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Parton-level cross sections

Hadron-scattering process Y with partonic processes y contributing to multi-jet final state
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Parton-level cross sections

eh-scattering process Y with partonic processes Yy contributing to multi-jet final state
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KATIE https://bitbucket.org/hameren/katie

parton level event generator, like ALPGEN, HELAC, MADGRAPH, etc.

arbitrary hadron-hadron or hadron-lepton processes within the standard model (includ-
ing effective Higgs-gluon coupling) with several final-state particles.

0, 1, or 2 space-like initial states.
produces (partially un)weighted event files, for example in the LHEF format.

requires LHAPDF. TMD PDFs can be provided as files containing rectangular grids,
or with TMDIib (Hautmann, Jung, Krimer, Mulders, Nocera, Rogers, Signori 2014).

a calculation is steered by a single input file.

employs an optimization stage in which the pre-samplers for all channels are optimized.
during the generation stage several event files can be created in parallel.

event files can be processed further by parton-shower program like CASCADE.

(evaluation of) matrix elements separately available.
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Monte Carlo integration [EEETEREIESES

Let g be a probability density on M of dimension w such that if f(x) # 0 then g(x) # 0.
Let {x;} be a sequence of points in M independently drawn at random from g.
Then, for N — oo, the probability distribution of the random variable

becomes Gausian, with expectation value and variance
1 f(x)? ’
Jd‘”x () — (Jd‘“x f(x))
Mo 9(x) M

E(Xn) = Jﬁwxf(x) , V(XN = N

= 4/ V(Xn)

XN is an estimate of the integral of f
with error estimate /V(Xy)




Monte Carlo integration [EEETEREIESES

Let g be a probability density on M of dimension w such that if f(x) # 0 then g(x) # 0.
Let {x;} be a sequence of points in M independently drawn at random from g.
Then, for N — oo, the probability distribution of the random variable

becomes Gausian, with expectation value and variance

f 2 2
Jd“’x () — (Jd‘”x f(x))
M 9(x) M
e Xy is an estimate of the integral of f with error estimate /V(Xy)

e V(Xy) can be estimated itself with [Nq ZL f(x)2/g(x)? — XZN]/(N —1)

e the error decreases as N~'/2, independently of M

E(XN)_Jﬁwxf(x) Vo=

e importance sampling: convergence can be improved by choosing g such that it has the
same shape as f. If you can construct g(x) = f(x)/fM d“y f(y), then you actually
solved the integration problem without the need of Monte Carlo.




Monte Carlo integration [EEETEREIESES

Let g be a probability density on M of dimension w such that if f(x) # 0 then g(x) # 0.
Let {x;} be a sequence of points in M independently drawn at random from g.
Then, for N — oo, the probability distribution of the random variable

becomes Gausian, with expectation value and variance

f 2 2
Jd‘”x () — (Jd‘”x f(x))
Mo 9(x) M

e we are considering Monte Carlo integration: f(x) can be evaluated for any x.
The integral can, in principle, be calculated to arbitrary precision.

E(XN)_Jﬁwxf(x) Vo=

e Monte Carlo simulation: evaluating f(x) is essentially impossible, and one can only try
to approximate it as much as possible with g(x).
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Let ¢ be also be a function on M (but more like a coordinate function). Then we define
a bin of @ as

1 if TT is true

bin(¢; a, b) —Lﬁ‘”xf(x)e(‘K ¢(x)<b) , 6= {o if TT is false

From the Monte Carlo point of view, we only changed the integrand f(x) to f(x)0(a <
@(x) < b), and we can use the same density g(x) to calculate the bin.

iy
=

bin((p;a,b)zlljz B(a < @(xi) <b)
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In case there are more than one, but non-overlapping, bins, then each x; can only contribute
to one of those, and we can make an unbiased estimate for all bin using the same set of

random points
N
bin(¢;aj, b Z

Despite that we are calculating “exact” integrals, we call this making a histogram by
weighted event generation.
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Zero-dimensional QFT

Consider ¢*-theory on a single space-time point
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We trivially have the linear Dyson-Schwinger equation
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Zero-dimensional QFT
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Dyson-Schwinger equation for Green functions from a [
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We may cast the equation into a graphical form
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Zero-dimensional QFT

Introduce more zero-dimensional points
ZzAkldakqn Z b7, Im(Ayy <0)

Dyson-Schwinger equation
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Expand generating function in terms of Green functions
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Graphical interpretation
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Two-loop recursion
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Generalization to realistic QF T

Theories with four-point vertices:
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Theories with more types of currents:
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Currents may have several components.

distinguishable external lines corre-
spond to on-shell particles
= polarization vectors, spinors, 1

sum of momenta of on-shell lines is
equal to momentum of off-shell line

vertices directly from Feynman rules
in momentum space

off-shell line carries propagator from
Feynman rules, in any gauge

on-shell (n + 1)-leg amplitude
- from current with n on-shell legs
— by omitting the final propagator

— and contracting with pol.vec. or
spinor instead
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DS skeleton for ® — hhhhh
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5: 6L Bh] <~ B[ 4nw]  1[ dh] ’ 1

3: 70 9hl<- 4[ 8h]l 1[ 1h] _q ==

4: 8 6hl<- 3 4h]l 2 2h] 4 4

5: d[ 10h] <- 4[ 8hJj 2[ 2h]

6: 10[ 12h1<- 4[ 8h]l 3[ 4h] y 1

7: 11l 7hl<- 30 4nl 5[ 3h] _(72_4_ 4

5. 41 Fhd == 9 SHT &l 5B 1

9: 11[ T7hl<- 1[ 1hl 8 6h] 2

10: 12[ 11hl1<- 4 8hl 5[ 3h]

11: 12[ 11 h] <= 2[ 2h] 7L 9h] particle identifier for off-shell leg
= T e L U 1

gy Agl s m ) S 4f 8h] 6[ 5h]

14: 13[ 13 h]1<—- 3[ 4h] 7L 9h1 P13=PpPs+P9

15 130 TR 1l mE reE

16:  14[ 14 h ] <= 4l 8h] 80 6hl] Binary representation of momenta:
17: 14[ 14h1<- 3[ 4hl 9[ 10h]

18 14[ 14h] <~ o[ 2n] 10f 12n] cxternal momenta are labeled by
19: 15[ 15h] <- 10[ 12h] 5[ 3h] powersof2, and

20: 15[ 15h1<- 90 10h] 6[ 5h]

anlg 15[ 15 h ] o 8[ 6 h ] 7[ 9 h :l n—1 o PEENY n—2
22: 15[ 15h]1<- 4[ 8h] 11[ 7h] Pl g =TT R TRt TP
23: 15[ 15h ] <—- 3[ 4h] 12[ 11 h] = —Pm-

24: 15[ 15h]1<—- 2[ 2h3] 13[ 13 h]

25: 15[ 15h]1<- 4[ 1h] 14l 14h] eg forn=>5wehave p;s =—pig
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Cross sections from Monte Carlo

Calculation of a cross section requires phase space integration and summation over
spins and colors.

= Jd(D Z Z |IM (D, spin, color)|* O(®)
spin color

e Phase space must we dealt with within a Monte Carlo approach (that’s why we
need to be able to evaluate scattering amplitudes numerically efficiently)

e Spin may be dealt with within a Monte Carlo approach:

1

1
Yoo | de s o=t ruoret || wlens (o) = 5,

0
- random helicities: u, (p) = v20(£(3 — p))
- random polarizations: ui(p) = eimp

e Color may be dealt with also within a Monte Carlo approach

What color representation to use?




QCD Feynman rules
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Color representation

e Represent gluons as 8-times higher-dim vectors A}
increases the number of operations per vertex unacceptably

e Treat gluons with different color as different particles
fo £0 = abc € {123,147,156, 246,257, 345,367,458, 678}

all possible fusions unique, except (4,5) — {3,8} and (6,7) — {3, 8}

1 Bl Bz8l &= ZE 2 2] il 1g1t]
2 6 5g7]1<- 3[ 4gal 1[ 1g1]
E\ 7l &l 4[ 8pg 5] I [ER S R ]
4: 8[ 6g6] <—- 3[ 4g4l] A 2wl
58 lE Al e | e 4f 8g5] 20 Zg 2l
6 10[ 12 g 31 <-- 4f 8g51] 3 4g4]
7: 10[ 12g8]1<- 4 8ghb5] 3[ 4g4l]

skeleton depends on external color configuration




Color connection (flow) representation

DAY =D 8TATAT = 3 2THTTRACAY™ = ) AP, A =vV2(T*)4°
L

a a,b a,b

Contract all external gluons with v/2(T¢)}
and replace in all gluon propagators §° = 2Tr{T*T"}
Color structure of the vertices become
i i i Pk et Sy et
3-gluon:  2%/2 f¢(T) (TP)2(T¢); = 7 (5j§5£5if - 5i§5ﬁ'51§)

4—gluon: 4(fabefcde o fadefbce)[-l—a)}: (Tb)]li (TC)E, (Td)

14
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—1 11 iz iz gl i gi2 iz gl
=7 (25135& 85,05, +20;,8;,0;,5;;
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kegluon: V2 (T4 (T = —— (sirgiz — 1 _girge
quark-giuom: ( )jI( )]'2 - ﬁ 2% N T T

1/N. contribution in quark-gluon vertex, but trivial gluon propagator: 6};5}12




Decomposition into partial amplitudes

Kanaki, Papadopoulos 2000; Maltoni, Paul, Stelzer, Willenbrock 2003

Scattering amplitude with n color pairs can be expressed as

i]iz"'in — 1..] iz i.n_
Mz = 3 g 52 st Ae(1,2,...,m)

j1i2:dn
all perm.

where A,(1,2,...,n) does not depend on the external color, but may depend on N..
For small n, the explicit color sum is more efficient than color sampling

D IME =) NYe 4, Az,

color o0’

where y(o, 0’) is the number of common cycles in ¢ and o’.

The DS skeleton for A, can be found from M, by imagining that N, = n, and
assigning the external color configuration

(1,0(1) (2,0(2)) --- (n,0(n))

and multiplying quark-gluon vertices by —iy/N, if they involve an internal gluon
with 1 =j.




Partial amplitudes for @ — gg ud p"‘vu

Tree: 1, Label:1

b i G Berl e 2 serll il dpd 6: 1 18[209u] <= ol 24 W] 7[ 6d]
21 T Bd )<= ar dal i g w1 WL AW s WA E]) AR T
3: -1 9[ 24 W] <—- 5[ 16 Mn]  4[ 8 M4] 7:-1 20030g) <- 3[ 4d] 13[ 26 a7
4: 1 13026 d7] <~ 20 2u7l  9[ 24 W+ 8: -1 20[30g] <= 2[ 2u] 14[28u]
5: 1 14[28u) < 3[ 4d] 9 24 W 2t sl el e e L gk ]
o e s SR 10: -1 21031 g] <- 2[ 2uw] 18[ 29 u ]
7 1 4Tl e a] e il 1g] 130%6 a’] i Detsiliee sl aie ]
8: 1 18[29u] <- 9[2aw] 7[ 54d]
9: 1 18[29u) <~ 1[ 1g] 14[28u] G .
= £ u”] <—- 2[ 2 u7] il 1 g1
fpe it glig e Tl B G0 d ] 2: -1 9[ 24 W] <—- 5[ 16 Mn]  4[ 8 M+
I e 3: 1 130 26 d”] < 20 2u] 9O 24 W+]
12285 0 21185 1S BN 5 TR IR 7 o 7 d ) 4: 1 14[28u] < 3[ ad] o[ 22 W
his Sl B B B B G 5: 1 17[ 27 "] <- o[ 24 W+l  6[ 3 u]
6: 1 17027 d] <- 1[ 1g] 13[ 26 d7]
Baen 2o lebela® . 7: -1 20[30g] <- 3[ 4d] 13[ 26 d"]
1: 1 60 3u7 <= 2[ 2u1 1l 1g] 8: -1 20[30g] <- 2[ 2u] 14[ 28 u]
2 1 BT [ SR d NN < 3 (A Nd ] if 1t g1 9: -1 21[31g] <—- 6[ 3u7] 14[ 28 u]
3: -1 9[ 24 W+] <-- 5[ 16 Mn] 4[ 8 M+] 10: -1 21[ 31 g] <- 3[ 441 17[ 27 d47]
Al b GBI 26 ol ces 20 2 el 9[ 24 W+l 11: 1 21[31 gl <- 1[ 1g]l 20[30g].
5: 1 14[28ul <- 3[ 4d1  9[ 24 W]
6o 1RO d N el O [0 4 N+ 6[ 3 u7] Tree: 5, Label:6
7: 1 17027 a1 <= 1[ 1gl 13[ 26 d7] 1: 1 60 3wl <—- 2[ 2v1 [ 1g]
8: 1 18[29u] <- 9[2a W] 7[ 54d] 2: 1 70 5d] <- 3[ 4d4] 1i[ 1g]
9: 1 18[ 29 ul <— 1[ 1g] 14[28u]l 3: -1 9[ 24 w+] <—- 5[ 16 Mn] 4[ 8 M+]
16518 21 RS 18NN B d| [IE [ 268d 2RI AR s B0 % 9[ 24 W+]
11: -1 21[31g] <- 6[ 3u] 14[28u] 5: 1 14[ 28 u] <- 3[ ] 9l 22 w4
12: -1 21[ 31 g] <- 3[ 4d1 17[ 27 d7] 6: 1 17027 d7] <- 9[ 24 W] 60 3 u7]
13: -1 21[31 gl <- 2[ 2u] 18[29ul. 7: 1 17027 d] <- 1[ 1gl 13[ 26 d7]
8: 1 18[29u] <—- 9[2aw] 7[ 54d]
Tree: 3, Label:3 9: 1 18[29ul<- 1[ 1g] 14[28u]l
15 & 7] Bdd - 80 4] 4L 187 10: -1 21[31g] <~ 70 541 13[ 26 d7]
2: -1 9[ 24 W] < 5[ 16 Ma]  4[ 8 M+ 11: -1 21031 g] <~ 6[ 3w] 14[ 28 u]
3: 1 13[ 26471 <~ 2[ 2u] 9 24 W] 12: -1 21031 g] <= 3[ 441 17[ 27 a7]
2 1 [ 28a] e 3[ aal  a2iwi 13: -1 21031 g] <~ 2[ 2u] 18[ 29 u ]




Planar recursion (Berends-Giele)

For planar multi-gluon tree-amplitudes:

Pij = Pi T Pit +"'+Pj

=1 i j
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Explicit kt-employing factorization

TMD factorization
e holds at leading power in kr/p
e on-shell parton-level matrix elements

e Transverse Momentum Dependent PDFs,
evolve via the Collins-Soper-Sterman equations,
re-sum large logs of k1/n

The following is in the context of High energy factorization

d*kn d*kp
dth—ZJdm = JdXz - Falx1, k1) Fo(x2, kr2) doan(x1, K11, X2, K72)

a,b
e focus on small-x, not neglecting powers of ky/u1
o off-shell parton-level matrix elements

e Transvers Momentum Dependent, or un-integrated, PDFs,
evolve to resum logs of 1/x,
e.g. with BFKL or CCFM equations, or their non-linear extensions,




BCFW recursion kSl amplitudes

Amplitudes have poles at kinematical channels, and the residues factorize into amplitudes.

Pi Pit1

Kt=py+py+-+pp

— M .t K
= —Pin Pno1 = Pn

Pn-1




BCFW recursion kSl amplitudes

Amplitudes have poles at kinematical channels, and the residues factorize into amplitudes.

Pi Pit1

~

Ki(z) =py +py + -+ pi +zet
= =Pl — —Pny —Ph+zet

= J(p1hy*Ipul
ee=ep;=epn=0

(i)
2pat T po)e




BCFW recursion kSl amplitudes

Amplitudes have poles at kinematical channels, and the residues factorize into amplitudes.

Pi Pit1

~

Ki(z) =py +py + -+ pi +zet
= =Pl — —Pny —Ph+zet

et = S(pily*Ipal
ee=ep;=epn=0

(i)
2pat T po)e

A2, om=Tn) =3 3 A 2,04, —K) o AR T, =R
i=2 h=+,— 11
(23)° . B2
Al1%,27,37) (31y(12) AT, 27,37) [211013]




Amplitudes with off-shell gluons




Amplitudes with off-shell gluons

n-parton amplitude is a function of n momenta ki, k, ..., k,
and n directions pi,Pay---,Pn




Amplitudes with off-shell gluons

n-parton amplitude is a function of n momenta ki, ky, ..., k,

and n directions p1, P2, ..., Pn, satisfying the conditions
K +ki+---+kii =0  momentum conservation
pi=ps=--=pi=0 light-likeness

pi-ki=prky=-=pr-kn,=0 eikonal condition




Amplitudes with off-shell gluons

n-parton amplitude is a function of n momenta ki, ky, ..., k,

and n directions p1, P2, ..., Pn, satisfying the conditions
K +ki+---+kii =0  momentum conservation
pi=ps=--=pi=0 light-likeness
pi-ki=prky=-=pr-kn,=0 eikonal condition

With the help of an auxiliary four-vector g* with q* = 0, we define

kr(q) = k" —x(q)p" with x(q) = q];

0




Amplitudes with off-shell gluons

n-parton amplitude is a function of n momenta ki, ky, ..., k,

and n directions p1, P2, ..., Pn, satisfying the conditions
K +ki+---+kii =0  momentum conservation
pi=ps=--=pi=0 light-likeness
pi-ki=prky=-=pr-kn,=0 eikonal condition

With the help of an auxiliary four-vector g* with q* = 0, we define

'k
KE(q) = K* — x(q)p* with x(q) = =
q-p
Construct ki explicitly in terms of p* and g*:
«_ (ph*lq] (qlKlp]
) ~ Ipdl o
Kk (q) = Ben B e with P ap)
- R GV 1)
(ap) ° [pa]
k? = —kk* is independent of g*, but also individually k and k* are independent of g*.




BCFW recursion [l amplitudes

The BCFW recursion formula becomes

Lo L
2 :::‘:::n—] = E E Ai,h
i=2 h=+t,—

7 R
i i+1
. h 1 —h
Al’h B K%,i
7 fi

“On-shell condition” for “off-shell” gluons: p; - ki =0




BCFW recursion [l amplitudes

The BCFW recursion formula becomes

2:::‘ ZZA1h+ZB

; . i=2 h=+,—
) A
i 1+1 1_1
. . ‘ 2p1 in
1 1 fl

“On-shell condition” for “off-shell” gluons: p; - ki =0




BCFW recursion [l amplitudes

The BCFW recursion formula becomes

i=2 h=t,—

2:::‘ ZZAlh-i-ZB—i-C-l-D

7 fi




off-shell amplitude as embedding [a Kk s s0is

Embed the process in an on-shell process with auxiliary partons and eikonal Feynman rules.




Parton-level event generation

choose partonic subprocess y = yi1,Ys — Y3, - .. Yn:2 With probability P(y)
generate initial-state variables x;, x,, kr1, k12 with probability P(y;x1, x2, k1, kr2)

generate final-state momenta k3, ..., k,,,» with differential probability

dF(y> k])kz;k3 ey k2+n) - d®Y(k1>k2;k3> RS k2+n) P(y> k])kz;k3) sy k2+n)

assign weight = 0 to phase space point if it does not satisfy the inclusive cuts. ..

... ¢else evaluate PDFs and matrix element and assign weight

F

W, (k; Koon) = (1, k1) Fy, (%2, kr2) IV (K« ooy Ko ) P 8y flux (g, ko)
ylkK1y ooy K24n) =

P(y) P(y;x1,x2, k11, k12) P(Y, k1, ka3 K3y oy Kon)

choose/create probabilities P wisely/adaptively in order to let Wy (ki,...,Kyn) fluc-
tuate as little as possible from event to event ...

... this requires an optimization stage for each subprocess y during which crude esti-
mates of partonic cross sections are made

there is a lot of engineering/parameters in P, but there is only QFT in M,




The differential volume of n-particle phase space is given by
d®n(p1,81, P2,S2 -+ PrySns P) =
d*p18(pi — s1) d'p28(p3 — 52) -+~ d*pud(pf — 50) 8* (P —p1 —p2 — -+ —pu)
and satisfies the recursive relation
d®,(p1,S1,P2,S2 ---PnySn; P) =

dS d(DmJH(pI)S] y P2yS2 ««+PmySm Q)S) P)
X d®n—m(pm+1)sm+1 y Pm42y Sm+42 « -+ PnySn; Q)

with integration over S and Q.

So phase space can be completely
decomposed into 2-particle phase
spaces, and can be written in terms
of invariants and angles.




2-particle phase space

We want to generate p,, py in a 2-particle phase space O ( pq, Sa, Pv, Sv; P ). This implies
that P and also s,, sy, are given (generated or squared external masses) and we can define

Now,

Iq| = 7\(192:1;3,%) with A(x,y,z) = x* +y* + 2% — 2xy — 2yz — 2zx
we can
. generate @ € [0,27] and z € [—1,1]
. construct ¢° = /s, +qI* and § = q] (ﬂcoscp, V1 —22sing, z>
g is Pq in the center-off-mass frame of P, and needs to be boosted:
ph = (E,CT—FVﬁ) with E = \q/]TPz and V = wqij/%
and finally p, =P —p,
VP2 2p?

This construction gives a Jacobian ——- =

gl mt/A(P2, sq, Sb)




n-particle phase space

To generate, for example, 5-particle phase space, choose a decomposition into 2-particle

phase spaces. 5

1
4
External momenta labelled by a power of 2 and \\ 14

Pi+Pj = Piyj and pynes ¢y =0, so for n = 5: 12

62 8
p127 =0 and pi = —p127-i / 4A<16
64
32

The density factor of the example graph is

2s 2s
g({p}) = gas(sss) gra(s14) o giz2(s12) 1
70\/A(Sea, Sagy S14) 70/ A(S14, 812, S2)
% 231, 2543

T/ A (812, S8, 54) 701/ NS48, $32, S16)
The virtual invariants (sas, S14, S12) need to be generated, and one can use densities antic-
ipating the behavior of the integrand
1
s—M3)2+ M2

e.g. gn(s) x (

More graphs can be included via the multi-channel method. This way, the squared graphs
in a squared amplitude can be matched, while interferences cannot.




n-particle phase space

To generate, for example, 5-particle phase space, choose a decomposition into 2-particle
phase spaces.

2
! 4
External momenta labelled by a power of 2 and \\ 14
Pi+Pj = Piyj and pynes ¢y =0, so for n = 5: > 62 12 38
pi2z =0 and pi = —pr27 / 48 16
64
32

Most of the time, matching the behavior of the sum of squared graphs is enough to tame
the phase space behavior of the squared amplitude.

lexact amplitude|?
>_i lgraph;|?

Given a set of densities that can be generated, the sum of those densities can also be
generarated (throw random number, choose graph, generate according to graph, etc.).

behaves reasonably well

But how to deal with O(n!) graphs again, needed for total density?

Answer: generate splittings instead of graphs, then the density can be calculated via a
Dyson-Schwinger-type recursion (Gleisberg, Hoche 2008).




Electron-hadron scattering




Electron-hadron scattering

2ol ek ks B L
e 40T = | x| SR Q) [ 40 (pa -tk pup) 51 Pile v e

2

2
x 8(Q* + (pp —Pe)?) 8 ("BJ - sz-(SB —p ))
QZ

XBj S

PB Pe

PoPA=PR=Pe=p'=0 s=2paps Yy

/ky =Xpa + KT . o
collinear factorization: F,(x, [krl, Q) — fu(x, Q) §(|kr|?)




Electron-hadron scattering

oy kg i Lt :
foar = | IR Q) [0+ (pl) g e e

2
X 5<Q2 + (ps _pe)Z) o (XBJ a ZPA'(SB —pe))

QZ
P pa=pi=pe=p'=0 s=2paps V=
)

PB Pe

PA g
k =xpa + kT ~ -
collinear factorization: F,(x, [krl, Q) — fu(x, Q) §(|kr|?)

2
Jch(pB +k = {Pe, ) 8(Q + (P — Pe)?) § (XBJ  2pa (SB —p ))

= < collinear : 5(x — X8 ks—factorization : 1
C8mxgs ' 1672 xg; s1/A(x, kr)
4
k T
X |kT| H<| T| X/XBj—y:i:\/1—y>

i=1




Electron-hadron scattering

€ |m(e_u — e_u)|2 ~ 2xs 1+ (1 —7)? _ XBj

o (4naCy)? Q2 3 YT




Electron-hadron scattering

¢ | M(eu — e_u)|2 _ 2xs 1+ (1—y)?

o (4rnaCy? Q2 3 ) x J

e N | M(e ur — e‘u)]2 _ 2xs 1+ (1—y)?
ua ) ___é (4t Cy )2 Q2 y
' ' YA

YA




Electron-hadron scattering

¢ | M(eu — e_u)|2 _ 2xs 1+ (1—y)? _ X
. (47aC,,)? SEIY » VAV
e N | M(e ur — e‘u)]2 _ 2xs 1+ (1 —y)?
up , ‘é (4macC,, )2 Q
' YA ' YA
1 xgQ' o J ] J < o 2 oy QA k)
=t d dks Fu(x, k —_—
2no? 1+ (1 —y)? dxg; dQ? T JQ2ys x 0 ! bk, Q) A(x, k)




Electron-hadron scattering

1 XBj Q4

| M(eu — e_u)|2 _ 2xs 1+ (1—y)?

(4t C )2

Q3 x 7

kZ
E=1+ Q—TZ — 2 cos(mp)

Ifyk—T
Q

|

N | M(e ur — e‘u)]2 _ 2xs 1+ (1—y)?
S ‘é (4naCy? Q@ y

dor
2mo 14 (1—y)? dxg;dQ? ?J

[o° O(A(x, k

A3 7,18, Q) LA K
0 A(X> kT)
PQ2K+(])

dk3 ., (xg&lpy k), K1, Q)

0




QCD evolution, dilute vs. dense, forward jets

A dilute system carries a few
high-x partons contributing to the
hard scattering.

A dense system carries many
low-x partons.

F ORLWARD

At high density, gluons are imag-
ined to undergo recombination,
and to saturate.

4ETS

This is modeled with non-linear
evolution equations, involving
explicit non-vanishing kr.

DILWTE

A~ |0_| Saturation implies the turnover of the gluon density, stopping
it from growing indefinitely for small x.

DENSE Forward jets have large rapidities, and trigger events in which
partons from the nucleus have small x.

X~ 1074




pA (dilute-dense) collisions within CGC

\
LARGE=-X

ROT
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NUCLEUS
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M— T =«

FORUARD
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CoLL. PDF ¥ sl
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- QUARK. WAVE FUNCTION

1 CORRELATORS OF
87 %) = o (Tr U(?T)U‘(?T))X WILSON LINES

£ 1 - Gl iy —
- (Tr [UGHUF p| Tr [UG pU(F )| )

£
-57 (2. 79)

-0

+00
U(Xy) = Pexp {igJ dxt A7 (x*,X75) I"}
[C. Marquet, 2007] /

COLOR FIELD

OF THE NUCLLEUS

\

SHMALL=X
PARTONS
(WEE)

[L. McLerran, R. Venugopalan, 1993]

LARGE-X
PARTONS
[vALENCE)

LOCALIZED TRANSYERSE
RANDOM (oLOR
%

NEE. PARTONS
DELOCALIZED

Large-x partons — the color source for wee partons:
- — — _
(D F"™) (7, Xp) = 8" p (X p)d(x7)

RANDOM DISTRIBUTION
0F CoLOR  SDURCES

AWERAGE OVER COLOR SOURCES

GAUSSIAN FUNCTIONAL - %x[p]
B-JIMWLK EvVoLuTION W X

\

[Balitsky-Jalilian-Marian-lancu-McLerran
-Weigert-Leonidov-Kovner, 1996-2002]




ITM D FaCtor|Zat|On For forward dijet production
in dilute-dense hadronic collisions

Generalized TMD factorization (Dominguez, Marquet, Xiao, Yuan 2011)

dopagox = J dk3 J dxa Z J dxg Z d)ﬁfé (xa, kry 1) fo/B(xB, 1) d(};),ﬂx(x/\a XB, 1)
i b

For xa < 1 and Py > ky ~ Qs (jets almost back-to-back).
TMD gluon distributions d)élg (xa, kT, 1) satisfy non-linear evolution equations.

Partonic cross section dfr(glg is on-shell, but depends on color-structure 1.

Improved TMD factorization (Kotko, Kutak, Marquet, Petreska, Sapeta, AvH 2015)

doap—x = J dk7 J dxa ) J dxs ) Py (xa, ki, 1) Fom (xp, 1) dOy_x (xa, X5, kr, 1)
i b

Originally a model interpolating between High Energy Factorization and Generalized TMD
factorization: Pt = kr = Q..
Partonic cross section d(}(g% is off-shell and depends on color-structure 1.

ITMD formalism is obtained from the CGC formalism, by including so-called kinematic

twist corrections (Antinoluk, Boussarie, Kotko 2019).




Definition of gluon TMDs

+  similar diagrams with 2,3, ... gluon exchanges

Resummation of gluon exchanges leads to Wilson line U, = Pexpq — igJ dz-A(z)}
Y

acting as a gauge link for the gauge invariant definition of a TMD

d455(5+) ot — L% Fit Fi+
g’g/A(X, kT) = ZJ W eXp{IXpAE, — |kT : E,T} <A’Tr{F (E,)UV(E’O)F (O)}|A>
Pa
ET{‘ * < il il > -,

—
et
\
A
ot




ITMD* factorization for more than 2 jets

* only manifestly gauge invariant

Schematic hybrid (non-ITMD) factorization fomula

contribution included

2
St (thT» H)f XZ)“’ Z’Mgcz:(:n

color

1
do= Y Jdm d%ky dez APy o —

yzgvu»dv" 9

2 L. * L.
(color) | __ ri1izedng2 el ing 2
:_fg Z ‘M o Srg Z Z (Mj1j2~~jn+2> (M]]jz...jnJrz)

color iy ing2 J1)) 2y jn2




ITMD* factorization for more than 2 jets

Schematic hybrid (non-ITMD) factorization fomula

2
St (thT» H)f XZ)“’ Z’Mgcz:(:n

color

1
do= Y Jdm d%ky dez APy o —

y:97u)d!"' gy
ITMD* formula: replace

2 L. * L.
(color) | __ ri1izedng2 i1l dng 2
:—fg Z ‘M o Srg Z Z (Mj1j2~~-jn+2> (M]'1jz...jn+2)

color ini2yenming2 J15j2yeins2

with (Bomhof, Mulders, Pijlman 2006; Bury, Kotko, Kutak 2018)

2 1112 in+2 L1127 Int2
N Y Y Y Y (o) ()

U yeesln J1yeeegina 2 Uyeenstnt 2 J1seeesIn+2

XZJ (Zijfm ()€™ (P ’(?*(é)): (?*(0)): (), (umzn)h”_”
.. (uD\ﬁz])ianZ (u[)\n+2]T>jn+27n+2 P>

where P is the light-like momentum of the hadron (with P~ = 0), and k* = xP* + kf,
where F is the field strenght,
and U* is a Wilson line from 0 to & via a “staple-like detour” to +oo depending on the

type and state (initial/final) of parton.




ITMD* factorization for more than 2 jets

Schematic hybrid (non-ITMD) factorization fomula

2
St (thT» H)f XZ)“’ Z’Mgcz:(:n

color

1
do= Y de] d*kr dez APy 5 —
ux

y:97u)d!"' gy
ITMD* formula: replace

2 L. * L.
(color) | __ ri1izedng2 i1l dng 2
:—fg Z ‘M o Srg Z Z (Mj1j2~~'jn+2> (M]]jz...jnJrz)

color iy ing2 J1))2y e jn2

with (Bomhof, Mulders, Pijlman 2006; Bury, Kotko, Kutak 2018)

2 1112 in+2 L1127 Int2
N Y Y Y Y (o) ()

U yeesln J1yeeegina 2 Uyeenstnt 2 J1seeesIn+2

2 e (bl () (Fo)! (), (@)

y (u“mz]) (u[?\n+z] T) Jnt2In+2
in+2{n+2

?)

where P is L
where F is Nbrizenga E shogiz L..gih2z g

+ - j1j2ednq2 Jo(1) Jo(2) Jom+2) Y0 .
and U™ is . 0ESm s ling on the
type and st m




ITMD* factorization for more than 2 jets

Schematic hybrid (non-ITMD) factorization fomula

2
St (thT» H)f XZ)“’ Z’Mgcz:(:n

color

1
do= Y Jdm d%ky dez APy o —

y:97u)d!"' gy
ITMD* formula: replace

‘?9 Z ‘M(Cdor) 2 - ‘ffg Z Z ‘Az Cor Ar y  Cor = NZ\(G’T)

color 0€SH42 TESH 2

with “TMD-valued color matrix”

(Ng - 1) Z Z -AZ éc’r(x> |kT|) AT ) éa’c(x) |k'T|) - NZ(U’T):%GT(X) |kT|)

0E€SH+2 TESh42
where each function JF; is one of 10 functions

1) (2) (3)
:Trqg ) ‘rfqg ) fTFqg

(1) (2) (3) (4) (5) (6) (7)
rJrgg ) ?99 ) ?99 ) ?99 ) fTrgg ) 3~99 ’ 3r99




ITMD* factorization for more than 2 jets

Tho (o kr) = (Tr [P € UTR @ut]) <...>_zjd4“(‘5)eik-a<p\...\P>

(27)3P+
(]
Fig (x,kr) = <Tr][ff BN [P (@)U (0) um]>
C
Fao (k) = (Tr [ (@)U () uPu] )
Ot .. ..
Fog (%, k) = <Tr [fj I [P (@)U (0) um]>
C
1 s n
Foo (6, kr) = — (Tr [F* (£) WP v [Fi+ (0) U™
69 (o kr) = 5 (T [P (&) } r[ ©u]
TGy (e kr) = (Tr [P () T () u])
540 (e kr) = (Tr [F* () uTE () u])
T (x, k1) = (Tr [F1+ [Oltq Lt (O)u[Du ]>

O O
95()69) (x,k7) = < ][\1]/[ ] [:\]’( ] Tr [f:w (£) YT (0) u[H} >

ffgg) (x, k7) = <T1“ ][\1]/( ] Tr |:f:‘i.+ (&) u[D]Tu[HTfﬂH (0) u[H} >

C




ITMD gluons

Start with dipole distribution T4y (x,kr) = (Tr[F** (&) UTF* (0) UM]) evolved via the
BK equation formulated in momentum space supplemented with subleading corrections
and fitted to F, data (Kutak, Sapeta 2012)

All other distribution appearing in dijet production, Fid, Ty, Forly Fiy, in the mean-field
approximation (AvH, Marquet, Kotko, Kutak, Sapeta, Petreska 2016).

This is, at leading order in 1/N.. In this approximation, the same distributions suffice for
trijets.




ITMD gluons
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KS gluon TMDs in proton
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KS gluon TMDs in lead
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Dependence of fﬂ(;g) on kr below 1GeV approximated by power-like fall-off. For higher

values of [kr| it is a solution to the BK equation.

TMDs decrease as 1/|kt| for increasing |kt|, except 3"529), which decreases faster (even
becomes negative, absolute value shown here).




pp and pPb to forward trijets

do/A@(12)3 [nb]

T T T
ITMD KS with S(x) p-p
ITMD KS with S(x) p-Pb

HEF KS-lin p-p ——
HEFKS p-p =---~-
HEF KS p-Pb — —

10;

[ VS =5.02TeV
PT1>P12>PT13>20 GeV
Eo3.2<ly Ly y 3l<4.9

[

0 0.5 1 1.5 2 2.5 3
AQ(12)3
A@12)3 is the angle between the sum of
the two hardest jets, and the third jet.
Is particularly sensitive to the final-state
momentum inbalance.

ITMD* normalization significantly larger
than HEF, due to different shape and
normalization of the extra TMDs present
in ITMD* but not in HEF.

Rpa

2

T T T

T T
ITMD KS with S(x)
HEF KS ——
1.8 [ .

L6 1 .doPP?/dO0  ysosorTev i

L 7T pT1>pT3>PI3>%0 Gev |
b A do /do 3.2<ly 1,y 2.y 3l<4.9

1.2 | B

[ EA SN

«cton e @

0.6 b

1.8 2 2.2 2.4 2.6 2.8 3
AQ(12)3

S(x) refers to the x-dependent treatment
of the nuclear target area, guaranteeing
unitarity.
Saturation effect for A@ 123 ~ m,
enhancement of pPb result for Ap(j23 <7
due to broadening of the TMD distribu-
tions.

Calculations with LxJet (Kotko) and KaTie (AVH).‘




Sudakov resummation for dijets

collinear rapidity
(DGLAP) (BK)

Having hard jets in the final state, large
logarithms associated with the hard
scale have to be resummed. This re- —
summation can be accounted for by in-
clusion of the Sudakov factor.

S. Sapeta

Within the small-x saturation formalism, Sudakov effects are most conveniently included
in b-space (Mueller, Xiao, Yuan 2013; Stasto, Wei, Xiao, Yuan 2018)

ag—cd
359

g*/B (X) qr, H) —

—N.S brdb _cag—cd
= J Tzﬂ L Jo(brqr) e Ssia et Vi, S(x, br)

27

where S| is the transverse area of the target, and S(x, bt) the dipole scattering amplitude.
This can be translated into a relation for momentum dependent distributions as

7Sag~>cd

Hfgfﬁg’c‘i(x, kT, LL) = J dbt by Io(kaT) € “Sud (1,b7) J dk{— k-{— IO(ka‘/r) .rfg*/g (X, k"/l')




Sudakov resummation for dijets

The Sudakov receives perturbative and non-perturbative contributions for each cannel

S&a M wbr) = > Si{wbr)+ Y S, (k,br)

i=a,b,c,d i=a,c,d
Perturbative part Mueller, Xiao, Yuan 2013; Stasto, Wei, Xiao, Yuan 2018
Q? 2
o d )
S(Q,br) = J dw’ [A‘I—Z—Bl}
2n T p

{A) B}19799 = {Z(CA + Cg) y 3Cr + ZCABO} ’ {A) B}99799 = {4CA> 6CABO}

Wy =2e Y5 /b, , b, =b/y/1+b2/b2 | b, =0.5GeV !

Non-perturbative part Sun, lsaacson, Yuan, Yuan 2014; Prokudin, Sun, Yuan 2015

. bt Ca 3Ca
S by) = Ct 2 | Q In— ag—dg — 1 4 A g9—gg — 2~A

g1 =0212, g,=0.84, Q3 =2.4GeV’

Non-perturbative contribution for small-x gluon already in TMD and omitted here.




Fqg(3) with Sudakov

PROTON LEAD

100 1 "+, 3 3 100 B+,

101 ¢ 4 101
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X 5
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(=] o
('S [T
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[ u=17 GeV [ =17 GeV
u =67 GeV ' H =67 GeV '
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log k2 log kg2

Within the Gaussian approximation, 3’“5? can be obtained from 3’“&19) via

2
( T[(Xs 2 d qT 1)
3'“9 (X kT) N, 12 SJ_ sz d In kz J q_zr ? (X qT) F g(X,TT — qT)

where S is the target's transverse area.




Dijets in DIS

Pe

electron (Pe) /

>

hadron (P,)

Py
jet1l
jet 2
2
k

(=——K

AvH, Kotko, Kutak, Sapeta 2021

doen_er +2j+X

dx d*k
~ [ STk

1
4XPe . Ph

ITMD for DIS only requires Fy,
aka the Weizsacker-Williams density

X d(D(Pmk;pe)p])pZ) |meg*—)e’+2j :




Dijets in DIS

Pe do—eh—)e’+2j+X
electron (P) / J dx dsz

- — (3)
pl - X T :ng (X) k’T) H)
jet1l 1
i . N 2
€2 p, X xP. Pr d®(Pe, K;Pey P1yP2) Megeer42j
k
0.1 T T T T T T

proton e
lead E—

}x
\Bg proton (no Sudakov) ~ ----

lead (no Sudakov)

hadron (P,)

VS = 90 GeV .
PTr > Prs’ > 3 GeV .
-4.0<y$" y5’<-1.0

001 25 1 Gev2

do/dA® [nb]

transverse plane LAB frame

Il 5 1 Il

0.001 . :
0 0.5 1 1.5 2 2.5 3

AG®(I;+35,e)




Dijets in DIS

Pe do—eh—)e’+2j+X
electron (P) / J, dx dsz

i — (3)
pl - X T 9?99 (X) k’T) H)
jet1l 1
j - Vi 2
Lk X d(D(Pmk;Pe»PthHMe *ye!42j
g*—e’+2j
F3 4xP.-Py
k
0.1 T T T T T T
had P proton _—
a ron:( h) }X lead ey
\Eg proton (no Sudakov)
lead (no Sudakov)
Ad(h,]2) 2 AG(J1 +]2e7) _ \/stgoﬂeiev
Breit frame lab frame 1 2 PTi > P13 >3 Gev
N -4.0<y1"y5"<-1.0
g 00F g2si1Gen? 1
g
)
o

LAB frame

Differences between curves slightly more
pronounced for Ad(J1+J2, e ) inlab frame  *®' o o5 1 15 2 25 3
than for Ad(J1,J2) in Breit frame. AD™(3y+3;,€7)




