−1 − pµn + zeµ

eµ = 1
2
〈p1|γµ|pn]
e·e = e·p1 = e·pn = 0

K̂(z)2 = 0 ⇔ z = −
(p1 + · · ·+ pi)2
2(p2 + · · ·+ pi)·e
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|BCFW recursion| for on-shell amplitudes
Britto, Cachazo,
Feng, Witten 2005

Amplitudes have poles at kinematical channels, and the residues factorize into amplitudes.

p1 + ze pn − ze
p2

pi pi+1

pn−1

1

K̂(z)2

K̂µ(z) = pµ1 + p
µ
2 + · · ·+ pµi + zeµ

= −pµi+1 − · · ·− pµn−1 − pµn + zeµ

eµ = 1
2
〈p1|γµ|pn]
e·e = e·p1 = e·pn = 0

K̂(z)2 = 0 ⇔ z = −
(p1 + · · ·+ pi)2
2(p2 + · · ·+ pi)·e

A(1+, 2, . . . , n−1, n−) =

n−1∑
i=2

∑
h=+,−

A(1̂+, 2, . . . , i,−K̂h1,i)
1

K21,i
A(K̂−h

1,i , i+1, . . . , n−1, n̂
−)

A(1+, 2−, 3−) =
〈23〉3
〈31〉〈12〉 , A(1−, 2+, 3+) =

[32]3

[21][13]
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|Amplitudes with off-shell gluons|
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|Amplitudes with off-shell gluons|

n-parton amplitude is a function of n momenta k1, k2, . . . , kn
and n directions p1, p2, . . . , pn
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|Amplitudes with off-shell gluons|

n-parton amplitude is a function of n momenta k1, k2, . . . , kn
and n directions p1, p2, . . . , pn, satisfying the conditions

kµ1 + k
µ
2 + · · ·+ kµn = 0 momentum conservation

p21 = p
2
2 = · · · = p2n = 0 light-likeness

p1 ·k1 = p2 ·k2 = · · · = pn ·kn = 0 eikonal condition
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|Amplitudes with off-shell gluons|

n-parton amplitude is a function of n momenta k1, k2, . . . , kn
and n directions p1, p2, . . . , pn, satisfying the conditions

kµ1 + k
µ
2 + · · ·+ kµn = 0 momentum conservation

p21 = p
2
2 = · · · = p2n = 0 light-likeness

p1 ·k1 = p2 ·k2 = · · · = pn ·kn = 0 eikonal condition

With the help of an auxiliary four-vector qµ with q2 = 0, we define

kµT (q) = k
µ − x(q)pµ with x(q) ≡ q·k

q·p
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|Amplitudes with off-shell gluons|

n-parton amplitude is a function of n momenta k1, k2, . . . , kn
and n directions p1, p2, . . . , pn, satisfying the conditions

kµ1 + k
µ
2 + · · ·+ kµn = 0 momentum conservation

p21 = p
2
2 = · · · = p2n = 0 light-likeness

p1 ·k1 = p2 ·k2 = · · · = pn ·kn = 0 eikonal condition

With the help of an auxiliary four-vector qµ with q2 = 0, we define

kµT (q) = k
µ − x(q)pµ with x(q) ≡ q·k

q·p
Construct kµT explicitly in terms of pµ and qµ:

kµT (q) = −
κ

2
εµ −

κ∗

2
ε∗µ with


εµ =

〈p|γµ|q]
[pq]

, κ =
〈q|k/|p]
〈qp〉

ε∗µ =
〈q|γµ|p]
〈qp〉 , κ∗ =

〈p|k/|q]
[pq]

k2 = −κκ∗ is independent of qµ, but also individually κ and κ∗ are independent of qµ.
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|BCFW recursion| for off-shell amplitudes
AvH 2014

AvH, Serino 2015

The BCFW recursion formula becomes

1̂ n̂

n− 12 =

n−2∑
i=2

∑
h=+,−

Ai,h

Ai,h =

1̂

i

1

K2
1,i

h

n̂

i+ 1

−h

“On-shell condition” for “off-shell” gluons: pi · ki = 0
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|BCFW recursion| for off-shell amplitudes
AvH 2014

AvH, Serino 2015

The BCFW recursion formula becomes

1̂ n̂

n− 12 =

n−2∑
i=2

∑
h=+,−

Ai,h +

n−1∑
i=2

Bi

Ai,h =

1̂

i

1

K2
1,i

h

n̂

i+ 1

−h
Bi =

1̂

i

1

2pi·Ki,n

n̂

i
i− 1 i+ 1

“On-shell condition” for “off-shell” gluons: pi · ki = 0
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|BCFW recursion| for off-shell amplitudes
AvH 2014

AvH, Serino 2015

The BCFW recursion formula becomes

1̂ n̂

n− 12 =

n−2∑
i=2

∑
h=+,−

Ai,h +

n−1∑
i=2

Bi + C + D ,

Ai,h =

1̂

i

1

K2
1,i

h

n̂

i+ 1

−h
Bi =

1̂

i

1

2pi·Ki,n

n̂

i
i− 1 i+ 1

C =

1̂ n̂

n− 12
1

κ1
D =

1̂ n̂

n− 12
1

κ∗1
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|off-shell amplitude as embedding| AvH, Kutak, Kotko 2013
AvH, Kutak, Salwa 2013

Embed the process in an on-shell process with auxiliary partons and eikonal Feynman rules.

+ += + · · ·

pA pA ′

pB pB ′

pA pA ′

pB pB ′

k1

k2

pA pA ′

pB pB ′

k2

pA pA ′

pB

pB ′

j

i

= −i δi,j u(p1)

µ, a

j i

= −i Ta
i,j p

µ
1

K = δi,j
i

p1·Kj i

+ += + · · ·

qA γA

q

X
g g

γA

q

qA

q(k1)

g

qA γA

q

g

qA γA

q
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|Parton-level event generation|

• choose partonic subprocess y = y1, y2 → y3, . . . yn+2 with probability P(y)

• generate initial-state variables x1, x2, kT 1, kT 2 with probability P(y; x1, x2, kT 1, kT 2)

• generate final-state momenta k3, . . . , kn+2 with differential probability

dF(y, k1, k2;k3 . . . , k2+n) = dΦY(k1, k2;k3, . . . , k2+n)P(y, k1, k2;k3, . . . , k2+n)

• assign weight= 0 to phase space point if it does not satisfy the inclusive cuts. . .

• . . . else evaluate PDFs and matrix element and assign weight

Wy(k1, . . . , k2+n) =
Fy1(x1, kT 1)Fy2(x2, kT 2) |My(k1, . . . , k2+n)|

2 Sy flux(k1, k2)

P(y)P(y; x1, x2, kT 1, kT 2)P(y, k1, k2;k3, . . . , k2+n)

• choose/create probabilities P wisely/adaptively in order to let Wy(k1, . . . , k2+n) fluc-
tuate as little as possible from event to event . . .

• . . . this requires an optimization stage for each subprocess y during which crude esti-
mates of partonic cross sections are made

• there is a lot of engineering/parameters in P, but there is only QFT in My

99942



|Phase Space|

The differential volume of n-particle phase space is given by

dΦn(p1, s1 , p2, s2 . . . pn, sn ; P ) =

d4p1δ(p
2
1 − s1)d

4p2δ(p
2
2 − s2) · · ·d4pnδ(p2n − sn) δ4(P − p1 − p2 − · · ·− pn)

and satisfies the recursive relation

dΦn(p1, s1 , p2, s2 . . . pn, sn ; P ) =

dSdΦm+1(p1, s1 , p2, s2 . . . pm, sm , Q, S ; P )

× dΦn−m(pm+1, sm+1 , pm+2, sm+2 . . . pn, sn ; Q )

with integration over S and Q.

=

1

2

n

P

1

2
P

m
m+ 1

n− 1

n

Q

So phase space can be completely
decomposed into 2-particle phase
spaces, and can be written in terms
of invariants and angles.
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|2-particle phase space|
We want to generate pa, pb in a 2-particle phase space Φ(pa, sa , pb, sb ; P ). This implies
that P and also sa, sb are given (generated or squared external masses) and we can define

|~q| =

√
λ(P2, sa, sb)

4P2
with λ(x, y, z) = x2 + y2 + z2 − 2xy− 2yz− 2zx

Now, we can

1. generate ϕ ∈ [0, 2π] and z ∈ [−1, 1]

2. construct q0 =
√
sa + |~q|2 and ~q = |~q|

(√
1− z2 cosϕ ,

√
1− z2 sinϕ , z

)
3. q is pa in the center-off-mass frame of P, and needs to be boosted:

pµa =
(
E, ~q+ V~P

)
with E =

q·P√
P2

and V =
q0 + E

P0 +
√
P2

4. and finally pb = P − pa

This construction gives a Jacobian

√
P2

π|~q|
=

2P2

π
√
λ(P2, sa, sb)
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|n-particle phase space|
To generate, for example, 5-particle phase space, choose a decomposition into 2-particle
phase spaces.

External momenta labelled by a power of 2 and

pi + pj = pi+j and p2n+3−1 = 0, so for n = 5:

p127 = 0 and pi = −p127−i

2

4

8

16

32

12
14

48

62

1

64
The density factor of the example graph is

g({p}) = g48(s48)g14(s14)
2s62

π
√
λ(s64, s48, s14)

g12(s12)
2s14

π
√
λ(s14, s12, s2)

× 2s12

π
√
λ(s12, s8, s4)

2s48

π
√
λ(s48, s32, s16)

The virtual invariants (s48, s14, s12) need to be generated, and one can use densities antic-
ipating the behavior of the integrand

e.g. g12(s) ∝
1

(s−M2
Z)
2 + Γ 2ZM

2
Z

More graphs can be included via the multi-channel method. This way, the squared graphs
in a squared amplitude can be matched, while interferences cannot.
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|n-particle phase space|
To generate, for example, 5-particle phase space, choose a decomposition into 2-particle
phase spaces.

External momenta labelled by a power of 2 and

pi + pj = pi+j and p2n+3−1 = 0, so for n = 5:

p127 = 0 and pi = −p127−i

2

4

8

16

32

12
14

48

62

1

64

Most of the time, matching the behavior of the sum of squared graphs is enough to tame
the phase space behavior of the squared amplitude.

|exact amplitude|2∑
i |graphi|

2
behaves reasonably well

Given a set of densities that can be generated, the sum of those densities can also be
generarated (throw random number, choose graph, generate according to graph, etc.).

But how to deal with O(n!) graphs again, needed for total density?

Answer: generate splittings instead of graphs, then the density can be calculated via a
Dyson-Schwinger-type recursion (Gleisberg, Höche 2008).
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|Electron-hadron scattering|
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|Electron-hadron scattering|

d2σu−quark
e−p→e−X

dxBj dQ2
=

∫
dx

∫
d2kT

π
Fu(x, |~kT |, Q)

∫
dΦ
(
pB + k→ {pe, p}

) 1

2xs

∣∣M(e−u∗ → e−u)|2

× δ
(
Q2 + (pB − pe)

2
)
δ

(
xBj −

Q2

2pA ·(pB − pe)

)

k = xpA + kT

p

pepB

pA

p2A = p2B = p2e = p
2 = 0 s = 2pA ·pB y =

Q2

xBj s

collinear factorization: Fu(x, |~kT |, Q)→ fu(x,Q) δ
(
|~kT |

2
)
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|Electron-hadron scattering|

d2σu−quark
e−p→e−X

dxBj dQ2
=

∫
dx

∫
d2kT

π
Fu(x, |~kT |, Q)

∫
dΦ
(
pB + k→ {pe, p}

) 1

2xs

∣∣M(e−u∗ → e−u)|2

× δ
(
Q2 + (pB − pe)

2
)
δ

(
xBj −

Q2

2pA ·(pB − pe)

)

k = xpA + kT

p

pepB

pA

p2A = p2B = p2e = p
2 = 0 s = 2pA ·pB y =

Q2

xBj s

collinear factorization: Fu(x, |~kT |, Q)→ fu(x,Q) δ
(
|~kT |

2
)

∫
dΦ
(
pB + k→ {pe, p}

)
δ
(
Q2 + (pB − pe)

2
)
δ

(
xBj −

Q2

2pA ·(pB − pe)

)
=

{
collinear :

δ(x− xBj)

8π xBj s
, kT−factorization :

1

16π2 x2Bj s
√
∆(x, kT)

}

∆
(
x, |~kT |

)
= −

4∏
i=1

(
|~kT |

Q
±
√
x/xBj − y±

√
1− y

)
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|Electron-hadron scattering|

e−

u

∣∣M(e−u→ e−u)
∣∣2

(4παCu)2
=
2xs

Q2

1+ (1− ỹ)2

ỹ
, ỹ =

xBj

x
y
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|Electron-hadron scattering|

e−

u

∣∣M(e−u→ e−u)
∣∣2

(4παCu)2
=
2xs

Q2

1+ (1− ỹ)2

ỹ
, ỹ =

xBj

x
y

γA

+

γA

e−

uA

∣∣M(e−u∗ → e−u)
∣∣2

(4παCu)2
=
2xs

Q2

1+ (1− y)2

y
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|Electron-hadron scattering|

e−

u

∣∣M(e−u→ e−u)
∣∣2

(4παCu)2
=
2xs

Q2

1+ (1− ỹ)2

ỹ
, ỹ =

xBj

x
y

γA

+

γA

e−

uA

∣∣M(e−u∗ → e−u)
∣∣2

(4παCu)2
=
2xs

Q2

1+ (1− y)2

y

1

2πα2
xBjQ

4

1+ (1− y)2
d2σu−quark

e−p→e−X
dxBj dQ2

=
C2u
π

∫ 1
Q2/s

dx

∫∞
0

dk2T Fu(x, k
2
T , Q)

θ
(
∆(x, kT))√
∆(x, kT)
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|Electron-hadron scattering|

e−

u

∣∣M(e−u→ e−u)
∣∣2

(4παCu)2
=
2xs

Q2

1+ (1− ỹ)2

ỹ
, ỹ =

xBj

x
y

γA

+

γA

e−

uA

∣∣M(e−u∗ → e−u)
∣∣2

(4παCu)2
=
2xs

Q2

1+ (1− y)2

y

1

2πα2
xBjQ

4

1+ (1− y)2
d2σu−quark

e−p→e−X
dxBj dQ2

=
C2u
π

∫ 1
Q2/s

dx

∫∞
0

dk2T Fu(x, k
2
T , Q)

θ
(
∆(x, kT))√
∆(x, kT)

[
ξ = 1 +

k2T
Q2

− 2 cos(πρ)
√
1 − y

kT

Q

]
= C2u xBj

∫ 1
0

dρ

∫Q2κ+(1)

0

dk2T Fu
(
xBjξ(ρ, kT) , k

2
T , Q

)
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|QCD evolution, dilute vs. dense, forward jets|
art by Piotr Kotko

A dilute system carries a few
high-x partons contributing to the
hard scattering.

A dense system carries many
low-x partons.

At high density, gluons are imag-
ined to undergo recombination,
and to saturate.

This is modeled with non-linear
evolution equations, involving
explicit non-vanishing kT .

x
x
x
x
x
x
x

Saturation implies the turnover of the gluon density, stopping
it from growing indefinitely for small x.

Forward jets have large rapidities, and trigger events in which
partons from the nucleus have small x.
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art by Piotr Kotko
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|ITMD Factorization| For forward dijet production
in dilute-dense hadronic collisions

Generalized TMD factorization (Dominguez, Marquet, Xiao, Yuan 2011)

dσAB→X =

∫
dk2T

∫
dxA
∑
i

∫
dxB
∑
b

φ
(i)
gb(xA, kT , µ) fb/B(xB, µ)dσ̂

(i)
gb→X(xA, xB, µ)

For xA � 1 and PT � kT ∼ Qs (jets almost back-to-back).

TMD gluon distributions φ
(i)
gb(xA, kT , µ) satisfy non-linear evolution equations.

Partonic cross section dσ̂
(i)
gb is on-shell, but depends on color-structure i.

Improved TMD factorization (Kotko, Kutak, Marquet, Petreska, Sapeta, AvH 2015)

dσAB→X =

∫
dk2T

∫
dxA
∑
i

∫
dxB
∑
b

φ
(i)
gb(xA, kT , µ) fb/B(xB, µ)dσ̂

(i)
gb→X(xA, xB, kT , µ)

Originally a model interpolating between High Energy Factorization and Generalized TMD
factorization: PT & kT & Qs.

Partonic cross section dσ̂
(i)
gb is off-shell and depends on color-structure i.

ITMD formalism is obtained from the CGC formalism, by including so-called kinematic
twist corrections (Antinoluk, Boussarie, Kotko 2019).
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|Definition of gluon TMDs|

Resummation of gluon exchanges leads to Wilson line Uγ = Pexp

{
− ig

∫
γ

dz·A(z)
}

acting as a gauge link for the gauge invariant definition of a TMD

Fg/A(x, kT) = 2

∫
d4ξ δ(ξ+)

(2π)3 p+A
exp
{

ixp+Aξ
− − i~kT · ~ξT

} 〈
A
∣∣Tr
{
F̂i+(ξ)Uγ(ξ,0)F̂

i+(0)
}∣∣A〉

99957



|ITMD∗ factorization for more than 2 jets |
* only manifestly gauge invariant

contribution includedSchematic hybrid (non-ITMD) factorization fomula

dσ =
∑

y=g,u,d,...

∫
dx1d

2kT

∫
dx2 dΦg∗y→n 1

fluxgy
Fg(x1, kT , µ) fy(x2, µ)

∑
color

∣∣∣M(color)
g∗y→n

∣∣∣2

Fg
∑
color

∣∣∣M(color)
∣∣∣2 = Fg

∑
i1,i2,...,in+2

∑
j1,j2,...,jn+2

(
M̃
i1i2...in+2
j1j2...jn+2

)∗(
M̃
i1i2...in+2
j1j2...jn+2

)
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|ITMD∗ factorization for more than 2 jets|
Schematic hybrid (non-ITMD) factorization fomula

dσ =
∑

y=g,u,d,...

∫
dx1d

2kT

∫
dx2 dΦg∗y→n 1

fluxgy
Fg(x1, kT , µ) fy(x2, µ)

∑
color

∣∣∣M(color)
g∗y→n

∣∣∣2
ITMD∗ formula: replace

Fg
∑
color

∣∣∣M(color)
∣∣∣2 = Fg

∑
i1,i2,...,in+2

∑
j1,j2,...,jn+2

(
M̃
i1i2...in+2
j1j2...jn+2

)∗(
M̃
i1i2...in+2
j1j2...jn+2

)
with (Bomhof, Mulders, Pijlman 2006; Bury, Kotko, Kutak 2018)

(N2
c − 1)

∑
i1,...,in

∑
j1,...,jn+2

∑
ı̄1,...,̄ın+2

∑
̄1,...,̄n+2

(
M̃
i1i2···in+2
j1j2···jn+2

)∗ (
M̃
ı̄1 ı̄2···̄ın+2
̄1 ̄2···̄n+2

)
× 2
∫

d4ξ

(2π)3P+
δ(ξ+) e

ik·ξ
〈
P
∣∣∣(F̂+(ξ))j1

i1

(
F̂+(0)

)̄1
ı̄1

(
U[λ2]

)
i2 ı̄2

(
U[λ2]†

)j2 ̄2 · · ·
· · ·
(
U[λn+2]

)
in+2 ı̄n+2

(
U[λn+2]†

)jn+2 ̄n+2∣∣∣P〉
where P is the light-like momentum of the hadron (with P− = 0), and kµ = xPµ + kµT ,

where F̂ is the field strenght,
and U± is a Wilson line from 0 to ξ via a “staple-like detour” to ±∞ depending on the
type and state (initial/final) of parton. 99959



|ITMD∗ factorization for more than 2 jets|
Schematic hybrid (non-ITMD) factorization fomula

dσ =
∑

y=g,u,d,...

∫
dx1d

2kT

∫
dx2 dΦg∗y→n 1

fluxgy
Fg(x1, kT , µ) fy(x2, µ)

∑
color

∣∣∣M(color)
g∗y→n

∣∣∣2
ITMD∗ formula: replace

Fg
∑
color

∣∣∣M(color)
∣∣∣2 = Fg

∑
i1,i2,...,in+2

∑
j1,j2,...,jn+2

(
M̃
i1i2...in+2
j1j2...jn+2

)∗(
M̃
i1i2...in+2
j1j2...jn+2

)
with (Bomhof, Mulders, Pijlman 2006; Bury, Kotko, Kutak 2018)

(N2
c − 1)

∑
i1,...,in

∑
j1,...,jn+2

∑
ı̄1,...,̄ın+2

∑
̄1,...,̄n+2

(
M̃
i1i2···in+2
j1j2···jn+2

)∗ (
M̃
ı̄1 ı̄2···̄ın+2
̄1 ̄2···̄n+2

)
× 2
∫

d4ξ

(2π)3P+
δ(ξ+) e

ik·ξ
〈
P
∣∣∣(F̂+(ξ))j1

i1

(
F̂+(0)

)̄1
ı̄1

(
U[λ2]

)
i2 ı̄2

(
U[λ2]†

)j2 ̄2 · · ·
· · ·
(
U[λn+2]

)
in+2 ı̄n+2

(
U[λn+2]†

)jn+2 ̄n+2∣∣∣P〉
where P is the light-like momentum of the hadron (with P− = 0), and kµ = xPµ + kµT ,

where F̂ is the field strenght,
and U± is a Wilson line from 0 to ξ via a “staple-like detour” to ±∞ depending on the
type and state (initial/final) of parton.

x

M̃
i1i2...in+2
j1j2...jn+2

=
∑
σ∈Sn+2

δi1jσ(1)δ
i2
jσ(2)
· · · δin+2jσ(n+2)

Aσ
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|ITMD∗ factorization for more than 2 jets|
Schematic hybrid (non-ITMD) factorization fomula

dσ =
∑

y=g,u,d,...

∫
dx1d

2kT

∫
dx2 dΦg∗y→n 1

fluxgy
Fg(x1, kT , µ) fy(x2, µ)

∑
color

∣∣∣M(color)
g∗y→n

∣∣∣2
ITMD∗ formula: replace

Fg
∑
color

∣∣∣M(color)
∣∣∣2 = Fg

∑
σ∈Sn+2

∑
τ∈Sn+2

A∗σ CστAτ , Cστ = N
λ(σ,τ)
c

with “TMD-valued color matrix”

(N2
c − 1)

∑
σ∈Sn+2

∑
τ∈Sn+2

A∗σ C̃στ(x, |kT |)Aτ , C̃στ(x, |kT |) = N
λ̄(σ,τ)
c F̃στ(x, |kT |)

where each function F̃στ is one of 10 functions

F(1)
qg , F(2)

qg , F(3)
qg

F(1)
gg , F(2)

gg , F(3)
gg , F(4)

gg , F(5)
gg , F(6)

gg , F(7)
gg
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|ITMD∗ factorization for more than 2 jets|

F
(1)
qg (x, kT ) =

〈
Tr
[
F̂i+ (ξ)U[−]†F̂i+ (0)U[+]

]〉
,
〈
· · ·
〉
= 2

∫
d4ξ δ(ξ+)

(2π)3P+
eik·ξ

〈
P
∣∣∣ · · · ∣∣∣P〉

F
(2)
qg (x, kT ) =

〈
Tr
[
U[�]

]
Nc

Tr
[
F̂i+ (ξ)U[+]†F̂i+ (0)U[+]

]〉
F
(3)
qg (x, kT ) =

〈
Tr
[
F̂i+ (ξ)U[+]†F̂i+ (0)U[�]U[+]

]〉
F
(1)
gg (x, kT ) =

〈
Tr
[
U[�]†]
Nc

Tr
[
F̂i+ (ξ)U[−]†F̂i+ (0)U[+]

]〉

F
(2)
gg (x, kT ) =

1

Nc

〈
Tr
[
F̂i+ (ξ)U[�]†

]
Tr
[
F̂i+ (0)U[�]

]〉
F
(3)
gg (x, kT ) =

〈
Tr
[
F̂i+ (ξ)U[+]†F̂i+ (0)U[+]

]〉
F
(4)
gg (x, kT ) =

〈
Tr
[
F̂i+ (ξ)U[−]†F̂i+ (0)U[−]

]〉
F
(5)
gg (x, kT ) =

〈
Tr
[
F̂i+ (ξ)U[�]†U[+]†F̂i+ (0)U[�]U[+]

]〉
F
(6)
gg (x, kT ) =

〈
Tr
[
U[�]

]
Nc

Tr
[
U[�]†]
Nc

Tr
[
F̂i+ (ξ)U[+]†F̂i+ (0)U[+]

]〉

F
(7)
gg (x, kT ) =

〈
Tr
[
U[�]

]
Nc

Tr
[
F̂i+ (ξ)U[�]†U[+]†F̂i+ (0)U[+]

]〉
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|ITMD gluons|

Start with dipole distribution F
(1)
qg (x, kT) =

〈
Tr
[
F̂i+ (ξ)U[−]†F̂i+ (0)U[+]

]〉
evolved via the

BK equation formulated in momentum space supplemented with subleading corrections
and fitted to F2 data (Kutak, Sapeta 2012)

All other distribution appearing in dijet production, F
(2)
qg ,F

(1)
gg ,F

(2)
gg ,F

(6)
gg , in the mean-field

approximation (AvH, Marquet, Kotko, Kutak, Sapeta, Petreska 2016).

This is, at leading order in 1/Nc. In this approximation, the same distributions suffice for
trijets.
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|ITMD gluons| Bury, AvH, Kotko, Kutak 2020

Dependence of F
(1)
qg on kT below 1GeV approximated by power-like fall-off. For higher

values of |kT | it is a solution to the BK equation.

TMDs decrease as 1/|kT | for increasing |kT |, except F
(2)
gg , which decreases faster (even

becomes negative, absolute value shown here).
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|pp and pPb to forward trijets| Bury, AvH, Kotko,
Kutak 2020

1

A

dσpPb/dO

dσpp/dO

S(x) refers to the x-dependent treatment
of the nuclear target area, guaranteeing
unitarity.

Saturation effect for ∆ϕ(12)3 ≈ π,
enhancement of pPb result for ∆ϕ(12)3 < π

due to broadening of the TMD distribu-
tions.

∆ϕ(12),3 is the angle between the sum of
the two hardest jets, and the third jet.
Is particularly sensitive to the final-state
momentum inbalance.

ITMD∗ normalization significantly larger
than HEF, due to different shape and
normalization of the extra TMDs present
in ITMD∗ but not in HEF.

Calculations with LxJet (Kotko) and KaTie (AvH).
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|Sudakov resummation for dijets|

S. Sapeta

Having hard jets in the final state, large
logarithms associated with the hard
scale have to be resummed. This re-
summation can be accounted for by in-
clusion of the Sudakov factor.

Within the small-x saturation formalism, Sudakov effects are most conveniently included
in b-space (Mueller, Xiao, Yuan 2013; Staśto, Wei, Xiao, Yuan 2018)

F
ag→cd
g∗/B (x, qT , µ) =

−NcS⊥

2παs

∫
bTdbT

2π
J0(bTqT) e

−Sag→cdSud (µ,bT )∇2bTS(x, bT)

where S⊥ is the transverse area of the target, and S(x, bT) the dipole scattering amplitude.
This can be translated into a relation for momentum dependent distributions as

F
ag→cd
g∗/B (x, kT , µ) =

∫
dbT bT J0(bTkT) e

−Sag→cdSud (µ,bT )

∫
dk ′T k

′
T J0(bTk

′
T)Fg∗/B(x, k

′
T)
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|Sudakov resummation for dijets|
The Sudakov receives perturbative and non-perturbative contributions for each cannel

Sab→cdSud (µ, bT) =
∑

i=a,b,c,d

Sip(µ, bT) +
∑
i=a,c,d

Sinp(µ, bT)

Perturbative part Mueller, Xiao, Yuan 2013; Staśto, Wei, Xiao, Yuan 2018

Sip(Q,bT) =
αs

2π

∫Q2
µ2b

dµ2

µ2

[
Ai ln

Q2

µ2
− Bi

]
{A,B}qg→qg = {2(CA + CB) , 3CF + 2CAβ0

}
, {A,B}gg→gg = {4CA , 6CAβ0}

µb = 2e
−γE/b∗ , b∗ = bT/

√
1+ b2T/b

2
max , bmax = 0.5GeV−1

Non-perturbative part Sun, Isaacson, Yuan, Yuan 2014; Prokudin, Sun, Yuan 2015

Sinp(Q,bT) = C
i

[
g1b

2
T + g2 ln

Q

Q0

ln
bT

b∗

]
, Cqg→qg = 1+ CA

2CF
, Cgg→gg = 3CA

2CF

g1 = 0.212 , g2 = 0.84 , Q
2
0 = 2.4GeV2

Non-perturbative contribution for small-x gluon already in TMD and omitted here.
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|Fgg(3) with Sudakov| AvH, Kotko, Kutak, Sapeta 2021

Within the Gaussian approximation, F
(3)
gg can be obtained from F

(1)
qg via

F(3)
gg (x, kT) =

παs

Nck
2
TS⊥

∫
k2T

dr2T ln
r2T
k2T

∫
d2qT

q2T
F(1)
qg (x, qT)F

(1)
qg (x, rT − qT)

where S⊥ is the target’s transverse area.
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|Dijets in DIS| AvH, Kotko, Kutak, Sapeta 2021

dσeh→e ′+2j+X
=

∫
dx

x

d2kT

π
F(3)
gg (x, kT , µ)

× 1

4xPe ·Ph
dΦ(Pe, k;pe, p1, p2) |Meg∗→e ′+2j|2

ITMD for DIS only requires F
(3)
gg ,

aka the Weizsäcker-Williams density
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|Dijets in DIS| AvH, Kotko, Kutak, Sapeta 2021

dσeh→e ′+2j+X
=

∫
dx

x

d2kT

π
F(3)
gg (x, kT , µ)

× 1

4xPe ·Ph
dΦ(Pe, k;pe, p1, p2) |Meg∗→e ′+2j|2

jet1

jet2

e−

∆ϕ

hadron

transverse plane

99970



|Dijets in DIS| AvH, Kotko, Kutak, Sapeta 2021

dσeh→e ′+2j+X
=

∫
dx

x

d2kT

π
F(3)
gg (x, kT , µ)

× 1

4xPe ·Ph
dΦ(Pe, k;pe, p1, p2) |Meg∗→e ′+2j|2

∆φ(J1, J2)
Breit frame

∆φ(J1 + J2, e
−)

lab frame

Differences between curves slightly more
pronounced for ∆φ(J1+J2, e

−) in lab frame
than for ∆φ(J1, J2) in Breit frame.
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