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Outline

aμ = (a0, a1, a2, a3) = (a+, a−, a⊥)

• Why Transverse-Momentum Dependent (TMD) partonic functions ?


• The “TMD zoo” 


• Where to find TMDs: observables in lepton-hadron, hadron-hadron, 

lepton-lepton collisions
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Outline

aμ = (a0, a1, a2, a3) = (a+, a−, a⊥)

• Why   TMDs  ? 


First, a short recap of collinear factorization 
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“Deep-Inelastic” kinematics

l +  N(P) → l’ + X  
Kinematic invariants

P 2 = M2

Q2 = �q2 ⇡ 2EE0(1� cos✓e) = 4EE0sin2✓e/2

⌫ =
P · q
M

TRF
= E � E0

y =
P · q
P · k

TRF
=

E � E0

E

x =
Q2

2P · q
TRF
=

Q2

2M⌫

W 2 = (P + q)2 = M2 +Q2(1/x� 1) � M2

transferred energy

fraction of  ’’ ’’ 0≤y≤1

inelastic  0<x≤1 elastic

invariant mass

ẑ

Internal hadron structure is best explored with a powerful “microscopic lense”

need a process with a hard scale;  example:  inclusive lepton-proton scattering

X  
P  

q=  

scattering angle

transferred 
momentum

P = (M,0,0,0) initially 

at rest

q = (ν,0,0, |q | )

P′￼= ( M2 + P′￼2
z ,0,0,P′￼z)

P′￼z = |q |

aμ = (a0, a1, a2, a3) = (a+, a−, a⊥)

B l

l’

l
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Internal hadron structure is best explored with a powerful “microscopic lense”

need a process with a hard scale;  example:  inclusive lepton-proton scattering

X  
P  

q=  

scattering angle

transferred 
momentum

P = (M,0,0,0) initially 

at rest

q = (ν,0,0, |q | )

P′￼= ( M2 + P′￼2
z ,0,0,P′￼z)

P′￼z = |q |

Deep-Inelastic regime:  
xB =

Q2

2P ⋅ q

Q2 → ∞

finite P′￼≈ ( |q | ,0,0, |q | )

Light-Cone coordinates:  

z  

t  
n+  n-  

aμ = (a0, a1, a2, a3) = (a+, a−, a⊥)

aμ = (a0, a1, a2, a3) = (a+, a−, a⊥)

a± =
a0 ± a3

2
a⊥ = (a1, a2) n2

± = 0
n+ ⋅ n− = 1

P′￼≈ (P′￼+ = 2 |q | , P′￼− ≈ 0, 0⊥)

{

B l

l’

l
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a0 ± a3

2
a⊥ = (a1, a2) n2

± = 0
n+ ⋅ n− = 1

P′￼≈ (P′￼+ = 2 |q | , P′￼− ≈ 0, 0⊥)

in general P′￼+ ≫ P′￼−

In this regime, only 

one single dominant


component of proton

momentum, P+  

{

B l

l’

l
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collinear framework

electron Lorentz

boost
proton

partons

inclusive Deep-Inelastic Scattering (DIS):  1 dominant direction of momenta

                                                                  all partons collinear to proton→

Q2
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collinear framework

⊥ plane

↑

ki+=xiP+

P+

electron Lorentz

boost
proton

partons

proton 

momentum 

inclusive Deep-Inelastic Scattering (DIS):  1 dominant direction of momenta

                                                                  all partons collinear to proton→

partons

Q2

hard 

collision 

virtual

photon 

parton

fractional 


momentum 



Basics of Feynman parton model: 

- DIS regime and relativistic corrections: 

the virtual photon probes a frozen 
ensemble of partons


- factorisation between hard collision 
and proton structure


- 1D imaging of proton structure, 
parametrised by collinear Parton 
Distribution Functions PDF(x,Q2)
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inclusive DIS

More rigorously: 

Inclusive DIS

y

z

xlepton plane

l′
l ST !S

�(l) + N(P )� �(l�) + X

Wednesday, May 27, 2009

q
P  

inclusive DIS 

SL  

one photon-exchange approximation

l

l’
2

λe
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inclusive DIS

More rigorously: 

Inclusive DIS

y

z

xlepton plane

l′
l ST !S

�(l) + N(P )� �(l�) + X

Wednesday, May 27, 2009

q
P  

inclusive DIS 

SL  

one photon-exchange approximation

l

l’
2

optical theorem

l l
l’

,S ,S

cut-diagram notation: 

cross section = product of two amplitudes

particles entering cut are on-shell

q  q  

λe



Phenomenology of TMDs     ➐    Marco Radici - INFN Pavia

inclusive DIS

More rigorously: 

Inclusive DIS

y

z

xlepton plane

l′
l ST !S

�(l) + N(P )� �(l�) + X

Wednesday, May 27, 2009

q
P  

inclusive DIS 

SL  

one photon-exchange approximation

l

l’
2

optical theorem

l l
l’

,S ,S

cut-diagram notation: 

cross section = product of two amplitudes

particles entering cut are on-shell

q  q  

λe

dσ
dxBdydϕS

=
α2y
2Q4

Lμν(ℓ, ℓ′￼, λe) Wμν(q, P, S)
leptonic

tensor

hadronic

tensor

calculable in QED
linear combination of all tensor structures with q, P, S, subject to 
Hermiticity, gauge-, parity- and time reversal- invariance


 parametrised with four structure functions→
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 parametrised with four structure functions→
dσ

dxBdydϕS
=

2α2

xByQ2 {A(y)FUU,T + B(y)FUU,L + λeSLC(y)FLL + λe |ST |D(y)cos ϕSFLT} each F.. (x,Q2)
FXY,Z

l P  γ*  
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xByQ2 {A(y)FUU,T + B(y)FUU,L + λeSLC(y)FLL + λe |ST |D(y)cos ϕSFLT} each F.. (x,Q2)
FXY,Z

l P  γ*  connection to 
standard notation

FUU,T = 2xBF1 FUU,L = F2 − 2xBF1
+𝒪(γ2)F2

FLL = 2xBg1
+𝒪(γ2)g2

FLT = 𝒪(γ)(g1 + g2)

γ =
2xM

Q
target mass 
correction



OPE  factorisation→
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hadronic tensor Wμν :  Operator Product Expansion (OPE)

= + + +…

disconnected

(irrelevant)

dominant higher order in M/P+

k k
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hadronic tensor Wμν :  Operator Product Expansion (OPE)

= + + +…

disconnected

(irrelevant)

dominant higher order in M/P+

proof of factorisation (assumed in parton model)

∑
q

e2
q

1
2

Tr[Φ(xB, S) γμ γ+ γν]2MWμν(q, P, S) ≈

k k

xB ∼ x =
k+

P+

Φij(x, S) = ∫
dξ−

2π
eik⋅ξ ⟨P, S | ψ̄j(0) ψi(ξ) |P, S⟩ξ+=ξT=0

-  

T
ξ− ↔ k+

quark field with 

quantum numbers i

on light-cone path

non-local

correlator

ξ-  



parton-parton correlation
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Φij(x, S) = ∫
dξ−

2π
eik⋅ξ ⟨P, S | ψ̄j(0) ψi(ξ) |P, S⟩ξ+=ξT=0

non-local  correlator

= ∫ dk+dk−dkT δ(k+ − xP+) ∫
dξ

(2π)4
eik⋅ξ ⟨P, S | ψ̄j(0) ψi(ξ) |P, S⟩



parton-parton correlation
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Φij(x, S) = ∫
dξ−

2π
eik⋅ξ ⟨P, S | ψ̄j(0) ψi(ξ) |P, S⟩ξ+=ξT=0

non-local  correlator

= ∫ dk+dk−dkT δ(k+ − xP+) ∫
dξ

(2π)4
eik⋅ξ ⟨P, S | ψ̄j(0) ψi(ξ) |P, S⟩

k k

Φ(k, P, S)

Φ(k, P, S) = linear combination of all tensor structures with k, P, S, subject to Hermiticity and  

                 parity-invariance (see later about time reversal)

OPE on Φ(k, P, S)  expansion in powers of M/P+→ Caveat

canonical OPE on local operators 
expansion in twist = dim( ) - spin( )

Here, Φ is non-local, but can be expanded in 
local operators of same twist

“working” def. twist = 2 + powers of M/P+

𝒪̂
𝒪̂ 𝒪̂



OPE  PDFs→
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OPE on Φ(k, P, S)  expansion in powers of M/P+    keeping only leading twist→ →

Φ(x, S) = ∫ dk+dk−dkT δ(k+ − xP+) Φ(k, P, S)

=
1
2 [ f1(x) γ− +

g1(x) SLγ5γ− +

h1(x) iσ−ν γ5Sν
T ]σμν =

i
2 [γμ , γν]

f1(x) =
1
2

Tr[Φ γ+] ≡ Φ[γ+]

SL g1(x) =
1
2

Tr[Φ γ+γ5] ≡ Φ[γ+γ5]

(ST)i h1(x) =
1
2

Tr[Φ iσ+i γ5] ≡ Φ[iσ+i γ5]
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OPE on Φ(k, P, S)  expansion in powers of M/P+    keeping only leading twist→ →

Φ(x, S) = ∫ dk+dk−dkT δ(k+ − xP+) Φ(k, P, S)

=
1
2 [ f1(x) γ− +

g1(x) SLγ5γ− +

h1(x) iσ−ν γ5Sν
T ]σμν =

i
2 [γμ , γν]

unpolarized Parton Distribution Function (PDF)

longitudinally polarized PDF  (requires hadron long. pol. SL)

transversely polarized PDF  (requires hadron transv. pol. ST)

f1(x) =
1
2

Tr[Φ γ+] ≡ Φ[γ+] (fractional) momentum distribution

SL g1(x) =
1
2

Tr[Φ γ+γ5] ≡ Φ[γ+γ5] helicity distribution

(ST)i h1(x) =
1
2

Tr[Φ iσ+i γ5] ≡ Φ[iσ+i γ5] transversity distribution



The PDF table
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=1f
x

Quark-parton Model Interpretation of SIDIS: 
Transverse Momentum Dependent PDFs (TMDs)

5/23/2015 CIPANP 2015 6

Quark polarization

Unpolarized
(U)

Longitudinally Polarized 
(L)

Transversely Polarized 
(T)

N
uc
le
on

Po
la
riz
at
io
n

U

L

T

nucleon

quark

PDFs (x; Q2)  at leading twist

for a spin-1/2 hadron (Nucleon)P

polar
iza

tio
ns

N.B. Using appropriate projections  one can extract also subleading-twist PDFs, but no probabilistic interpretationΦ[Γ]
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=1f
x

Quark-parton Model Interpretation of SIDIS: 
Transverse Momentum Dependent PDFs (TMDs)

5/23/2015 CIPANP 2015 6

Quark polarization

Unpolarized
(U)

Longitudinally Polarized 
(L)

Transversely Polarized 
(T)

N
uc
le
on

Po
la
riz
at
io
n

U

L

T

nucleon

quark

PDFs (x; Q2)  at leading twist

for a spin-1/2 hadron (Nucleon)P

polar
iza

tio
ns

probability density of finding 

an unpol. quark in an unpol. nucleon

probability density of finding a 

long. pol. quark in a long. pol. nucleon

probability density of finding a 

transv. pol. quark in a transv. pol. nucleon

probabilistic 
interpretation

N.B. Using appropriate projections  one can extract also subleading-twist PDFs, but no probabilistic interpretationΦ[Γ]



“observable” PDFs
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FUU,T(xB, Q2) = xB ∑
q

e2
q f q

1 (xB, Q2)

connection of PDFs with 
measurable structure functions

at leading order  and leading twist𝒪(α0
s )

FUU,L(xB, Q2) ≈ 0

FLL(xB, Q2) = xB ∑
q

e2
q gq

1 (xB, Q2) FLT(xB, Q2) ≈ 0
k k

hard cross section  

produce FL , FLT 

d ̂σ = 1 + c1αs + …
≠ 0
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FUU,T(xB, Q2) = xB ∑
q

e2
q f q

1 (xB, Q2)

connection of PDFs with 
measurable structure functions

at leading order  and leading twist𝒪(α0
s )

FUU,L(xB, Q2) ≈ 0

FLL(xB, Q2) = xB ∑
q

e2
q gq

1 (xB, Q2) FLT(xB, Q2) ≈ 0

Transversity PDF does not appear in inclusive DIS cross section!

It happens because transverse polarization mixes quark helicities:  


 

chirality = helicity for a spin-1/2 object;  hence,  h1(x) is a chiral-odd PDF and can appear in the 
cross section only paired to another chiral-odd structure. 


Transversity is not suppressed (as expected in perturbative QCD as mq/Q), 

it can be extracted in processes with at least two hadrons

⟨ ↑ | . . | ↑ ⟩ ∝ ⟨ + | . . | − ⟩ , ⟨ − | . . | + ⟩

k k

hard cross section  

produce FL , FLT 

d ̂σ = 1 + c1αs + …
≠ 0



The gauge link
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Φ(k, P, S) = ∫
dξ

(2π)4
eik⋅ξ ⟨P, S | ψ̄j(0) ψi(ξ) |P, S⟩

this non-local operator is not color-gauge invariant under  ψ(x) → eiαa(x) ta ψ(x) ≡ U(x) ψ(x)
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Φ(k, P, S) = ∫
dξ

(2π)4
eik⋅ξ ⟨P, S | ψ̄j(0) ψi(ξ) |P, S⟩

this non-local operator is not color-gauge invariant under  ψ(x) → eiαa(x) ta ψ(x) ≡ U(x) ψ(x)

Φ(k, P, S) = ∫
dξ

(2π)4
eik⋅ξ ⟨P, S | ψ̄j(0) U[0,ξ] ψi(ξ) |P, S⟩

U[a,b] = 𝒫 exp[ − ig∫
b

a
dημ Aμ(η)]gauge-link operator  

Gauge link

Wednesday, May 27, 2009

it transforms as U[0,ξ] → U(0) U[0,ξ] U†(ξ) so that Φ(k, P, S) is invariant
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b
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dημ Aμ(η)]gauge-link operator  

Gauge link

Wednesday, May 27, 2009

it transforms as U[0,ξ] → U(0) U[0,ξ] U†(ξ) so that Φ(k, P, S) is invariant

Φ(x, S) involves only the LC “-“ direction: ∫ dξ− … |ξ+,ξT=0

-  

T
trick: Φ(x, S) ∝ ⟨P, S | ψ̄j(0) U[0,ξ−] ψi(ξ−) |P, S⟩ = ⟨P, S | ψ̄j(0) U[0,∞−] U[∞−,ξ−] ψi(ξ−) |P, S⟩ ≡ ⟨P, S |{ψ̄j(0)} {ψi(ξ−)} |P, S⟩

= 

{ψ (x−)} = U[∞−,x−] ψi(x−)
ξ-  

-  

T

ξ-  



The gauge link
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Φ(k, P, S) = ∫
dξ

(2π)4
eik⋅ξ ⟨P, S | ψ̄j(0) ψi(ξ) |P, S⟩

this non-local operator is not color-gauge invariant under  ψ(x) → eiαa(x) ta ψ(x) ≡ U(x) ψ(x)

Φ(k, P, S) = ∫
dξ

(2π)4
eik⋅ξ ⟨P, S | ψ̄j(0) U[0,ξ] ψi(ξ) |P, S⟩

U[a,b] = 𝒫 exp[ − ig∫
b

a
dημ Aμ(η)]gauge-link operator  

Gauge link

Wednesday, May 27, 2009

it transforms as U[0,ξ] → U(0) U[0,ξ] U†(ξ) so that Φ(k, P, S) is invariant

Φ(x, S) involves only the LC “-“ direction: ∫ dξ− … |ξ+,ξT=0

-  

T
trick: Φ(x, S) ∝ ⟨P, S | ψ̄j(0) U[0,ξ−] ψi(ξ−) |P, S⟩ = ⟨P, S | ψ̄j(0) U[0,∞−] U[∞−,ξ−] ψi(ξ−) |P, S⟩ ≡ ⟨P, S |{ψ̄j(0)} {ψi(ξ−)} |P, S⟩

= 

factorisation 

is preserved

{ψ (x−)} = U[∞−,x−] ψi(x−)
ξ-  

-  

T

ξ-  

Gauge link

Wednesday, 26 May 2010



Recap
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• hadron structure better explored in processes with a hard scale (much bigger 
than involved masses,  ) ;  on the Light-Cone, it implies one dominant 
direction  collinear framework natural choice 

Q2 ≫ M2

→

• Example: inclusive DIS, cross section  can be parametrised in terms 
of 4 structure functions (including polarization)

dσ ∼ LμνWμν

• OPE on   factorisation of hadron structure in parton-parton non-local 
correlator Φ. It can be made color-gauge invariant by inserting proper gauge 
link

Wμν →

• Expansion of Φ in powers of M/Q (effective twist) contains operator-definition 
of collinear PDFs, that can be extracted by suitable projections

• Leading-twist PDFs have nice probabilistic interpretations, and can be  
connected to structure functions (except the chiral-odd transversity PDF)

l l

,S ,S

l’

q  q  

k k

k k

Quark-parton Model Interpretation of SIDIS: 
Transverse Momentum Dependent PDFs (TMDs)

5/23/2015 CIPANP 2015 6

Quark polarization

Unpolarized
(U)

Longitudinally Polarized 
(L)

Transversely Polarized 
(T)

N
uc
le
on

Po
la
riz
at
io
n

U

L

T



Evidences to go beyond collinear
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Evidences of going beyond the collinear framework

Example #1: the “Spin Crisis”

• In 1988, the EMC Collaboration at CERN measures the FLL structure function in the 
polarized inclusive DIS process  . Surprisingly, the sum of quark 
helicities Δq contributes at most 25% of spin 1/2 of the proton (depending on Q2). 

⃗μ + ⃗p → μ′￼+ X

• There has been an intense activity to measure the gluon helicity Δg, which is 
currently known with a large error. But it’s very unlikely that it amounts to the 
missing 75%…

• Missing contribution must come from the orbital angular momentum of partons Lq, Lg 
 need to be sensitive also to transverse components of parton momentum→

Ashmann et al. (EMC), 

P.L. B206 (88) 364

1
2

= ∑
q

( 1
2

Δq(Q2) + Lq(Q2)) + Δg(Q2) + Lg(Q2) Lq Lg

Δq

Δg ( ~40% ?)
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Evidences of going beyond the collinear framework

Example #2: elastic p-p scattering

p"p ! p p p#p ! p pversus

AN =
d�" � d�#

d�" + d�#
p"p ! p p p#p ! p pversus

AN =
d�" � d�#

d�" + d�#

of scattered 

proton  

for a review, see

Krisch, E.P.J. A31 (07) 417

correlation between 

spin of the proton and 


kT of partons

Evidences to go beyond collinear
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Evidences of going beyond the collinear framework

Example #3: semi-inclusive p-p collisionswhere TMDs started from ... (1991)

E704

BNL, ANL, Fermilab, Serpukhov

also: ! Polarization

" L

R

large PT

p" p! ⇡ X

Single   
Spin 

Asymmetry

AN =
d�" � d�#

d�" + d�#

E704  √s = 20 GeV    0.7 < pT < 2.0   

where TMDs started from ... (1991)

E704

BNL, ANL, Fermilab, Serpukhov

also: ! Polarization

" L

R

large PT

p" p! ⇡ X

Single   
Spin 

Asymmetry

AN =
d�" � d�#

d�" + d�#

E704  √s = 20 GeV    0.7 < pT < 2.0   

where TMDs started from ... (1991)

E704

BNL, ANL, Fermilab, Serpukhov

also: ! Polarization

" L

R

large PT

p" p! ⇡ X

Single   
Spin 

Asymmetry

AN =
d�" � d�#

d�" + d�#

E704  √s = 20 GeV    0.7 < pT < 2.0   

single-spin asymmetry  

correlation between 

spin of the proton and 

kT and flavor of partons

Persisting also at higher energies up to  GeV


also in the  channel 

s = 200

p + N → Λ↑ + X

 = 20 GeV, 

0.7≤ PT ≤ 2 GeV

s

Adams et al. (STAR), PRL 92 (04) 171801

Evidences to go beyond collinear
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Outline

aμ = (a0, a1, a2, a3) = (a+, a−, a⊥)

• The “TMD zoo” 


- factorisation th. and general properties 

(generalising same steps to get to PDFs)


- specific properties



Need semi-inclusive process
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ẑ
X  

P  

q=  
l

l’
inclusive DIS:  - hard scale  to “see” partons

                     - factorisation  isolate PDFs

                     - no further scale to probe proton interior

Q2 = − q2 ≫ M2

→



Need semi-inclusive process
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ẑ
X  

P  

q=  
l

l’
inclusive DIS:  - hard scale  to “see” partons

                     - factorisation  isolate PDFs

                     - no further scale to probe proton interior

Q2 = − q2 ≫ M2

→

X  

P  

q=  
l

l’

ẑ

Ph  

PhT  
semi-inclusive DIS (SIDIS):  

            - hard scale  to “see” partons

            - soft scale: detect hadron h with 
            - factorisation  isolate TMDs

Q2 = − q2 ≫ M2

P2
hT ∼ M2 ≪ Q2

→

hadron

photon

proton

quarkq

P

Ph

p

kk⊥

k⊥

PhT

P⊥

∼zk⊥
center-of-mass frame

with these two scales, the process is factorizable into a hard 
photon-quark vertex and a quark hadron fragmentation→

PhT = zk⊥ + P⊥ + 𝒪(k2
⊥/Q2)

hadron PhT arises from struck quark k  and transverse 
momentum P  generated during fragmentation

⊥

⊥

measure PhT  get to k→ ⊥

z = fractional energy of h 

     (analogous of x)



TMDs :  factorisation theorems
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SIDIS
e+e− annihilation

electron

proton

qT

h

Q2

qT

Q2

proton proton

qT

h

electron positron
Q2

Factorization theorems well understood for  qT ≪ Q

universality of TMD PDFs and FFs  (but see later)

Ji, Yuan, Ma, P.R. D71 (05)

Rogers & Aybat, P.R. D83 (11)


Collins, “Foundations of Perturbative QCD” (11)

Echevarria, Idilbi, Scimemi, JHEP 1207 (12)

Drell-Yan

For H1+H2 → h+X  no factor. th. but also no counterexample disproving it

Factorization broken for 2→2 processes Rogers & Mulders, P.R. D81 (10)


Buffing, Kang, Lee, Liu, arXiv:1812.07549

0
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The TMD framework

⊥ plane
↑

parton

transverse 
impulse

partons

k⊥

P+ proton 

momentum 

k+=x P+
parton


“longitudinal” 

momentum 

hard 

collision 

parametrised by 

Transverse-Momentum 


Dependent PDFs 

TMD PDF(x, k ; Q2)⊥
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The TMD framework

⊥ plane
↑

parton

transverse 
impulse

partons

k⊥

P+ proton 

momentum 

k+=x P+
parton


“longitudinal” 

momentum 

A new paradigm: 

3D imaging of 


hadron structure 

(in momentum space)

hard 

collision 

parametrised by 

Transverse-Momentum 


Dependent PDFs 

TMD PDF(x, k ; Q2)⊥

ECG 

cardio

MR 
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Example :  SIDIS

q
P  

SIDIS 

SL  

one photon-exchange approximation

l

l’
2

optical theorem

l l
l’

,S ,S

q  q  

λe

y

z

x

hadron plane

lepton plane

l′
l ST

Ph

Ph⊥
φh

φS

PhT  

Ph

X
Ph Ph

same invariants as inclusive DIS plus

zh =
P ⋅ Ph

P ⋅ q
“energy fraction” of 
fragmenting parton 
carried by final hadron

dσ
dxBdydϕSdzhdϕhdP2

hT
=

α2y
2zhQ4

Lμν(ℓ, ℓ′￼, λe) Wμν(q, P, S, Ph)

new dependence
(for unpolarized hadron, Sh=0)
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Example :  SIDIS

q
P  

SIDIS 

SL  

one photon-exchange approximation

l

l’
2

optical theorem

l l
l’

,S ,S

q  q  

λe

dσ
dxBdydϕSdzhdϕhdP2

hT
=

α2y
2zhQ4

Lμν(ℓ, ℓ′￼, λe) Wμν(q, P, S, Ph)
leptonic

tensor

hadronic

tensor

parametrised with 

8 structure functions at leading twist

(18 including subleading twist)

y

z

x

hadron plane

lepton plane

l′
l ST

Ph

Ph⊥
φh

φS

PhT  

Ph

X
Ph Ph

same invariants as inclusive DIS plus

zh =
P ⋅ Ph

P ⋅ q
“energy fraction” of 
fragmenting parton 
carried by final hadron

new dependence
(for unpolarized hadron, Sh=0)
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SIDIS cross section

q
P  

SIDIS 

SL  

λe

dσ
dxBdydϕSdzhdϕhdP2

hT
=

y

z

x

hadron plane

lepton plane

l′
l ST

Ph

Ph⊥
φh

φS

PhT  

+SL sin 2ϕh Fsin 2ϕh
UL

+λe SL C(y) FLL

+ST[ A(y) sin(ϕh − ϕS) Fsin(ϕh−ϕS)
UT,T + B(y) sin(ϕh + ϕS) Fsin(ϕh+ϕS)

UT +B(y) sin(3ϕh − ϕS) Fsin(3ϕh−ϕS)
UT ]

+λe ST C(y) cos(ϕh − ϕS) Fcos(ϕh−ϕS)
LT ] + 𝒪 ( M

Q )
FXY,Z

l P  γ*  

each 
F…(xB, zh, P2

hT, Q2)

=
α2

xByQ2 [A(y) FUU,T + B(y) cos 2ϕh Fcos 2ϕh
UU
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SIDIS cross section

q
P  

SIDIS 

SL  

λe

dσ
dxBdydϕSdzhdϕhdP2

hT
=

y

z

x

hadron plane

lepton plane

l′
l ST

Ph

Ph⊥
φh

φS

PhT  

+SL sin 2ϕh Fsin 2ϕh
UL

+λe SL C(y) FLL

+ST[ A(y) sin(ϕh − ϕS) Fsin(ϕh−ϕS)
UT,T + B(y) sin(ϕh + ϕS) Fsin(ϕh+ϕS)

UT +B(y) sin(3ϕh − ϕS) Fsin(3ϕh−ϕS)
UT ]

+λe ST C(y) cos(ϕh − ϕS) Fcos(ϕh−ϕS)
LT ] + 𝒪 ( M

Q )
FXY,Z

l P  γ*  

each 
F…(xB, zh, P2

hT, Q2)

=
α2

xByQ2 [A(y) FUU,T + B(y) cos 2ϕh Fcos 2ϕh
UU
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=

SIDIS :  factorisation

Ph Ph

,S ,S

q  q  

+ higher twists (suppressed)
k  k  

OPE not possible, use diagrammatic approach (select dominant diagram by 

 counting powers of divergences)

2zh 𝒞[Tr[Φ(xB, k⊥, S) γμ Δ(zh, P⊥) γν] ]2MWμν(q, P, S, Ph) =
𝒞[…] = ∫ d P⊥dk⊥ δ(2)(zk⊥ + P⊥ − PhT)[…]

Φij(x, S) = ∫
dξ−

2π
eik⋅ξ ⟨P, S | ψ̄j(0) U[0,ξ] ψi(ξ) |P, S⟩ξ+=ξT=0

non-local correlator:

 

from collinear

to Φij(x, k⊥, S) = ∫
dξ−d2ξT

(2π)3
eik⋅ξ ⟨P, S | ψ̄j(0) U[0,ξ] ψi(ξ) |P, S⟩ξ+=0

xB ∼ x =
k+

P+

-  

T

ξ− ↔ k+

ξ  

ξT ↔ k⊥
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SIDIS :  factorisation

non-local correlators

Φij(x, k⊥, S) = ∫
dξ−d2ξT

(2π)3
eik⋅ξ ⟨P, S | ψ̄j(0) U[0,ξ] ψi(ξ) |P, S⟩ξ+=0

xB ∼ x =
k+

P+

-  

T

ξ− ↔ k+

ξ  

ξT ↔ k⊥

k  k  

Δij(z, k⊥) = ∑
X

∫
dξ+d2ξT

(2π)3
eik⋅ξ ⟨0 |ψi(ξ) |X, Ph⟩⟨X, Ph | ψ̄j(0) |0⟩ξ−=0

+  

T
ξ  

zh ∼ z =
Ph−

k−

ξ+ ↔ k−
ξT ↔ k⊥

hard cross section 

 d ̂σ = 1 + c1αs + …
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SIDIS :  factorisation

non-local correlators

Φij(x, k⊥, S) = ∫
dξ−d2ξT

(2π)3
eik⋅ξ ⟨P, S | ψ̄j(0) U[0,ξ] ψi(ξ) |P, S⟩ξ+=0

xB ∼ x =
k+

P+

-  

T

ξ− ↔ k+

ξ  

ξT ↔ k⊥

k  k  

Δij(z, k⊥) = ∑
X

∫
dξ+d2ξT

(2π)3
eik⋅ξ ⟨0 |ψi(ξ) |X, Ph⟩⟨X, Ph | ψ̄j(0) |0⟩ξ−=0

+  

T
ξ  

zh ∼ z =
Ph−

k−

ξ+ ↔ k−
ξT ↔ k⊥

flipping LC-dominant

directionhard cross section 


 d ̂σ = 1 + c1αs + …



+h⊥
1T

k⊥ ⋅ ST

M
iσ−ν γ5

kν
⊥

M
− h⊥

1 σ−ν
kν

⊥

M ]
+h1T iσ−ν γ5 Sν

T + h⊥
1L iσ−ν γ5 SL

kν
⊥

M

+g1L SL γ5γ− + g1T
k⊥ ⋅ ST

M
γ5γ−

Φ(x, k⊥, S) =
1
2 [ f1 γ− − f⊥

1T
(k⊥ × ST) ⋅ P̂

M
γ−
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parton-parton correlator

k k
linear combination of all tensor structures with k, P, S,  subject to 

Hermiticity and parity-invariance (see later about time reversal)
expansion of Φ in powers of M/P+ .  At leading twist: 

σμν =
i
2 [γμ , γν]

Notations: 
t = f  unpolarized parton
t = g  longitudinally polarized parton
t = h  transversely polarized parton



+h⊥
1T

k⊥ ⋅ ST

M
iσ−ν γ5

kν
⊥

M
− h⊥

1 σ−ν
kν

⊥

M ]
+h1T iσ−ν γ5 Sν

T + h⊥
1L iσ−ν γ5 SL

kν
⊥

M

+g1L SL γ5γ− + g1T
k⊥ ⋅ ST

M
γ5γ−

Φ(x, k⊥, S) =
1
2 [ f1 γ− − f⊥

1T
(k⊥ × ST) ⋅ P̂

M
γ−

Phenomenology of TMDs     ❷❻    Marco Radici - INFN Pavia

parton-parton correlator

k k
linear combination of all tensor structures with k, P, S,  subject to 

Hermiticity and parity-invariance (see later about time reversal)
expansion of Φ in powers of M/P+ .  At leading twist: 

σμν =
i
2 [γμ , γν]

1
2

Tr[Φ γ+] ≡ Φ[γ+]

Notations: t(⊥)
1X (x, k2

⊥) t = f  unpolarized parton
t = g  longitudinally polarized parton
t = h  transversely polarized parton

waited by k i⊥

X = L  longitudinally polarized hadron
X = T  transversely polarized hadron

leading twist

 2 TMDPDFs for unpol. parton→



+h⊥
1T

k⊥ ⋅ ST

M
iσ−ν γ5

kν
⊥

M
− h⊥

1 σ−ν
kν

⊥

M ]
+h1T iσ−ν γ5 Sν

T + h⊥
1L iσ−ν γ5 SL

kν
⊥

M

+g1L SL γ5γ− + g1T
k⊥ ⋅ ST

M
γ5γ−

Φ(x, k⊥, S) =
1
2 [ f1 γ− − f⊥

1T
(k⊥ × ST) ⋅ P̂

M
γ−
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parton-parton correlator

k k
linear combination of all tensor structures with k, P, S,  subject to 

Hermiticity and parity-invariance (see later about time reversal)
expansion of Φ in powers of M/P+ .  At leading twist: 

σμν =
i
2 [γμ , γν]

1
2

Tr[Φ γ+] ≡ Φ[γ+]

Notations: t(⊥)
1X (x, k2

⊥) t = f  unpolarized parton
t = g  longitudinally polarized parton
t = h  transversely polarized parton

waited by k i⊥

X = L  longitudinally polarized hadron
X = T  transversely polarized hadron

leading twist

 2 TMDPDFs for unpol. parton→

1
2

Tr[Φ γ+γ5] ≡ Φ[γ+γ5]  2 TMDPDFs for long. pol. parton→

1
2

Tr[Φ iσ+i γ5] ≡ Φ[iσ+i γ5]

 4 TMDPDFs for transv. pol. parton along i→



+h⊥
1T

k⊥ ⋅ ST

M
iσ−ν γ5

kν
⊥

M
− h⊥

1 σ−ν
kν

⊥

M ]
+h1T iσ−ν γ5 Sν

T + h⊥
1L iσ−ν γ5 SL

kν
⊥

M

+g1L SL γ5γ− + g1T
k⊥ ⋅ ST

M
γ5γ−

Φ(x, k⊥, S) =
1
2 [ f1 γ− − f⊥

1T
(k⊥ × ST) ⋅ P̂

M
γ−
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parton-parton correlator

k k
linear combination of all tensor structures with k, P, S,  subject to 

Hermiticity and parity-invariance (see later about time reversal)
expansion of Φ in powers of M/P+ .  At leading twist: 

σμν =
i
2 [γμ , γν]

1
2

Tr[Φ γ+] ≡ Φ[γ+]

Notations: t(⊥)
1X (x, k2

⊥) t = f  unpolarized parton
t = g  longitudinally polarized parton
t = h  transversely polarized parton

waited by k i⊥

X = L  longitudinally polarized hadron
X = T  transversely polarized hadron

leading twist

 2 TMDPDFs for unpol. parton→

1
2

Tr[Φ γ+γ5] ≡ Φ[γ+γ5]  2 TMDPDFs for long. pol. parton→

1
2

Tr[Φ iσ+i γ5] ≡ Φ[iσ+i γ5]

 4 TMDPDFs for transv. pol. parton along i→

survive upon collinear PDF∫ dk⊥ →



The TMD PDF table
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=1f x
Quark-parton Model Interpretation of SIDIS: 

Transverse Momentum Dependent PDFs (TMDs)

5/23/2015 CIPANP 2015 6

Quark polarization

Unpolarized
(U)

Longitudinally Polarized 
(L)

Transversely Polarized 
(T)

N
uc
le
on

Po
la
riz
at
io
n

U

L

T

nucleon

quark

TMD PDFs (x, k ; Q2)  at leading twist

for a spin-1/2 hadron (Nucleon)

⊥

P

polar
iza

tio
ns

N.B. Using appropriate projections  one can extract also subleading-twist TMD PDFs, 

       but no probabilistic interpretation

Φ[Γ]

k⊥

Each entry has a nice probabilistic interpretation
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Quark-parton Model Interpretation of SIDIS: 

Transverse Momentum Dependent PDFs (TMDs)
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Quark polarization

Unpolarized
(U)

Longitudinally Polarized 
(L)

Transversely Polarized 
(T)

N
uc
le
on

Po
la
riz
at
io
n

U

L

T

nucleon

quark

TMD PDFs (x, k ; Q2)  at leading twist

for a spin-1/2 hadron (Nucleon)

⊥

P

polar
iza

tio
ns

N.B. Using appropriate projections  one can extract also subleading-twist TMD PDFs, 

       but no probabilistic interpretation

Φ[Γ]

k⊥

Each entry has a nice probabilistic interpretation

nomenclature

no-name      Boer-Mulders

helicity   Kotzinian-Mulders

transversity   

pretzelocity   

Sivers   worm gear   



The TMD FF table
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hadron

quark

TMD FFs (z, P ; Q2)  at leading twist (and Sh ≤ 1/2)⊥

polar
iza

tio
ns

N.B. Using appropriate projections  one can extract also subleading-twist TMD FFs, 

       but no probabilistic interpretation

Φ[Γ]

Quark-parton Model Interpretation of SIDIS: 
Transverse Momentum Dependent PDFs (TMDs)

5/23/2015 CIPANP 2015 6

Quark polarization

Unpolarized
(U)

Longitudinally Polarized 
(L)

Transversely Polarized 
(T)

N
uc
le
on

Po
la
riz
at
io
n

U

L

T

D
1

Unpolarized  

H
1

⊥

Collins 

G
1L

H
1L

⊥

D
1T

⊥
G
1T

H
1

H
1T

⊥

Each entry has a nice probabilistic interpretation

nomenclature

no-name        Collins

polarising FF

…                  ….

…                  ….

… 

1D =
z

P⊥



The chiral-odd TMD PDFs
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Quark-parton Model Interpretation of SIDIS: 
Transverse Momentum Dependent PDFs (TMDs)
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Quark polarization

Unpolarized
(U)

Longitudinally Polarized 
(L)

Transversely Polarized 
(T)

N
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le
on

Po
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riz
at
io
n

U

L

T

nucleon

quark

polar
iza

tio
ns

all TMD PDFs belonging to right column involve transverse polarization of quarks, hence 
they are “chiral-odd” and are suppressed in perturbative QCD as mq/Q. 

Similarly to transversity h1, they can appear in the cross section at leading twist if paired to 
another chiral-odd structure. 



The unpolarized TMD PDF
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Quark-parton Model Interpretation of SIDIS: 
Transverse Momentum Dependent PDFs (TMDs)

5/23/2015 CIPANP 2015 6

Quark polarization

Unpolarized
(U)

Longitudinally Polarized 
(L)

Transversely Polarized 
(T)

N
uc
le
on

Po
la
riz
at
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n

U

L

T

nucleon

quark

polar
iza

tio
ns

  probability density of finding a quark q with “longitudinal” (along “+” LC direction) 

             fraction x of nucleon momentum, and transverse momentum 
f q
1 (x, k2

⊥)
k⊥

0



The Sivers  TMD PDF
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Quark-parton Model Interpretation of SIDIS: 
Transverse Momentum Dependent PDFs (TMDs)
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Quark polarization

Unpolarized
(U)

Longitudinally Polarized 
(L)

Transversely Polarized 
(T)
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n

U

L

T

nucleon

quark
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1
2

Tr[Φ γ+] → f1 − f⊥
1T

(k⊥ × ST) ⋅ P̂
M

ST ⋅k  ×P⊥P
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Quark-parton Model Interpretation of SIDIS: 
Transverse Momentum Dependent PDFs (TMDs)

5/23/2015 CIPANP 2015 6

Quark polarization

Unpolarized
(U)

Longitudinally Polarized 
(L)

Transversely Polarized 
(T)

N
uc
le
on

Po
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riz
at
io
n

U

L

T

nucleon

quark

polar
iza

tio
ns

1
2

Tr[Φ γ+] → f1 − f⊥
1T

(k⊥ × ST) ⋅ P̂
M

Sivers effect:  how the momentum distribution of quarks is distorted 

                         by the transverse polarization of parent nucleon 

                         (“spin-orbit” correlation)

Sivers function    access to quark orbital angular momentumf⊥

1T →

ST ⋅k  ×P⊥P

↑
P+

kx

Sy



The Boer-Mulders  TMD PDF
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Quark-parton Model Interpretation of SIDIS: 
Transverse Momentum Dependent PDFs (TMDs)
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Quark polarization

Unpolarized
(U)

Longitudinally Polarized 
(L)

Transversely Polarized 
(T)

N
uc
le
on

Po
la
riz
at
io
n

U

L

T

nucleon

quark

polar
iza

tio
ns

1
2

Tr[Φ iσ+i γ5] → … + h⊥
1

(k⊥ × sT) ⋅ P̂
M

Boer-Mulders effect:   “spin-orbit” correlation at partonic level

sT ⋅k  ×P⊥P

sT



Forbidden combinations

Phenomenology of TMDs   ❸❸   Marco Radici - INFN Pavia

Quark-parton Model Interpretation of SIDIS: 
Transverse Momentum Dependent PDFs (TMDs)
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Quark polarization

Unpolarized
(U)

Longitudinally Polarized 
(L)

Transversely Polarized 
(T)

N
uc
le
on

Po
la
riz
at
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n

U

L

T

nucleon

quark

polar
iza

tio
ns

? Why?

?



Forbidden combinations
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Quark-parton Model Interpretation of SIDIS: 
Transverse Momentum Dependent PDFs (TMDs)

5/23/2015 CIPANP 2015 6

Quark polarization

Unpolarized
(U)

Longitudinally Polarized 
(L)

Transversely Polarized 
(T)

N
uc
le
on

Po
la
riz
at
io
n

U

L

T

nucleon

quark

polar
iza

tio
ns

? Why?

ST ⋅k  ×P⊥

prohibited by 
parity invariance

SL ⋅k  ×P = 0⊥
not enough 
vectors for  !f⊥

1L

*  similarly for “swapped” combination 

? *
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T-odd TMD PDFs

Sivers and Boer-Mulders TMD PDFs vanish without gauge link U

Φij(x, k⊥, S) = ∫
dξ−d2ξT

(2π)3
eik⋅ξ ⟨P, S | ψ̄j(0) U[0,ξ] ψi(ξ) |P, S⟩ξ+=0

k k

Gauge link

Wednesday, May 27, 2009

Gauge link

Wednesday, May 27, 2009

They are generated by interference of different channels. 

(for example,   can be reproduced by interference of model LC wave 
functions with different orbital angular momentum)

Gauge link U represents the residual color interactions that 
generate the necessary phase difference for the interference. 

As such, time reversal puts no constraints on these structures. 

f⊥
1T

U[a,b] = 𝒫 exp[ − ig∫
b

a
dημ Aμ(η)]

Sivers and Boer-Mulders TMD PDFs are conventionally named “T-odd” TMD PDFs
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The gauge link

Φij(x, k⊥, S) = ∫
dξ−d2ξT

(2π)3
eik⋅ξ ⟨P, S | ψ̄j(0) U[0,ξ] ψi(ξ) |P, S⟩ξ+=0

ξ-  

ξT
ξ  

TMD factorisation for SIDIS process suggests a trick similar to collinear framework case: 

⟨P, S | ψ̄ (0) U[0,ξ] ψ (ξ) |P, S⟩ = ⟨P, S | ψ̄ (0) U[0,∞−] U[∞−,∞T] U[∞T,∞ξ
−] U[∞ξ

−,ξ] ψ (ξ) |P, S⟩

= ⟨P, S |{ψ̄ (0)} {ψ (ξ)} |P, S⟩

T

- U[0,∞−]

U[∞−,∞T ]

U[∞T ,∞ξ−]

U[∞ξ−,ξ]
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The gauge link

Φij(x, k⊥, S) = ∫
dξ−d2ξT

(2π)3
eik⋅ξ ⟨P, S | ψ̄j(0) U[0,ξ] ψi(ξ) |P, S⟩ξ+=0

ξ-  

ξT
ξ  

TMD factorisation for SIDIS process suggests a trick similar to collinear framework case: 

⟨P, S | ψ̄ (0) U[0,ξ] ψ (ξ) |P, S⟩ = ⟨P, S | ψ̄ (0) U[0,∞−] U[∞−,∞T] U[∞T,∞ξ
−] U[∞ξ

−,ξ] ψ (ξ) |P, S⟩

= ⟨P, S |{ψ̄ (0)} {ψ (ξ)} |P, S⟩

T

- U[0,∞−]

U[∞−,∞T ]

U[∞T ,∞ξ−]

U[∞ξ−,ξ]

In Drell-Yan process, TMD factorisation 

gives the following path for gauge link: 

ξ-  

ξT ξ  
T

-
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The gauge link

Φij(x, k⊥, S) = ∫
dξ−d2ξT

(2π)3
eik⋅ξ ⟨P, S | ψ̄j(0) U[0,ξ] ψi(ξ) |P, S⟩ξ+=0

ξ-  

ξT
ξ  

TMD factorisation for SIDIS process suggests a trick similar to collinear framework case: 

⟨P, S | ψ̄ (0) U[0,ξ] ψ (ξ) |P, S⟩ = ⟨P, S | ψ̄ (0) U[0,∞−] U[∞−,∞T] U[∞T,∞ξ
−] U[∞ξ

−,ξ] ψ (ξ) |P, S⟩

= ⟨P, S |{ψ̄ (0)} {ψ (ξ)} |P, S⟩

T

- U[0,∞−]

U[∞−,∞T ]

U[∞T ,∞ξ−]

U[∞ξ−,ξ]

In Drell-Yan process, TMD factorisation 

gives the following path for gauge link: 

ξ-  

ξT ξ  
T

-

Notations:  gauge link   U[+] for SIDIS;    U[-] for Drell-Yan

Important result:   T-even  TMD PDF[+] =  TMD PDF[-]  

                           T-odd   TMD PDF[+] = - TMD PDF[-]   breaking universality!←

(but in a calculable way)
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Process dependence

SIDIS

e
h

P
final

state

Drell-Yan
p

p l+

l­initial

state

Sivers f⊥ [+]
1T = − f⊥ [−]

1T

Boer-Mulders h⊥ [+]
1 = − h⊥ [−]

1

SIDIS Drell-Yan

Prediction of QCD based on interplay between time-reversal and (color) gauge symmetry

Intense experimental work to test this prediction (see next lecture)

Intuition:  in SIDIS, gauge link U[+] describes color final-state interactions

               in Drell-Yan, gauge link U[-] describes color initial-state interactions
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More on factorisation  evolution→

k k

inclusive DIS:  QCD corrections generate soft and collinear divergences

sum of real and virtual diagrams cancel soft divergences

collinear divergences reabsorbed in collinear PDFs

factorisation scale μ determines what is perturbative 
(calculable) from what is non perturbative (inside PDFs)


 scale dependence given by DGLAP evolution eq.’s→
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More on factorisation  evolution→

k k

inclusive DIS:  QCD corrections generate soft and collinear divergences

sum of real and virtual diagrams cancel soft divergences

collinear divergences reabsorbed in collinear PDFs

factorisation scale μ determines what is perturbative 
(calculable) from what is non perturbative (inside PDFs)


 scale dependence given by DGLAP evolution eq.’s→
TMD factorization

Collins, Soper, NPB 193 (81)
Ji, Ma, Yuan, PRD 71 (05)

q

P

h

FUU,T (x, z, P 2
h⇥, Q2) = C�

⇤
f1D1

⌅

= H(Q2, µ2, ⇥, ⇥h)
⌃

d2pT d2kT d2lT �(2)
�
pT � kT + lT � P h⇥/z

⇥

x
⇧

a

e2
a fa

1 (x, p2
T , µ2, ⇥) Da

1(z, k2
T , µ2, ⇥h)U(l2T , µ2, ⇥⇥h)

Wednesday, 26 May 2010

SIDIS:  soft divergences do not cancel anymore

          new class of light-cone (rapidity) divergences

need to introduce a soft factor convoluted with TMD PDFs and FFs
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More on factorisation  evolution→

k k

inclusive DIS:  QCD corrections generate soft and collinear divergences

sum of real and virtual diagrams cancel soft divergences

collinear divergences reabsorbed in collinear PDFs

factorisation scale μ determines what is perturbative 
(calculable) from what is non perturbative (inside PDFs)


 scale dependence given by DGLAP evolution eq.’s→
TMD factorization

Collins, Soper, NPB 193 (81)
Ji, Ma, Yuan, PRD 71 (05)

q

P

h

FUU,T (x, z, P 2
h⇥, Q2) = C�

⇤
f1D1

⌅

= H(Q2, µ2, ⇥, ⇥h)
⌃

d2pT d2kT d2lT �(2)
�
pT � kT + lT � P h⇥/z

⇥

x
⇧

a

e2
a fa

1 (x, p2
T , µ2, ⇥) Da

1(z, k2
T , µ2, ⇥h)U(l2T , µ2, ⇥⇥h)

Wednesday, 26 May 2010

SIDIS:  soft divergences do not cancel anymore

          new class of light-cone (rapidity) divergences

need to introduce a soft factor convoluted with TMD PDFs and FFs

need to introduce a new “rapidity scale” ζ that regulates the 

rapidity divergences and splits soft factor content between 

TMD PDFs and FFs  new scale dependence→

d log TMD
d log μ

= γD(μ, ζ )
d log TMD
d log ζ

= K(μ)DGLAP eq.’s CSS eq.’s
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More on factorisation  evolution→

TMD evolution from initial (μ0,ζ0) scales is better studied in position space bT (  k )↔ ⊥

For   perturbation theory is validbT ≪ 1/ΛQCD

f q
1 (x, b2

T; μ, ζ) = Evo[(μ, ζ) ← (μ0, ζ0)] f q
1 (x, b2

T; μ0, ζ0)

bT (GeV-1)
0.0 0.5 1.0 1.5 2.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

perturbative
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More on factorisation  evolution→

TMD evolution from initial (μ0,ζ0) scales is better studied in position space bT (  k )↔ ⊥

For   perturbation theory is validbT ≪ 1/ΛQCD

f q
1 (x, b2

T; μ, ζ) = Evo[(μ, ζ) ← (μ0, ζ0)] f q
1 (x, b2

T; μ0, ζ0)

exp[∫
μ

μ0

dμ′￼

μ′￼
γD(μ, ζ) + K(μ0)log

ζ

ζ0
]

DGLAP+CSS eqs.

bT (GeV-1)
0.0 0.5 1.0 1.5 2.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

perturbative
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More on factorisation  evolution→

TMD evolution from initial (μ0,ζ0) scales is better studied in position space bT (  k )↔ ⊥

For   perturbation theory is validbT ≪ 1/ΛQCD

f q
1 (x, b2

T; μ, ζ) = Evo[(μ, ζ) ← (μ0, ζ0)] f q
1 (x, b2

T; μ0, ζ0)

exp[∫
μ

μ0

dμ′￼

μ′￼
γD(μ, ζ) + K(μ0)log

ζ

ζ0
] = ∑

i
[Cq→i(x, b2

T; μ0, ζ0) ⊗ f i
1(x, μ0)]

Matching with collinear PDFs

13
See e.g. https://inspirehep.net/literature/1785810 for more details (but also JCC book, etc.)

→  Also the input TMD contains perturbative information AT LOW bT:

Perturbative transverse momentum generated by the splitting into other partons

small bT (large kT) from 

perturbative splitting

OPE on PDFsDGLAP+CSS eqs.

bT (GeV-1)
0.0 0.5 1.0 1.5 2.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

perturbative
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Matching with collinear PDFs

13
See e.g. https://inspirehep.net/literature/1785810 for more details (but also JCC book, etc.)

→  Also the input TMD contains perturbative information AT LOW bT:

Perturbative transverse momentum generated by the splitting into other partons

small bT (large kT) from 

perturbative splitting

For large bT perturbation th. 

breaks down

× FNP(bT)

K → K + gNP(bT)

OPE on PDFsDGLAP+CSS eqs.

bT (GeV-1)
0.0 0.5 1.0 1.5 2.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

perturbative
non


perturbative
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More on factorisation  evolution→

TMD evolution from initial (μ0,ζ0) scales is better studied in position space bT (  k )↔ ⊥
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1(x, μ0)]

Matching with collinear PDFs
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See e.g. https://inspirehep.net/literature/1785810 for more details (but also JCC book, etc.)

→  Also the input TMD contains perturbative information AT LOW bT:

Perturbative transverse momentum generated by the splitting into other partons

small bT (large kT) from 

perturbative splitting

bT (GeV-1)
0.0 0.5 1.0 1.5 2.0
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perturbative
non


perturbative

For large bT perturbation th. 

breaks down

× FNP(bT)

K → K + gNP(bT)

Choice of matching scale

0.0 0.5 1.0 1.5 2.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

μ0 = ζ0 = μb =
2e−γE

b*(bT)
bmax = 2e−γE

bmin =
2e−γE

Q

bmax

b*

μ = ζ = Q

OPE on PDFsDGLAP+CSS eqs.

Q=2 GeV

Q=5 GeV
Q=20 GeV
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More on factorisation  evolution→
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] = ∑
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[Cq→i(x, b2

T; μ0, ζ0) ⊗ f i
1(x, μ0)]

Matching with collinear PDFs
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See e.g. https://inspirehep.net/literature/1785810 for more details (but also JCC book, etc.)

→  Also the input TMD contains perturbative information AT LOW bT:

Perturbative transverse momentum generated by the splitting into other partons

small bT (large kT) from 

perturbative splitting

bT (GeV-1)
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perturbative
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perturbative

For large bT perturbation th. 

breaks down

× FNP(bT)

K → K + gNP(bT)

Choice of matching scale

0.0 0.5 1.0 1.5 2.0

0.2

0.4

0.6

0.8

1.0
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1.4

μ0 = ζ0 = μb =
2e−γE

b*(bT)
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μ = ζ = Q

OPE on PDFsDGLAP+CSS eqs.

Q=2 GeV

Q=5 GeV
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Collins, Soper, Sterman, N.P. B250 (85)

Collins, “Foundations of Perturbative QCD” (2011)

Rogers and Aybat, P.R. D83 (11)

Final formula f q
1 (x, b2

T; Q2) = exp[∫
Q

μb

dμ′￼

μ′￼
γD(Q) + K(μb)log(Q /μb) + gNP(bT)log(Q /Q0)] ∑

i
[Cq→i ⊗ f i

1](x, bT, μb) FNP(bT, Q0)
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More on factorisation  evolution→

μb =
2e−γE

b*(bT)

CSS evolution  formula for TMD

f q
1 (x, b2

T; Q2) = exp[∫
Q

μb

dμ′￼

μ′￼
γD(Q) + K(μb)log(Q /μb) + gNP(bT)log(Q /Q0)] ∑

i
[Cq→i ⊗ f i

1](x, bT, μb) FNP(bT, Q0)

others schemes possible: 
Laenen, Sterman Vogelsang, P.R.L. 84 (00)

Bozzi et al., N.P. B737 (06)

Echevarria et al., E.P.J. C73 (13)  …
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More on factorisation  evolution→

μb =
2e−γE

b*(bT)

CSS evolution  formula for TMD

f q
1 (x, b2

T; Q2) = exp[∫
Q

μb

dμ′￼

μ′￼
γD(Q) + K(μb)log(Q /μb) + gNP(bT)log(Q /Q0)] ∑

i
[Cq→i ⊗ f i

1](x, bT, μb) FNP(bT, Q0)

others schemes possible: 
Laenen, Sterman Vogelsang, P.R.L. 84 (00)

Bozzi et al., N.P. B737 (06)

Echevarria et al., E.P.J. C73 (13)  …

arbitrariness of nonperturbative components

- choice of b*(bT) functional form

- choice of gNP(bT) functional form

- choice of FNP(bT,Q0) functional form

each one affects evolution: how k -distribution changes with scale

 source of theoretical bias/uncertainty 


need to be constrained by experimental data with large lever arm in Q2

EIC is the suitable machine for that 

⊥
→
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Matching problem

collinear

factorisation

TMD

factorisation

matching ?

dσ
dqT

qTΛQCD ≲ qT ≪ Q ΛQCD ≪ qT ≪ Q ΛQCD ≪ Q ≲ qT

0
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Matching problem
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TMD

factorisation

matching ?

dσ
dqT
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relevant also for phenomenological analysis


Example:  

COMPASS unpolarized SIDIS multiplicity 

bin  GeV2 , 

TMD factorisation valid for   


highlight in picture the 

⟨Q2⟩ = 9.78 ⟨x⟩ = 0.149

q2
T =

P2
hT

z2
≪ Q2

P2
hT

z2
= 0.25 Q2

COMPASS, arXiv:1709.07374

0
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Outline

aμ = (a0, a1, a2, a3) = (a+, a−, a⊥)

• Where to find TMDs 


- structure functions for various processes


- prominent examples of phenomenological 

extractions of TMDs


- perspectives with the EIC
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SIDIS
e+e− annihilation

electron

proton

qT

h

Q2

qT

Q2

proton proton

qT

h

electron positron
Q2

Drell-Yan

In order to extract information on TMD PDFs and TMD FFs, it is desirable to perform global fits, 

but this is not yet a standard 


(also because, for example, very few data on polarized Drell-Yan are currently available)
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proton, deuteron,…

pion, Kaon
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Collins 

pion, Kaon

each structure function ~

F ∼ d ̂σ(Q2) 𝒞[TMDPDF(x, k2
⊥) , TMDFF(z, P2

⊥)]
𝒞[…] = ∫ d P⊥dk⊥ δ(2)(zk⊥ + P⊥ − PhT)[…]
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Example:  e+ e- to 
unpolarized hadrons

Quark-parton Model Interpretation of SIDIS: 
Transverse Momentum Dependent PDFs (TMDs)
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Example:  Drell-Yan
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∼ (1 + cos2 θ) 𝒞[f1(x1, k1⊥) , f̄1(x2, k2⊥)] + sin2 θ cos2 2ϕ 𝒞[w1(k1⊥, k2⊥) h⊥
1 (x1, k1⊥) , h̄⊥

1 (x2, k2⊥)]

Collins-Soper frame

(transv. momenta in xz plane)
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Example:  Drell-Yan
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∼ (1 + cos2 θ) 𝒞[f1(x1, k1⊥) , f̄1(x2, k2⊥)] + sin2 θ cos2 2ϕ 𝒞[w1(k1⊥, k2⊥) h⊥
1 (x1, k1⊥) , h̄⊥

1 (x2, k2⊥)]

Collins-Soper frame

(transv. momenta in xz plane)

Quark-parton Model Interpretation of SIDIS: 
Transverse Momentum Dependent PDFs (TMDs)
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hadron “2” 

transversely 
polarized
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Example: SIDIS
dσ

dxBdydϕSdzhdϕhdP2
hT

=

+SL sin 2ϕh Fsin 2ϕh
UL +λe SL C(y) FLL

+ST[ A(y) sin(ϕh − ϕS) Fsin(ϕh−ϕS)
UT,T + B(y) sin(ϕh + ϕS) Fsin(ϕh+ϕS)

UT

+λe ST C(y) cos(ϕh − ϕS) Fcos(ϕh−ϕS)
LT ] + 𝒪 ( M

Q )

=
α2

xByQ2 [A(y) FUU,T + B(y) cos 2ϕh Fcos 2ϕh
UU

How to extract a specific structure function ?

+B(y) sin(3ϕh − ϕS) Fsin(3ϕh−ϕS)
UT
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=
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How to extract a specific structure function ?

if we want to isolate the “Sivers” effect, we build the spin asymmetry

Asin(�h��S)
UT = 2

R
d�hd�S sin(�h � �S) [d�" � d�#]R

d�hd�S [d�" + d�#]
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F sin(�h��S)
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any polarized measurement requires

knowledge of unpolarized cross section
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Overview of current TMD phenomenology

FUU ∼ f1 ⊗ D1
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Overview of current TMD phenomenology

FUU ∼ f1 ⊗ D1

N.B. analysis with NnLO and NmLL accuracy means  corrections in hard vertex and     
resummation up to  contributions  in the perturbative part of the TMD Evo operator

𝒪(αn
s )

αn
s log2n−m(Q2/μ2

b)
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Overview of current TMD phenomenology

FUU ∼ f1 ⊗ D1

Caveat:  unpol. SIDIS data come as multiplicities

dσ
dxdydzdPhT

dσDIS

dxdy

normalisation problems because

due to matching problem ∑

h
∫ zdzdPhT

dσ
dxdydzdPhT

≠
dσDIS

dxdy

N.B. analysis with NnLO and NmLL accuracy means  corrections in hard vertex and     
resummation up to  contributions  in the perturbative part of the TMD Evo operator

𝒪(αn
s )

αn
s log2n−m(Q2/μ2

b)
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=1f x P

k⊥

What do we know about  ?⟨k2
⊥⟩

1. does it depend on x ?


2. does it depend on flavor of quarks ?


3. does it change with Q2 ?

Questions
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Recent analyses

Framework HERMES COMPASS DY Z production N of points

Pavia 2013 
arXiv:1309.3507

extended 
parton model

✔ ✘ ✘ ✘ 1538

Torino 2014 
arXiv:1312.6261

extended 
parton model

✔ 
(separately)

✔ 
(separately)

✘ ✘ 576 (H) 
6284 (C)

DEMS 2014 
arXiv:1407.3311  NLO+N2LL ✘ ✘ ✔ ✔ 223

EIKV 2014 
 arXiv:1401.5078  LO+NLL 1 (x,Q2) bin 1 (x,Q2) bin ✔ ✔ 500 (?)

SIYY 2014

arXiv:1406.3073 NLO+NLLʹ ✘ ✔ ✔ ✔ 200 (?)

Pavia 2017

arXiv:1703.10157 LO+NLL ✔ ✔ ✔ ✔ 8059

SV 2017

arXiv:1706.01473 N2LO+N2LLʹ ✘ ✘ ✔ ✔ (LHC) 309

BSV 2019

arXiv:1902.08474 N2LO+N2LLʹ ✘ ✘ ✔ ✔ (LHC) 457

Pavia 2019

arXiv:1912.07550 N2LO+N3LL ✘ ✘ ✔ ✔ (LHC) 319

SV 2020

arXiv:1912.06532 N2LO (+N3LO) ✔ ✔ ✔ ✔ 1039

0

http://arxiv.org/abs/arXiv:1309.3507
http://arxiv.org/abs/arXiv:1407.3311
http://arxiv.org/abs/arXiv:1401.5078
http://arxiv.org/abs/arXiv:1406.3073
http://arxiv.org/abs/arXiv:1703.10157
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Recent analyses

Framework HERMES COMPASS DY Z production N of points

Pavia 2013 
arXiv:1309.3507

extended 
parton model

✔ ✘ ✘ ✘ 1538

Torino 2014 
arXiv:1312.6261 parton model ✔ 

(separately)
✔ 

(separately)
✘ ✘ 576 (H) 

6284 (C)
DEMS 2014 

arXiv:1407.3311  NLO+N2LL ✘ ✘ ✔ ✔ 223
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BSV 2019

arXiv:1902.08474 N2LO+N2LLʹ ✘ ✘ ✔ ✔ (LHC) 457

Pavia 2019

arXiv:1912.07550 N2LO+N3LL ✘ ✘ ✔ ✔ (LHC) 319

SV 2020

arXiv:1912.06532 N2LO (+N3LO) ✔ ✔ ✔ ✔ 1039

First to introduce flavor dependence

0

http://arxiv.org/abs/arXiv:1309.3507
http://arxiv.org/abs/arXiv:1407.3311
http://arxiv.org/abs/arXiv:1401.5078
http://arxiv.org/abs/arXiv:1406.3073
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SV 2020
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First global fit (>8K data points)

0
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arXiv:1703.10157 LO+NLL ✔ ✔ ✔ ✔ 8059

SV 2017

arXiv:1706.01473 N2LO+N2LLʹ ✘ ✘ ✔ ✔ (LHC) 309

BSV 2019

arXiv:1902.08474 N2LO+N2LLʹ ✘ ✘ ✔ ✔ (LHC) 457

Pavia 2019

arXiv:1912.07550 N2LO+N3LL ✘ ✘ ✔ ✔ (LHC) 319

SV 2020

arXiv:1912.06532 N2LO (+N3LO) ✔ ✔ ✔ ✔ 1039

Global fit with current top accuracy

0

http://arxiv.org/abs/arXiv:1309.3507
http://arxiv.org/abs/arXiv:1407.3311
http://arxiv.org/abs/arXiv:1401.5078
http://arxiv.org/abs/arXiv:1406.3073
http://arxiv.org/abs/arXiv:1703.10157
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Precision era for TMDs
• NNNLL comparisons: SCETlib, Resolve(NNLLp), CuTe, NangaParbat, Radish, 

DYRES (NNLLp?), Artemide 
• ReSolve PDF evolution is not through LHAPDF

Q=MZ, Y=0, level-1, gen=5
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SCETLib

G. Bozzi, I. Scimemi (eds.) et al., 

Yellow Report of CERN EW Working Group, in preparation

Z production at rapidity y=0 in ATLAS kin.

benchmarking TMDs (resummed at N3LL) with perturbative calculations

NangaParbat

= Pavia 2019 fit

agreement 

within ±(1-2)% 


for 5< qT <80 GeV

Artemide

= SV 2020 fit
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TMD impact at LHCSize of non-perturbative effects

VERY preliminary

G. Bozzi, I. Scimemi (eds.) et al., 

Yellow Report of CERN EW Working Group, in preparation

Effect of nonperturbative intrinsic kT

(not included in other benchmark codes) 

output of 

PV19 fit
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TMD impact at LHCSize of non-perturbative effects

VERY preliminary

G. Bozzi, I. Scimemi (eds.) et al., 

Yellow Report of CERN EW Working Group, in preparation

Effect of nonperturbative intrinsic kT

(not included in other benchmark codes) 

Current extractions of MW based on qT-distribution of decay products 

do not include flavor sensitivity

• generate pseudo-data for qT-spectrum of W± with sets of flavor-dep. parameters that give the 
same qT-spectrum of Z0, from pT-lepton data and uncertainties of ATLAS and CDF

• make a template fit of these pseudo-data by varying MW on a set of flavor-independent parameters

 shifts comparable to world-average uncertainty → -6 ≤ ΔMW± ≤ +9 MeV

-4 ≤ ΔMW− ≤ +4 MeVBacchetta, Bozzi, Radici, Ritzmann, Signori,


P.L. B788 (19) 542, arXiv:1807.02101

Exercise: 

output of 

PV19 fit



Phenomenology of TMDs   ❺❸   Marco Radici - INFN Pavia

Hadron tomography

Transverse size in momentum space
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Bacchetta, Delcarro, Pisano, Radici, Signori, arXiv:1703.10157

Q2 = 1 GeV2

ky 

kx 

x 

Answer to question #1: 

yes,  does depend on x⟨k2

⊥⟩

output of 

PV17 
global fit
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Hadron tomography

Transverse size in momentum space

20
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Bacchetta, Delcarro, Pisano, Radici, Signori, arXiv:1703.10157

Q2 = 1 GeV2

ky 

kx 

x 

Answer to question #1: 

yes,  does depend on x⟨k2

⊥⟩

{68%
sea > u

sea < u

d < u d > u

no flavor dep.

Answer to question #2: 

need more and more precise data to assess 
flavor dependence

(currently, fits w/ and w/o flavor dep. are 
equivalent)

output of 

PV17 
global fit

output of 

PV13 fit

⟨k2
⊥⟩q

⟨k2
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Hadron tomography

Answer to question #3: 

 changes with Q2 but large 

uncertainties in TMD evolution
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SIDIS

Z
Q2 ∼ 8200 GeV2 → (PhT)peak ∼ 4 GeV/c
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global fit
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Hadron tomography

Answer to question #3: 

 changes with Q2 but large 

uncertainties in TMD evolution
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PV 2013

only SIDIS

Bacchetta, Delcarro, Pisano, Radici, Signori, in preparation (Q = 1 GeV)


Signori, Bacchetta, Radici, Schnell arXiv:1309.3507


Schweitzer, Teckentrup, Metz, arXiv:1003.2190 

Anselmino et al. arXiv:1312.6261 [HERMES]


Anselmino et al. arXiv:1312.6261 [HERMES, high z] 

Anselmino et al. arXiv:1312.6261 [COMPASS, norm.]


Anselmino et al. arXiv:1312.6261 [COMPASS, high z, norm.] 

Echevarria, Idilbi, Kang, Vitev arXiv:1401.5078 (Q = 1.5 GeV)

PV 2017

SIDIS+DY+Z
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SIDIS

Z
Q2 ∼ 8200 GeV2 → (PhT)peak ∼ 4 GeV/c

   problem with anti-correlation, 

                          partly mitigated by including DY+Z data

                           include e+e- data in the analysis

PhT = zk⊥ + P⊥

→

output of PV17 
global fit
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Hadron tomography

  problem with e+e- data

  TMD factorisation theorem exists for production of two back-to-back hadrons 

e+e-  h1+h2+X→

dσ ∼ 𝒞[FF(h1) , FF(h2)]



Sar WorS 2021Gunar Schnell 

fragmentation in e+e- annihilation

single-inclusive hadron production, e+e- ➔ hX 

D1 fragmentation function 

(D1T⊥ spontaneous transv. polarization)

inclusive “back-to-back” hadron pairs, e+e- ➔ h1h2X 

product of fragmentation functions  

flavor, transverse-momentum, and/or polarization 
tagging

inclusive same-hemisphere hadron pairs, e+e- ➔ h1h2X 

di-hadron fragmentation

5

This initial fractional energy selection always takes the
nominal hadron mass as given by the PID information
into account. The requirement of z > 0.1 therefore safely
accommodates pion-kaon misidentification, which is
unfolded in the course of this analysis.
In addition, in order to study whether two hadrons have

likely emerged from the same parton or different partons,
the analysis is performed on several different sets by
requiring that both hadrons be in opposite hemispheres,
the same hemisphere or anywhere as depicted in Figs. 1
and 2. For the data sets where a hemisphere assignment is

required, the hemispheres are defined by the plane
perpendicular to the thrust axis and the thrust must satisfy
T > 0.8.

B. PID selection

To apply the PID correction according to the PID
efficiency matrices described in Ref. [1], the same selection
criteria must be applied to define a charged track as a
pion, kaon, proton, electron or muon. The information is
determined from normalized likelihood ratios that are
constructed from various detector responses. If the muon-
hadron likelihood ratio is above 0.9, the track is identified
as a muon. Otherwise, if the electron-hadron likelihood
ratio is above 0.85, the track is identified as an electron. If
neither of these applies, the track is identified as a kaon by
a kaon-pion likelihood ratio above 0.6 and a kaon-proton
likelihood ratio above 0.2. Pions are identified with the
kaon-pion likelihood ratio below 0.6 and a pion-proton
ratio above 0.2. Finally, protons are identified with the
inverse proton ratios above with kaon-proton and pion-
proton ratios below 0.2. While neither muons nor electrons
are considered explicitly for the single and dihadron
analysis, they are retained as necessary contributors for
the PID correction, wherein a certain fraction enter the
pion, kaon and proton samples under study.

II. DIHADRON ANALYSIS

In the following sections, the dihadron yields are
extracted and, successively, the various corrections and
the corresponding systematic uncertainties are applied
to arrive at the dihadron differential cross sections
d2σðeþe− → h1h2XÞ=dz1dz2.

A. Binning and cross section extraction

For the dihadron cross sections, a (z1, z2) binning is used.
We forgo a combined z and invariant-mass binning of the
hadron pair; the latter, in particular, is relevant in the same-
hemisphere topology as an unpolarized baseline to the
previously extracted interference fragmentation functions
[41] and would have allowed the extraction of individual
fragmentation functions for ρ, K$, ϕ and other resonances.
The z1 and z2 ranges of 0.2 to 1.0 used in this analysis

are each partitioned into 16 equidistant bins. All hadron
and charge combinations are treated independently and are
merged only after all corrections are applied and after
confirming their consistency where applicable (i.e., where
the same combinations of fragmentation functions appear,
such as πþπþ and π−π−). This leaves 16 different charge
and type combinations for pions and kaons initially, of
which six contain irreducible information.
Furthermore, as mentioned in the Introduction, three

hemisphere combinations are studied: two hadrons in the
same hemisphere, two hadrons in opposite hemispheres
and two hadrons irrespective of hemisphere or thrust cut;

FIG. 1 (color online). Illustration of dihadron fragmentation
where the final-state hadrons are depicted as red arrows, the
incoming leptons as blue arrows, and the event plane—spanned
by leptons and thrust axis—is depicted as a light blue plane. In
this case, both hadrons are found in opposite hemispheres defined
by the thrust axis, and generally out of the plane, as indicated by
the cones.

FIG. 2 (color online). Illustration of dihadron fragmentation
where the final-state hadrons are depicted as red arrows, the
incoming leptons as blue arrows and the event plane—spanned
by leptons and initial quarks/thrust axis—is depicted as a light
blue plane. In this case, both hadrons are found in the same
hemisphere as defined by the thrust axis, and generally out of the
plane, as indicated by the cones.
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This initial fractional energy selection always takes the
nominal hadron mass as given by the PID information
into account. The requirement of z > 0.1 therefore safely
accommodates pion-kaon misidentification, which is
unfolded in the course of this analysis.
In addition, in order to study whether two hadrons have

likely emerged from the same parton or different partons,
the analysis is performed on several different sets by
requiring that both hadrons be in opposite hemispheres,
the same hemisphere or anywhere as depicted in Figs. 1
and 2. For the data sets where a hemisphere assignment is

required, the hemispheres are defined by the plane
perpendicular to the thrust axis and the thrust must satisfy
T > 0.8.

B. PID selection

To apply the PID correction according to the PID
efficiency matrices described in Ref. [1], the same selection
criteria must be applied to define a charged track as a
pion, kaon, proton, electron or muon. The information is
determined from normalized likelihood ratios that are
constructed from various detector responses. If the muon-
hadron likelihood ratio is above 0.9, the track is identified
as a muon. Otherwise, if the electron-hadron likelihood
ratio is above 0.85, the track is identified as an electron. If
neither of these applies, the track is identified as a kaon by
a kaon-pion likelihood ratio above 0.6 and a kaon-proton
likelihood ratio above 0.2. Pions are identified with the
kaon-pion likelihood ratio below 0.6 and a pion-proton
ratio above 0.2. Finally, protons are identified with the
inverse proton ratios above with kaon-proton and pion-
proton ratios below 0.2. While neither muons nor electrons
are considered explicitly for the single and dihadron
analysis, they are retained as necessary contributors for
the PID correction, wherein a certain fraction enter the
pion, kaon and proton samples under study.

II. DIHADRON ANALYSIS

In the following sections, the dihadron yields are
extracted and, successively, the various corrections and
the corresponding systematic uncertainties are applied
to arrive at the dihadron differential cross sections
d2σðeþe− → h1h2XÞ=dz1dz2.

A. Binning and cross section extraction

For the dihadron cross sections, a (z1, z2) binning is used.
We forgo a combined z and invariant-mass binning of the
hadron pair; the latter, in particular, is relevant in the same-
hemisphere topology as an unpolarized baseline to the
previously extracted interference fragmentation functions
[41] and would have allowed the extraction of individual
fragmentation functions for ρ, K$, ϕ and other resonances.
The z1 and z2 ranges of 0.2 to 1.0 used in this analysis

are each partitioned into 16 equidistant bins. All hadron
and charge combinations are treated independently and are
merged only after all corrections are applied and after
confirming their consistency where applicable (i.e., where
the same combinations of fragmentation functions appear,
such as πþπþ and π−π−). This leaves 16 different charge
and type combinations for pions and kaons initially, of
which six contain irreducible information.
Furthermore, as mentioned in the Introduction, three

hemisphere combinations are studied: two hadrons in the
same hemisphere, two hadrons in opposite hemispheres
and two hadrons irrespective of hemisphere or thrust cut;

FIG. 1 (color online). Illustration of dihadron fragmentation
where the final-state hadrons are depicted as red arrows, the
incoming leptons as blue arrows, and the event plane—spanned
by leptons and thrust axis—is depicted as a light blue plane. In
this case, both hadrons are found in opposite hemispheres defined
by the thrust axis, and generally out of the plane, as indicated by
the cones.

FIG. 2 (color online). Illustration of dihadron fragmentation
where the final-state hadrons are depicted as red arrows, the
incoming leptons as blue arrows and the event plane—spanned
by leptons and initial quarks/thrust axis—is depicted as a light
blue plane. In this case, both hadrons are found in the same
hemisphere as defined by the thrust axis, and generally out of the
plane, as indicated by the cones.
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obtained from a 655 fb�1 data sample collected near the ⌥(4S) resonance with the Belle detector
at the KEKB asymmetric-energy e+e� collider.

Fragmentation functions allow us to understand the109

transition of asymptotically free partons into several con-110

fined hadrons. They cannot be calculated from first prin-111

ciples and thus need to be extracted experimentally. One112

of the main ways of obtaining them is via cross section113

or multiplicity measurements in electron-positron anni-114

hilation where no hadrons are present in the initial state.115

For many processes, factorization is assumed or proven116

to certain orders of the strong coupling and fragmenta-117

tion functions as well as parton distribution functions118

are considered universal. Because of this universality,119

these functions extracted in one process can be applied120

to another process. As such, the knowledge of fragmen-121

tation functions is, for example, used to extract various122

spin-dependent parton distribution functions in polarized123

semi-inclusive deep-inelastic scattering (SIDIS) and po-124

larized hadron collisions. In particular, the extraction125

of the chiral-odd transversity distribution functions [1]126

and their related tensor charges so far entirely relies on127

transverse spin dependent fragmentation functions.128

The Belle experiment was the first to provide asym-129

metries [2] related to the single-hadron Collins fragmen-130

tation function [3]. These asymmetries rely on an ex-131

plicit transverse-momentum dependence of fragmenta-132

tion functions. The Collins fragmentation function de-133

scribes a correlation between the direction of an outgoing134

transversely polarized quark, its spin orientation and the135

azimuthal distribution of final-state hadrons, and serves136

as a transverse-spin analyzer. Collins asymmetries were137

extracted for pions and kaons in several SIDIS measure-138

ments so far [4–8], where they are convolved with the139

transversity distributions of interest, as well as recently140

in proton-proton collisions for pions [9]. The correspond-141

ing Collins fragmentation measurements were obtained142

in various electron-positron annihilation experiments for143

pions [2, 10, 11] and recently also kaons [12] based on144

the description of Ref. [13]. Some of these measurements145

have already been included in global transversity extrac-146

tions [14–17].147

An alternative way of accessing quark transversity is148

via di-hadron fragmentation functions [18–20]. This has149

the advantage of being based on collinear factorization.150

Also here Belle has provided the corresponding asym-151

metries related to the polarized fragmentation functions152

[21], which were used with the SIDIS measurements153

[22, 23] in a global analysis [24] (although not yet with154

the relevant measurements from proton-proton collisions155

[25]) to extract transversity in a collinear approach.156

In both approaches of transversity extraction, several157

assumptions had to be made due to the lack of su�-158

cient measurements. In the Collins-based extractions,159

the explicit transverse-momentum dependence was until160

recently unknown and is still poorly constrained. In the161

di-hadron based extractions, the corresponding unpolar-162

ized di-hadron fragmentation functions were not avail-163

able so far and theorists used Monte Carlo (MC) simu-164

lations to estimate those. This publication provides the165

unpolarized baseline for the measurements related to the166

spin-dependent di-hadron fragmentation functions.167

In a previous publication [26] the focus was on two-168

hadron cross sections di↵erential in their individual frac-169

tional energies z1 = 2Eh1/
p
s and (likewise) z2. In170

this description, the two-hadron production can be de-171

scribed by di-hadron fragmentation functions (DiFF),172

initially introduced in Ref. [27] and based on the for-173

malism developed in Ref. [28]. DGLAP [29] evolution for174

DiFFs was also introduced previously [30, 31]. Recently175

this theoretical work has been applied also to DiFFs176

depending explicitly on the combined fractional energy177

z =
2Eh1h2p

s
and invariant mass mh1h2 of the hadons, in-178

stead of the hadron’s individual fractional energies, and179

including evolution as summarized in Ref. [32]. It is in180

this description that the SIDIS measurements and the181

Belle asymmetries were performed and, here we report182

the corresponding cross sections di↵erential in these two183

variables to provide the unpolarized baseline.184

The cross section at leading order in the strong cou-
pling can be described as

d2�(e+e� ! h1h2X)

dzdmh1h2

/
X

q

e2q

⇣
Dh1h2

1,q (z,mh1h2) +Dh1h2
1,q (z,mh1h2)

⌘
, (1)

where it is assumed that both hadrons emerge from the
same (anti)quark, q, and the scale dependence has been
dropped for brevity. The assumption that hadrons de-
tected in the same hemisphere, as illustrated in Fig. 1,
originate from the same initial parton is supported by the
results of Ref. [26]. To define the hemispheres a selection
of thrust axis and thrust value is required. The thrust
axis n̂ maximizes the thrust T [33]:

T
max
=

P
h |PCMS

h · n̂|P
h |PCMS

h |
. (2)

The sum extends over all detected particles, and PCMS
h185

denotes the three-momentum of particle h in the (e+e�)186

center-of-mass system (CMS).187

The cross sections for the inclusive production of di-188

hadrons of charged pions and kaons in the same hemi-189

sphere as a function of their fractional energy z and in-190

variant mass mh1h2 are presented in this paper. The191

cross sections are compared to various MC simulation192

tunes optimized for di↵erent collision systems and ener-193

gies. Various resonances in the mass spectra and distinct194

features from multi-body or subsequent decays of res-195

onances are identified with the help of MC simulations.196

Additionally, also the di-hadron cross sections after a MC197

based removal of all weak decays are presented.198

Thrust (axis):

Phenomenology of TMDs   ❺❺   Marco Radici - INFN Pavia

Hadron tomography

  problem with e+e- data

  TMD factorisation theorem exists for production of two back-to-back hadrons 

e+e-  h1+h2+X→

dσ ∼ 𝒞[FF(h1) , FF(h2)]
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hadron-pair production
single-hadron production has low discriminating power for 
parton flavor 

can use 2nd hadron in opposite hemisphere to “tag” flavor, 
transverse momentum, as well as polarization  

mainly sensitive to product of single-hadron FFs 

if hadrons in same hemisphere: dihadron fragmentation 
a la de Florian & Vanni [Phys. Lett. B 578 (2004) 139] 

a la Collins, Heppelmann & Ladinsky [NPB 420 (1994) 565]; 
Boer, Jacobs & Radici [PRD 67 (2003) 094003] 

raises question of defining hemispheres 

common choices: separation by plane normal to i) thrust axis 
or to ii) one of the two hadrons (back-to-back case) 
alternatively, via relevant kinematic variables
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This initial fractional energy selection always takes the
nominal hadron mass as given by the PID information
into account. The requirement of z > 0.1 therefore safely
accommodates pion-kaon misidentification, which is
unfolded in the course of this analysis.
In addition, in order to study whether two hadrons have

likely emerged from the same parton or different partons,
the analysis is performed on several different sets by
requiring that both hadrons be in opposite hemispheres,
the same hemisphere or anywhere as depicted in Figs. 1
and 2. For the data sets where a hemisphere assignment is

required, the hemispheres are defined by the plane
perpendicular to the thrust axis and the thrust must satisfy
T > 0.8.

B. PID selection

To apply the PID correction according to the PID
efficiency matrices described in Ref. [1], the same selection
criteria must be applied to define a charged track as a
pion, kaon, proton, electron or muon. The information is
determined from normalized likelihood ratios that are
constructed from various detector responses. If the muon-
hadron likelihood ratio is above 0.9, the track is identified
as a muon. Otherwise, if the electron-hadron likelihood
ratio is above 0.85, the track is identified as an electron. If
neither of these applies, the track is identified as a kaon by
a kaon-pion likelihood ratio above 0.6 and a kaon-proton
likelihood ratio above 0.2. Pions are identified with the
kaon-pion likelihood ratio below 0.6 and a pion-proton
ratio above 0.2. Finally, protons are identified with the
inverse proton ratios above with kaon-proton and pion-
proton ratios below 0.2. While neither muons nor electrons
are considered explicitly for the single and dihadron
analysis, they are retained as necessary contributors for
the PID correction, wherein a certain fraction enter the
pion, kaon and proton samples under study.

II. DIHADRON ANALYSIS

In the following sections, the dihadron yields are
extracted and, successively, the various corrections and
the corresponding systematic uncertainties are applied
to arrive at the dihadron differential cross sections
d2σðeþe− → h1h2XÞ=dz1dz2.

A. Binning and cross section extraction

For the dihadron cross sections, a (z1, z2) binning is used.
We forgo a combined z and invariant-mass binning of the
hadron pair; the latter, in particular, is relevant in the same-
hemisphere topology as an unpolarized baseline to the
previously extracted interference fragmentation functions
[41] and would have allowed the extraction of individual
fragmentation functions for ρ, K$, ϕ and other resonances.
The z1 and z2 ranges of 0.2 to 1.0 used in this analysis

are each partitioned into 16 equidistant bins. All hadron
and charge combinations are treated independently and are
merged only after all corrections are applied and after
confirming their consistency where applicable (i.e., where
the same combinations of fragmentation functions appear,
such as πþπþ and π−π−). This leaves 16 different charge
and type combinations for pions and kaons initially, of
which six contain irreducible information.
Furthermore, as mentioned in the Introduction, three

hemisphere combinations are studied: two hadrons in the
same hemisphere, two hadrons in opposite hemispheres
and two hadrons irrespective of hemisphere or thrust cut;

FIG. 1 (color online). Illustration of dihadron fragmentation
where the final-state hadrons are depicted as red arrows, the
incoming leptons as blue arrows, and the event plane—spanned
by leptons and thrust axis—is depicted as a light blue plane. In
this case, both hadrons are found in opposite hemispheres defined
by the thrust axis, and generally out of the plane, as indicated by
the cones.

FIG. 2 (color online). Illustration of dihadron fragmentation
where the final-state hadrons are depicted as red arrows, the
incoming leptons as blue arrows and the event plane—spanned
by leptons and initial quarks/thrust axis—is depicted as a light
blue plane. In this case, both hadrons are found in the same
hemisphere as defined by the thrust axis, and generally out of the
plane, as indicated by the cones.
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This initial fractional energy selection always takes the
nominal hadron mass as given by the PID information
into account. The requirement of z > 0.1 therefore safely
accommodates pion-kaon misidentification, which is
unfolded in the course of this analysis.
In addition, in order to study whether two hadrons have

likely emerged from the same parton or different partons,
the analysis is performed on several different sets by
requiring that both hadrons be in opposite hemispheres,
the same hemisphere or anywhere as depicted in Figs. 1
and 2. For the data sets where a hemisphere assignment is

required, the hemispheres are defined by the plane
perpendicular to the thrust axis and the thrust must satisfy
T > 0.8.

B. PID selection

To apply the PID correction according to the PID
efficiency matrices described in Ref. [1], the same selection
criteria must be applied to define a charged track as a
pion, kaon, proton, electron or muon. The information is
determined from normalized likelihood ratios that are
constructed from various detector responses. If the muon-
hadron likelihood ratio is above 0.9, the track is identified
as a muon. Otherwise, if the electron-hadron likelihood
ratio is above 0.85, the track is identified as an electron. If
neither of these applies, the track is identified as a kaon by
a kaon-pion likelihood ratio above 0.6 and a kaon-proton
likelihood ratio above 0.2. Pions are identified with the
kaon-pion likelihood ratio below 0.6 and a pion-proton
ratio above 0.2. Finally, protons are identified with the
inverse proton ratios above with kaon-proton and pion-
proton ratios below 0.2. While neither muons nor electrons
are considered explicitly for the single and dihadron
analysis, they are retained as necessary contributors for
the PID correction, wherein a certain fraction enter the
pion, kaon and proton samples under study.

II. DIHADRON ANALYSIS

In the following sections, the dihadron yields are
extracted and, successively, the various corrections and
the corresponding systematic uncertainties are applied
to arrive at the dihadron differential cross sections
d2σðeþe− → h1h2XÞ=dz1dz2.

A. Binning and cross section extraction

For the dihadron cross sections, a (z1, z2) binning is used.
We forgo a combined z and invariant-mass binning of the
hadron pair; the latter, in particular, is relevant in the same-
hemisphere topology as an unpolarized baseline to the
previously extracted interference fragmentation functions
[41] and would have allowed the extraction of individual
fragmentation functions for ρ, K$, ϕ and other resonances.
The z1 and z2 ranges of 0.2 to 1.0 used in this analysis

are each partitioned into 16 equidistant bins. All hadron
and charge combinations are treated independently and are
merged only after all corrections are applied and after
confirming their consistency where applicable (i.e., where
the same combinations of fragmentation functions appear,
such as πþπþ and π−π−). This leaves 16 different charge
and type combinations for pions and kaons initially, of
which six contain irreducible information.
Furthermore, as mentioned in the Introduction, three

hemisphere combinations are studied: two hadrons in the
same hemisphere, two hadrons in opposite hemispheres
and two hadrons irrespective of hemisphere or thrust cut;

FIG. 1 (color online). Illustration of dihadron fragmentation
where the final-state hadrons are depicted as red arrows, the
incoming leptons as blue arrows, and the event plane—spanned
by leptons and thrust axis—is depicted as a light blue plane. In
this case, both hadrons are found in opposite hemispheres defined
by the thrust axis, and generally out of the plane, as indicated by
the cones.

FIG. 2 (color online). Illustration of dihadron fragmentation
where the final-state hadrons are depicted as red arrows, the
incoming leptons as blue arrows and the event plane—spanned
by leptons and initial quarks/thrust axis—is depicted as a light
blue plane. In this case, both hadrons are found in the same
hemisphere as defined by the thrust axis, and generally out of the
plane, as indicated by the cones.
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non unique way to 
distinguish back-to-back 
from same emisphere 

(and from Di-hadron FF, 
DiFF(h1,h2) )

Belle,  PRD 101 (20) 092004
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inclusive hadrons - transverse momentum

quasi-inclusive hadron production gives access to 
transverse momentum in fragmentation 

transverse momentum measured with respect to  
thrust axis n 

involves sum over all final-state particles in event 

event selection and hadron distributions dependent on 
thrust value T required 

low thrust -> more spherical 

high thrust -> highly collimated
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with fractional energy z ¼ 2Eh=
ffiffiffi
s

p
, and transverse

momentum kT at the scale Q ¼
ffiffiffi
s

p
. Experimentally, the

transverse momentum of the hadron is calculated relative to
the thrust axis n̂ which maximizes the event-shape variable
thrust T [31]:

T ¼max
P

hjPCMS
h · n̂jP

hjPCMS
h j

: ð1Þ

The sum extends over all detected particles, and PCMS
h

denotes the momentum of particle h in the center-of-mass
system, CMS.
As the thrust variable describes how collimated all

particles in an event are, the results are presented in bins
of this value.
The paper is organized as follows: the detector setup and

reconstruction criteria are detailed in Sec. II, in Sec. III the
various corrections to get from the raw spectra to the final
cross sections are discussed. In Sec. IV the results are shown
and compared toMonte Carlo (MC) tunes beforewe proceed
to study the transverse-momentumbehavior viaGaussian fits
for small transverse momenta. We conclude with a summary
in Sec. V. (Note: Additional figures and data files are
available online in the Supplemental Material [32].)

II. BELLE DETECTOR AND DATA SELECTION

This single-hadron cross-sectionmeasurement is based on
a data sample of 558 fb−1 collected with the Belle detector at
the KEKB asymmetric-energy eþe− (3.5 GeV on 8 GeV)
collider [33,34] operating at theϒð4SÞ resonance (denoted as
on-resonance), as well as a smaller data set taken 60 MeV
below for comparison (denoted as continuum).
The Belle detector is a large-solid-angle magnetic

spectrometer that consists of a silicon vertex detector
(SVD), a 50-layer central drift chamber, an array of aerogel
threshold Cherenkov counters, a barrel-like arrangement of
time-of-flight scintillation counters, and an electromagnetic
calorimeter comprised of CsI(Tl) crystals located inside a
superconducting solenoid coil that provides a 1.5 T mag-
netic field. An iron flux return located outside of the coil is
instrumented to detect K0

L mesons and to identify muons.
The detector is described in detail elsewhere [35,36].
A 1.5 cm beampipe with 1 mm thickness and a four-layer
SVD and a small-cell inner drift chamber were used to
record 558 fb−1 [37].
The primary light (uds)- and charm-quark simulations

used in this analysis were generated using PYTHIA6.2 [38],
embedded into the EVTGEN [39] framework, followed by a
GEANT3 [40] simulation of the detector response. The
various MC samples were produced separately for light
(uds) and charm quarks, and on the generator level several
JETSET [41] settings were produced in order to study their
impact. For generator level MC to data comparisons, long-
lived weak decays, which normally are handled in GEANT,
were allowed in EVTGEN. In addition, we generated

charged and neutral B meson pairs from ϒð4SÞ decays
in EVTGEN, τ pair events with the KKMC [42,43] generator
and the TAUOLA [44] decay package, and other events with
either PYTHIA or dedicated generators [45] such as for two-
photon processes.

A. Event and track selection

The goal of this analysis is to extract hadron cross
sections from uds and charm pair events. Therefore events
are required to have a visible energy of all detected charged
tracks and neutral clusters above 7 GeV (to remove τ pair
events) and either a heavy-jet mass (the greater of the
invariant masses of all particles in a hemisphere as
generated by the plane perpendicular to the thrust axis)
above 1.8 GeV=c2 or a ratio of the heavy-jet mass to visible
energy above 0.25. Also, events need to have at least three
reconstructed charged tracks, which reduces two-photon
processes. The thrust value is calculated as described
above, where all detected particles and neutral clusters
are included. For the charged particles, the mass hypothesis
for the identified particle type is taken into account when
boosting into the CMS. The thrust axis is required to point
into the barrel part of the detector by having a z component
jn̂zj < 0.75 in order to reduce the amount of thrust-axis
smearing due to undetected particles in the forward/back-
ward regions. Tracks are required to be within 4 cm (2 cm)
of the interaction point along (perpendicular to) the
positron beam axis. Each track is required to have at least
three SVD hits and fall within the polar-angular acceptance
of −0.511 < cos θlab < 0.842 in order to have Particle
Identification (PID) information from all relevant PID
detectors. The fractional energy of each track is required
to exceed 0.1 and the transverse momentum with respect to
the thrust axis is then calculated in the CMS as illustrated in
Fig. 1. Also a minimum transverse momentum in the

FIG. 1. Illustration of transverse-momentum-dependent single
hadron fragmentation where the final-state hadron is depicted as a
red arrow, the incoming leptons as blue arrows, and the event
plane—spanned by leptons (blue lines) and initial quarks/thrust
axis n (purple line)—is depicted as a light blue plane. The
transverse momentum PhT is calculated relative to the thrust axis
and depicted by the red, dashed line.
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obtained from a 655 fb�1 data sample collected near the ⌥(4S) resonance with the Belle detector
at the KEKB asymmetric-energy e+e� collider.

Fragmentation functions allow us to understand the109

transition of asymptotically free partons into several con-110

fined hadrons. They cannot be calculated from first prin-111

ciples and thus need to be extracted experimentally. One112

of the main ways of obtaining them is via cross section113

or multiplicity measurements in electron-positron anni-114

hilation where no hadrons are present in the initial state.115

For many processes, factorization is assumed or proven116

to certain orders of the strong coupling and fragmenta-117

tion functions as well as parton distribution functions118

are considered universal. Because of this universality,119

these functions extracted in one process can be applied120

to another process. As such, the knowledge of fragmen-121

tation functions is, for example, used to extract various122

spin-dependent parton distribution functions in polarized123

semi-inclusive deep-inelastic scattering (SIDIS) and po-124

larized hadron collisions. In particular, the extraction125

of the chiral-odd transversity distribution functions [1]126

and their related tensor charges so far entirely relies on127

transverse spin dependent fragmentation functions.128

The Belle experiment was the first to provide asym-129

metries [2] related to the single-hadron Collins fragmen-130

tation function [3]. These asymmetries rely on an ex-131

plicit transverse-momentum dependence of fragmenta-132

tion functions. The Collins fragmentation function de-133

scribes a correlation between the direction of an outgoing134

transversely polarized quark, its spin orientation and the135

azimuthal distribution of final-state hadrons, and serves136

as a transverse-spin analyzer. Collins asymmetries were137

extracted for pions and kaons in several SIDIS measure-138

ments so far [4–8], where they are convolved with the139

transversity distributions of interest, as well as recently140

in proton-proton collisions for pions [9]. The correspond-141

ing Collins fragmentation measurements were obtained142

in various electron-positron annihilation experiments for143

pions [2, 10, 11] and recently also kaons [12] based on144

the description of Ref. [13]. Some of these measurements145

have already been included in global transversity extrac-146

tions [14–17].147

An alternative way of accessing quark transversity is148

via di-hadron fragmentation functions [18–20]. This has149

the advantage of being based on collinear factorization.150

Also here Belle has provided the corresponding asym-151

metries related to the polarized fragmentation functions152

[21], which were used with the SIDIS measurements153

[22, 23] in a global analysis [24] (although not yet with154

the relevant measurements from proton-proton collisions155

[25]) to extract transversity in a collinear approach.156

In both approaches of transversity extraction, several157

assumptions had to be made due to the lack of su�-158

cient measurements. In the Collins-based extractions,159

the explicit transverse-momentum dependence was until160

recently unknown and is still poorly constrained. In the161

di-hadron based extractions, the corresponding unpolar-162

ized di-hadron fragmentation functions were not avail-163

able so far and theorists used Monte Carlo (MC) simu-164

lations to estimate those. This publication provides the165

unpolarized baseline for the measurements related to the166

spin-dependent di-hadron fragmentation functions.167

In a previous publication [26] the focus was on two-168

hadron cross sections di↵erential in their individual frac-169

tional energies z1 = 2Eh1/
p
s and (likewise) z2. In170

this description, the two-hadron production can be de-171

scribed by di-hadron fragmentation functions (DiFF),172

initially introduced in Ref. [27] and based on the for-173

malism developed in Ref. [28]. DGLAP [29] evolution for174

DiFFs was also introduced previously [30, 31]. Recently175

this theoretical work has been applied also to DiFFs176

depending explicitly on the combined fractional energy177

z =
2Eh1h2p

s
and invariant mass mh1h2 of the hadons, in-178

stead of the hadron’s individual fractional energies, and179

including evolution as summarized in Ref. [32]. It is in180

this description that the SIDIS measurements and the181

Belle asymmetries were performed and, here we report182

the corresponding cross sections di↵erential in these two183

variables to provide the unpolarized baseline.184

The cross section at leading order in the strong cou-
pling can be described as

d2�(e+e� ! h1h2X)

dzdmh1h2

/
X

q

e2q

⇣
Dh1h2

1,q (z,mh1h2) +Dh1h2
1,q (z,mh1h2)

⌘
, (1)

where it is assumed that both hadrons emerge from the
same (anti)quark, q, and the scale dependence has been
dropped for brevity. The assumption that hadrons de-
tected in the same hemisphere, as illustrated in Fig. 1,
originate from the same initial parton is supported by the
results of Ref. [26]. To define the hemispheres a selection
of thrust axis and thrust value is required. The thrust
axis n̂ maximizes the thrust T [33]:

T
max
=

P
h |PCMS

h · n̂|P
h |PCMS

h |
. (2)

The sum extends over all detected particles, and PCMS
h185

denotes the three-momentum of particle h in the (e+e�)186

center-of-mass system (CMS).187

The cross sections for the inclusive production of di-188

hadrons of charged pions and kaons in the same hemi-189

sphere as a function of their fractional energy z and in-190

variant mass mh1h2 are presented in this paper. The191

cross sections are compared to various MC simulation192

tunes optimized for di↵erent collision systems and ener-193

gies. Various resonances in the mass spectra and distinct194

features from multi-body or subsequent decays of res-195

onances are identified with the help of MC simulations.196

Additionally, also the di-hadron cross sections after a MC197

based removal of all weak decays are presented.198
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This initial fractional energy selection always takes the
nominal hadron mass as given by the PID information
into account. The requirement of z > 0.1 therefore safely
accommodates pion-kaon misidentification, which is
unfolded in the course of this analysis.
In addition, in order to study whether two hadrons have

likely emerged from the same parton or different partons,
the analysis is performed on several different sets by
requiring that both hadrons be in opposite hemispheres,
the same hemisphere or anywhere as depicted in Figs. 1
and 2. For the data sets where a hemisphere assignment is

required, the hemispheres are defined by the plane
perpendicular to the thrust axis and the thrust must satisfy
T > 0.8.

B. PID selection

To apply the PID correction according to the PID
efficiency matrices described in Ref. [1], the same selection
criteria must be applied to define a charged track as a
pion, kaon, proton, electron or muon. The information is
determined from normalized likelihood ratios that are
constructed from various detector responses. If the muon-
hadron likelihood ratio is above 0.9, the track is identified
as a muon. Otherwise, if the electron-hadron likelihood
ratio is above 0.85, the track is identified as an electron. If
neither of these applies, the track is identified as a kaon by
a kaon-pion likelihood ratio above 0.6 and a kaon-proton
likelihood ratio above 0.2. Pions are identified with the
kaon-pion likelihood ratio below 0.6 and a pion-proton
ratio above 0.2. Finally, protons are identified with the
inverse proton ratios above with kaon-proton and pion-
proton ratios below 0.2. While neither muons nor electrons
are considered explicitly for the single and dihadron
analysis, they are retained as necessary contributors for
the PID correction, wherein a certain fraction enter the
pion, kaon and proton samples under study.

II. DIHADRON ANALYSIS

In the following sections, the dihadron yields are
extracted and, successively, the various corrections and
the corresponding systematic uncertainties are applied
to arrive at the dihadron differential cross sections
d2σðeþe− → h1h2XÞ=dz1dz2.

A. Binning and cross section extraction

For the dihadron cross sections, a (z1, z2) binning is used.
We forgo a combined z and invariant-mass binning of the
hadron pair; the latter, in particular, is relevant in the same-
hemisphere topology as an unpolarized baseline to the
previously extracted interference fragmentation functions
[41] and would have allowed the extraction of individual
fragmentation functions for ρ, K$, ϕ and other resonances.
The z1 and z2 ranges of 0.2 to 1.0 used in this analysis

are each partitioned into 16 equidistant bins. All hadron
and charge combinations are treated independently and are
merged only after all corrections are applied and after
confirming their consistency where applicable (i.e., where
the same combinations of fragmentation functions appear,
such as πþπþ and π−π−). This leaves 16 different charge
and type combinations for pions and kaons initially, of
which six contain irreducible information.
Furthermore, as mentioned in the Introduction, three

hemisphere combinations are studied: two hadrons in the
same hemisphere, two hadrons in opposite hemispheres
and two hadrons irrespective of hemisphere or thrust cut;

FIG. 1 (color online). Illustration of dihadron fragmentation
where the final-state hadrons are depicted as red arrows, the
incoming leptons as blue arrows, and the event plane—spanned
by leptons and thrust axis—is depicted as a light blue plane. In
this case, both hadrons are found in opposite hemispheres defined
by the thrust axis, and generally out of the plane, as indicated by
the cones.

FIG. 2 (color online). Illustration of dihadron fragmentation
where the final-state hadrons are depicted as red arrows, the
incoming leptons as blue arrows and the event plane—spanned
by leptons and initial quarks/thrust axis—is depicted as a light
blue plane. In this case, both hadrons are found in the same
hemisphere as defined by the thrust axis, and generally out of the
plane, as indicated by the cones.
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This initial fractional energy selection always takes the
nominal hadron mass as given by the PID information
into account. The requirement of z > 0.1 therefore safely
accommodates pion-kaon misidentification, which is
unfolded in the course of this analysis.
In addition, in order to study whether two hadrons have

likely emerged from the same parton or different partons,
the analysis is performed on several different sets by
requiring that both hadrons be in opposite hemispheres,
the same hemisphere or anywhere as depicted in Figs. 1
and 2. For the data sets where a hemisphere assignment is

required, the hemispheres are defined by the plane
perpendicular to the thrust axis and the thrust must satisfy
T > 0.8.

B. PID selection

To apply the PID correction according to the PID
efficiency matrices described in Ref. [1], the same selection
criteria must be applied to define a charged track as a
pion, kaon, proton, electron or muon. The information is
determined from normalized likelihood ratios that are
constructed from various detector responses. If the muon-
hadron likelihood ratio is above 0.9, the track is identified
as a muon. Otherwise, if the electron-hadron likelihood
ratio is above 0.85, the track is identified as an electron. If
neither of these applies, the track is identified as a kaon by
a kaon-pion likelihood ratio above 0.6 and a kaon-proton
likelihood ratio above 0.2. Pions are identified with the
kaon-pion likelihood ratio below 0.6 and a pion-proton
ratio above 0.2. Finally, protons are identified with the
inverse proton ratios above with kaon-proton and pion-
proton ratios below 0.2. While neither muons nor electrons
are considered explicitly for the single and dihadron
analysis, they are retained as necessary contributors for
the PID correction, wherein a certain fraction enter the
pion, kaon and proton samples under study.

II. DIHADRON ANALYSIS

In the following sections, the dihadron yields are
extracted and, successively, the various corrections and
the corresponding systematic uncertainties are applied
to arrive at the dihadron differential cross sections
d2σðeþe− → h1h2XÞ=dz1dz2.

A. Binning and cross section extraction

For the dihadron cross sections, a (z1, z2) binning is used.
We forgo a combined z and invariant-mass binning of the
hadron pair; the latter, in particular, is relevant in the same-
hemisphere topology as an unpolarized baseline to the
previously extracted interference fragmentation functions
[41] and would have allowed the extraction of individual
fragmentation functions for ρ, K$, ϕ and other resonances.
The z1 and z2 ranges of 0.2 to 1.0 used in this analysis

are each partitioned into 16 equidistant bins. All hadron
and charge combinations are treated independently and are
merged only after all corrections are applied and after
confirming their consistency where applicable (i.e., where
the same combinations of fragmentation functions appear,
such as πþπþ and π−π−). This leaves 16 different charge
and type combinations for pions and kaons initially, of
which six contain irreducible information.
Furthermore, as mentioned in the Introduction, three

hemisphere combinations are studied: two hadrons in the
same hemisphere, two hadrons in opposite hemispheres
and two hadrons irrespective of hemisphere or thrust cut;

FIG. 1 (color online). Illustration of dihadron fragmentation
where the final-state hadrons are depicted as red arrows, the
incoming leptons as blue arrows, and the event plane—spanned
by leptons and thrust axis—is depicted as a light blue plane. In
this case, both hadrons are found in opposite hemispheres defined
by the thrust axis, and generally out of the plane, as indicated by
the cones.

FIG. 2 (color online). Illustration of dihadron fragmentation
where the final-state hadrons are depicted as red arrows, the
incoming leptons as blue arrows and the event plane—spanned
by leptons and initial quarks/thrust axis—is depicted as a light
blue plane. In this case, both hadrons are found in the same
hemisphere as defined by the thrust axis, and generally out of the
plane, as indicated by the cones.
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obtained from a 655 fb�1 data sample collected near the ⌥(4S) resonance with the Belle detector
at the KEKB asymmetric-energy e+e� collider.

Fragmentation functions allow us to understand the109

transition of asymptotically free partons into several con-110

fined hadrons. They cannot be calculated from first prin-111

ciples and thus need to be extracted experimentally. One112

of the main ways of obtaining them is via cross section113

or multiplicity measurements in electron-positron anni-114

hilation where no hadrons are present in the initial state.115

For many processes, factorization is assumed or proven116

to certain orders of the strong coupling and fragmenta-117

tion functions as well as parton distribution functions118

are considered universal. Because of this universality,119

these functions extracted in one process can be applied120

to another process. As such, the knowledge of fragmen-121

tation functions is, for example, used to extract various122

spin-dependent parton distribution functions in polarized123

semi-inclusive deep-inelastic scattering (SIDIS) and po-124

larized hadron collisions. In particular, the extraction125

of the chiral-odd transversity distribution functions [1]126

and their related tensor charges so far entirely relies on127

transverse spin dependent fragmentation functions.128

The Belle experiment was the first to provide asym-129

metries [2] related to the single-hadron Collins fragmen-130

tation function [3]. These asymmetries rely on an ex-131

plicit transverse-momentum dependence of fragmenta-132

tion functions. The Collins fragmentation function de-133

scribes a correlation between the direction of an outgoing134

transversely polarized quark, its spin orientation and the135

azimuthal distribution of final-state hadrons, and serves136

as a transverse-spin analyzer. Collins asymmetries were137

extracted for pions and kaons in several SIDIS measure-138

ments so far [4–8], where they are convolved with the139

transversity distributions of interest, as well as recently140

in proton-proton collisions for pions [9]. The correspond-141

ing Collins fragmentation measurements were obtained142

in various electron-positron annihilation experiments for143

pions [2, 10, 11] and recently also kaons [12] based on144

the description of Ref. [13]. Some of these measurements145

have already been included in global transversity extrac-146

tions [14–17].147

An alternative way of accessing quark transversity is148

via di-hadron fragmentation functions [18–20]. This has149

the advantage of being based on collinear factorization.150

Also here Belle has provided the corresponding asym-151

metries related to the polarized fragmentation functions152

[21], which were used with the SIDIS measurements153

[22, 23] in a global analysis [24] (although not yet with154

the relevant measurements from proton-proton collisions155

[25]) to extract transversity in a collinear approach.156

In both approaches of transversity extraction, several157

assumptions had to be made due to the lack of su�-158

cient measurements. In the Collins-based extractions,159

the explicit transverse-momentum dependence was until160

recently unknown and is still poorly constrained. In the161

di-hadron based extractions, the corresponding unpolar-162

ized di-hadron fragmentation functions were not avail-163

able so far and theorists used Monte Carlo (MC) simu-164

lations to estimate those. This publication provides the165

unpolarized baseline for the measurements related to the166

spin-dependent di-hadron fragmentation functions.167

In a previous publication [26] the focus was on two-168

hadron cross sections di↵erential in their individual frac-169

tional energies z1 = 2Eh1/
p
s and (likewise) z2. In170

this description, the two-hadron production can be de-171

scribed by di-hadron fragmentation functions (DiFF),172

initially introduced in Ref. [27] and based on the for-173

malism developed in Ref. [28]. DGLAP [29] evolution for174

DiFFs was also introduced previously [30, 31]. Recently175

this theoretical work has been applied also to DiFFs176

depending explicitly on the combined fractional energy177

z =
2Eh1h2p

s
and invariant mass mh1h2 of the hadons, in-178

stead of the hadron’s individual fractional energies, and179

including evolution as summarized in Ref. [32]. It is in180

this description that the SIDIS measurements and the181

Belle asymmetries were performed and, here we report182

the corresponding cross sections di↵erential in these two183

variables to provide the unpolarized baseline.184

The cross section at leading order in the strong cou-
pling can be described as

d2�(e+e� ! h1h2X)

dzdmh1h2

/
X

q

e2q

⇣
Dh1h2

1,q (z,mh1h2) +Dh1h2
1,q (z,mh1h2)

⌘
, (1)

where it is assumed that both hadrons emerge from the
same (anti)quark, q, and the scale dependence has been
dropped for brevity. The assumption that hadrons de-
tected in the same hemisphere, as illustrated in Fig. 1,
originate from the same initial parton is supported by the
results of Ref. [26]. To define the hemispheres a selection
of thrust axis and thrust value is required. The thrust
axis n̂ maximizes the thrust T [33]:

T
max
=

P
h |PCMS

h · n̂|P
h |PCMS

h |
. (2)

The sum extends over all detected particles, and PCMS
h185

denotes the three-momentum of particle h in the (e+e�)186

center-of-mass system (CMS).187

The cross sections for the inclusive production of di-188

hadrons of charged pions and kaons in the same hemi-189

sphere as a function of their fractional energy z and in-190

variant mass mh1h2 are presented in this paper. The191

cross sections are compared to various MC simulation192

tunes optimized for di↵erent collision systems and ener-193

gies. Various resonances in the mass spectra and distinct194

features from multi-body or subsequent decays of res-195

onances are identified with the help of MC simulations.196

Additionally, also the di-hadron cross sections after a MC197

based removal of all weak decays are presented.198

Thrust (axis):
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Hadron tomography

  problem with e+e- data

  TMD factorisation theorem exists for production of two back-to-back hadrons 

e+e-  h1+h2+X→

dσ ∼ 𝒞[FF(h1) , FF(h2)]
Sar WorS 2021Gunar Schnell 

hadron-pair production
single-hadron production has low discriminating power for 
parton flavor 

can use 2nd hadron in opposite hemisphere to “tag” flavor, 
transverse momentum, as well as polarization  

mainly sensitive to product of single-hadron FFs 

if hadrons in same hemisphere: dihadron fragmentation 
a la de Florian & Vanni [Phys. Lett. B 578 (2004) 139] 

a la Collins, Heppelmann & Ladinsky [NPB 420 (1994) 565]; 
Boer, Jacobs & Radici [PRD 67 (2003) 094003] 

raises question of defining hemispheres 

common choices: separation by plane normal to i) thrust axis 
or to ii) one of the two hadrons (back-to-back case) 
alternatively, via relevant kinematic variables
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This initial fractional energy selection always takes the
nominal hadron mass as given by the PID information
into account. The requirement of z > 0.1 therefore safely
accommodates pion-kaon misidentification, which is
unfolded in the course of this analysis.
In addition, in order to study whether two hadrons have

likely emerged from the same parton or different partons,
the analysis is performed on several different sets by
requiring that both hadrons be in opposite hemispheres,
the same hemisphere or anywhere as depicted in Figs. 1
and 2. For the data sets where a hemisphere assignment is

required, the hemispheres are defined by the plane
perpendicular to the thrust axis and the thrust must satisfy
T > 0.8.

B. PID selection

To apply the PID correction according to the PID
efficiency matrices described in Ref. [1], the same selection
criteria must be applied to define a charged track as a
pion, kaon, proton, electron or muon. The information is
determined from normalized likelihood ratios that are
constructed from various detector responses. If the muon-
hadron likelihood ratio is above 0.9, the track is identified
as a muon. Otherwise, if the electron-hadron likelihood
ratio is above 0.85, the track is identified as an electron. If
neither of these applies, the track is identified as a kaon by
a kaon-pion likelihood ratio above 0.6 and a kaon-proton
likelihood ratio above 0.2. Pions are identified with the
kaon-pion likelihood ratio below 0.6 and a pion-proton
ratio above 0.2. Finally, protons are identified with the
inverse proton ratios above with kaon-proton and pion-
proton ratios below 0.2. While neither muons nor electrons
are considered explicitly for the single and dihadron
analysis, they are retained as necessary contributors for
the PID correction, wherein a certain fraction enter the
pion, kaon and proton samples under study.

II. DIHADRON ANALYSIS

In the following sections, the dihadron yields are
extracted and, successively, the various corrections and
the corresponding systematic uncertainties are applied
to arrive at the dihadron differential cross sections
d2σðeþe− → h1h2XÞ=dz1dz2.

A. Binning and cross section extraction

For the dihadron cross sections, a (z1, z2) binning is used.
We forgo a combined z and invariant-mass binning of the
hadron pair; the latter, in particular, is relevant in the same-
hemisphere topology as an unpolarized baseline to the
previously extracted interference fragmentation functions
[41] and would have allowed the extraction of individual
fragmentation functions for ρ, K$, ϕ and other resonances.
The z1 and z2 ranges of 0.2 to 1.0 used in this analysis

are each partitioned into 16 equidistant bins. All hadron
and charge combinations are treated independently and are
merged only after all corrections are applied and after
confirming their consistency where applicable (i.e., where
the same combinations of fragmentation functions appear,
such as πþπþ and π−π−). This leaves 16 different charge
and type combinations for pions and kaons initially, of
which six contain irreducible information.
Furthermore, as mentioned in the Introduction, three

hemisphere combinations are studied: two hadrons in the
same hemisphere, two hadrons in opposite hemispheres
and two hadrons irrespective of hemisphere or thrust cut;

FIG. 1 (color online). Illustration of dihadron fragmentation
where the final-state hadrons are depicted as red arrows, the
incoming leptons as blue arrows, and the event plane—spanned
by leptons and thrust axis—is depicted as a light blue plane. In
this case, both hadrons are found in opposite hemispheres defined
by the thrust axis, and generally out of the plane, as indicated by
the cones.

FIG. 2 (color online). Illustration of dihadron fragmentation
where the final-state hadrons are depicted as red arrows, the
incoming leptons as blue arrows and the event plane—spanned
by leptons and initial quarks/thrust axis—is depicted as a light
blue plane. In this case, both hadrons are found in the same
hemisphere as defined by the thrust axis, and generally out of the
plane, as indicated by the cones.
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This initial fractional energy selection always takes the
nominal hadron mass as given by the PID information
into account. The requirement of z > 0.1 therefore safely
accommodates pion-kaon misidentification, which is
unfolded in the course of this analysis.
In addition, in order to study whether two hadrons have

likely emerged from the same parton or different partons,
the analysis is performed on several different sets by
requiring that both hadrons be in opposite hemispheres,
the same hemisphere or anywhere as depicted in Figs. 1
and 2. For the data sets where a hemisphere assignment is

required, the hemispheres are defined by the plane
perpendicular to the thrust axis and the thrust must satisfy
T > 0.8.

B. PID selection

To apply the PID correction according to the PID
efficiency matrices described in Ref. [1], the same selection
criteria must be applied to define a charged track as a
pion, kaon, proton, electron or muon. The information is
determined from normalized likelihood ratios that are
constructed from various detector responses. If the muon-
hadron likelihood ratio is above 0.9, the track is identified
as a muon. Otherwise, if the electron-hadron likelihood
ratio is above 0.85, the track is identified as an electron. If
neither of these applies, the track is identified as a kaon by
a kaon-pion likelihood ratio above 0.6 and a kaon-proton
likelihood ratio above 0.2. Pions are identified with the
kaon-pion likelihood ratio below 0.6 and a pion-proton
ratio above 0.2. Finally, protons are identified with the
inverse proton ratios above with kaon-proton and pion-
proton ratios below 0.2. While neither muons nor electrons
are considered explicitly for the single and dihadron
analysis, they are retained as necessary contributors for
the PID correction, wherein a certain fraction enter the
pion, kaon and proton samples under study.

II. DIHADRON ANALYSIS

In the following sections, the dihadron yields are
extracted and, successively, the various corrections and
the corresponding systematic uncertainties are applied
to arrive at the dihadron differential cross sections
d2σðeþe− → h1h2XÞ=dz1dz2.

A. Binning and cross section extraction

For the dihadron cross sections, a (z1, z2) binning is used.
We forgo a combined z and invariant-mass binning of the
hadron pair; the latter, in particular, is relevant in the same-
hemisphere topology as an unpolarized baseline to the
previously extracted interference fragmentation functions
[41] and would have allowed the extraction of individual
fragmentation functions for ρ, K$, ϕ and other resonances.
The z1 and z2 ranges of 0.2 to 1.0 used in this analysis

are each partitioned into 16 equidistant bins. All hadron
and charge combinations are treated independently and are
merged only after all corrections are applied and after
confirming their consistency where applicable (i.e., where
the same combinations of fragmentation functions appear,
such as πþπþ and π−π−). This leaves 16 different charge
and type combinations for pions and kaons initially, of
which six contain irreducible information.
Furthermore, as mentioned in the Introduction, three

hemisphere combinations are studied: two hadrons in the
same hemisphere, two hadrons in opposite hemispheres
and two hadrons irrespective of hemisphere or thrust cut;

FIG. 1 (color online). Illustration of dihadron fragmentation
where the final-state hadrons are depicted as red arrows, the
incoming leptons as blue arrows, and the event plane—spanned
by leptons and thrust axis—is depicted as a light blue plane. In
this case, both hadrons are found in opposite hemispheres defined
by the thrust axis, and generally out of the plane, as indicated by
the cones.

FIG. 2 (color online). Illustration of dihadron fragmentation
where the final-state hadrons are depicted as red arrows, the
incoming leptons as blue arrows and the event plane—spanned
by leptons and initial quarks/thrust axis—is depicted as a light
blue plane. In this case, both hadrons are found in the same
hemisphere as defined by the thrust axis, and generally out of the
plane, as indicated by the cones.
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Belle,  PRD 101 (20) 092004

  e+e-  h+X   data available 

                        dσ depends on z, PT, and thrust

→
T =

∑i Pi ⋅ n̂
∑i |Pi |

depending on where h is inside the jet  different factorisation th.’s

                                                                 some not well established

→

Boglione, Simonelli, JHEP 02 (21) 076

Makris, Ringer, Waalewijn, JHEP 02 (21) 070

Kang, Shao, Zhao, JHEP 12 (20) 127

Boglione, Simonelli, in preparation

work in progress, see 

Belle,  PRD 99 (19) 112006

non unique way to 
distinguish back-to-back 
from same emisphere 

(and from Di-hadron FF, 
DiFF(h1,h2) )
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EIC impact on unpolarised TMD

CS-kernel

I Huge reduction of uncertainties for CS-kernel
I Large reduction for TMDFF and TMDPDF

unpolarized TMDPDF

unpolarized TMDFF

A.Vladimirov artemide October 28, 2020 13 / 14

using SV19 parametrisation

Vladimirov, talk at Snowmass 2021 EF06-EF07 meeting, 28 Oct. 2020


see also  EIC Yellow Report, arXiv:2103.05419
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Overview of current TMD phenomenology

Asin(ϕh−ϕS)
UT ∝

Fsin(ϕh−ϕS)
UT

FUU
∼

f⊥
1T ⊗ D1

f1 ⊗ D1

Sivers effect
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Overview of current TMD phenomenology

Asin(ϕh−ϕS)
UT ∝

Fsin(ϕh−ϕS)
UT

FUU
∼

f⊥
1T ⊗ D1

f1 ⊗ D1

Sivers effect

Vogelsang & Yuan, P.R. D72 (05) 054028

Collins et al., P.R. D73 (06) 014021

Bacchetta & Radici, P.R.L. 107 (11) 212001

Anselmino, Boglione, Melis, P.R. D86 (12) 014028

Aybat, Prokudin, Rogers, P.R.L. 108 (12) 242003

Sun  & Yuan, P.R. D88 (13) 034016

Boer, N.P. B874 (13) 217  

Echevarria et al., P.R. D89 (14)

Boglione et al., JHEP 07 (18)  …

Long record of extractions of kT-moment of Sivers

f⊥ (1)
1T (x) = ∫ dk⊥

k2
⊥

2M2
f⊥
1T(x, k2

⊥)

from kT-weighted SSA AUT
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Recent analyses

Framework SIDIS DY W/Z 
production e+e- N of points

JAM 20 
arXiv:2002.08384

extended 
parton model ✔ ✔ ✔ ✔ 517

Pavia 2020 
arXiv:2004.14278 LO+NLL ✔ in progress in progress ✘ 118 (+32)

EKT 2020 
arXiv:2009.10710  NLO+N2LL ✔ ✔ ✔ ✘ 243

BPV 2020 
 arXiv:2012.05135  ? ✔ ✔ ✔ ✘ 76

http://arxiv.org/abs/arXiv:2002.08384
http://arxiv.org/abs/arXiv:2009.10710
http://arxiv.org/abs/arXiv:2012.05135
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Recent analyses

Framework SIDIS DY W/Z 
production e+e- N of points

JAM 20 
arXiv:2002.08384
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parton model ✔ ✔ ✔ ✔ 517

Pavia 2020 
arXiv:2004.14278 LO+NLL ✔ in progress in progress ✘ 118 (+32)

EKT 2020 
arXiv:2009.10710  NLO+N2LL ✔ ✔ ✔ ✘ 243

BPV 2020 
 arXiv:2012.05135  ? ✔ ✔ ✔ ✘ 76

First global fit (but simplified analysis)

http://arxiv.org/abs/arXiv:2002.08384
http://arxiv.org/abs/arXiv:2009.10710
http://arxiv.org/abs/arXiv:2012.05135
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Recent analyses

Framework SIDIS DY W/Z 
production e+e- N of points

JAM 20 
arXiv:2002.08384

extended 
parton model ✔ ✔ ✔ ✔ 517

Pavia 2020 
arXiv:2004.14278 LO+NLL ✔ in progress in progress ✘ 118 (+32)
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arXiv:2009.10710  NLO+N2LL ✔ ✔ ✔ ✘ 243

BPV 2020 
 arXiv:2012.05135  ? ✔ ✔ ✔ ✘ 76

First consistent extraction of  and  in TMD framework (use PV17)f⊥
1T f1

http://arxiv.org/abs/arXiv:2002.08384
http://arxiv.org/abs/arXiv:2009.10710
http://arxiv.org/abs/arXiv:2012.05135
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Recent analyses

Framework SIDIS DY W/Z 
production e+e- N of points

JAM 20 
arXiv:2002.08384

extended 
parton model ✔ ✔ ✔ ✔ 517

Pavia 2020 
arXiv:2004.14278 LO+NLL ✔ in progress in progress ✘ 118 (+32)

EKT 2020 
arXiv:2009.10710  NLO+N2LL ✔ ✔ ✔ ✘ 243

BPV 2020 
 arXiv:2012.05135  ? ✔ ✔ ✔ ✘ 76

Perturbative matching coeffs. of  onto collinear function at small bT are known only at NLO. 

Authors replace matching formula with fitting parametrisation, and use SV19 for f1 and D1

The claim is that in their (ζ-prescription) scheme they can mix different descriptions of numerator 

and denominator of the asymmetry, hence overall perturbative accuracy is same as SV19, namely N2LO (+N3LO).

Also, resulting Sivers function violates positivity bounds at medium-large x

f⊥
1T

In Fig. 15, we demonstrate the impact of QCD evolution in the momentum space. We show u

quark Sivers function calculated by Eq. (4.4) at four different scales Q = 1.5, 5, 20, 91 GeV. As one
can see, the evolution modifies the shape and the amplitude of the Sivers function.

4.3 Positivity constraints for the Sivers function

In Ref. [108] the positivity constraints for TMD distributions were derived assuming the positive-
definiteness of the polarization matrix due to its probabilistic interpretation in the parton model.
In particular, the positivity constraint involving the Sivers function is

k
2
T

M2

�
g1T (x, kT )2 + f

?
1T (x, kT )2

�
6 f1(x, kT )2, (4.5)

where g1T is the worm-gear T or Kotzinian-Mulders [109, 110] function. Generally, such positivity
constraints are not respected in the quantum field theory due to renormalization effects, which are
only enhanced in the TMD case by renormalizing rapidity divergences. Recall in particular that
even cross-sections become negative in the region outside of the TMD factorization validity. In some
cases the violation of positivity constraints is very significant, e.g., for linearly polarized gluon TMD
PDF discussed in Ref. [111]. As far as our analysis includes the TMD evolution, we expect that
the positivity constraint is not applicable, given that it is based on the tree order approximation
argument. Nonetheless, it is instructive to check the constraint from Eq. (4.5).

In Fig. 16 we plot the function

pos(x, kT , µ) = 1 �
k
2
T

M2

✓
f
?
1T (x, kT ; µ, µ

2)

f1(x, kT ; µ, µ2)

◆2

, (4.6)

as the function of x and kT at µ = 2 GeV. One has pos > 0 (pos < 0) for the regions where Eq. (4.5)
is (not) satisfied in the absence of g1T contribution. For the values of the Sivers function we take
the largest boundary of 68%CI. We observe that the positivity constraint is satisfied everywhere
except for the unmeasured large-x region. If we consider the lowest boundary of 68%CI the region
pos > 0 is much larger, in particular, u quark satisfies Eq. (4.5) in the full range of (x, kT ). Also the
picture depends on the scale, and improves (in the sense that the the region pos > 0 becomes wider)
for larger scales. We conclude that our extraction does not contradict the positivity constraint in
the regions reached by the experimental data used in this analysis.

k
T

(G
eV

)

x x x x

Figure 16. The function pos(x, kT , µ) defined in Eq. (4.6) at µ = 2 (GeV) for u quark, d quark, ū quark,
s quark. The positivity constraint (4.5) is violated in the yellow-to-blue shaded region.

4.4 3D tomography of the nucleon and the Sivers function

The magnitude of the Sivers function extracted in our fit is generally much smaller than the unpo-
larized TMD PDF. To present the distortion effect on the unpolarized quarks driven by the hadron

– 26 –

k2
⊥

M2 [f⊥
1T(x, k2

⊥)]2 ≤ [f1(x, k2
⊥)]2

in coloured areas

f⊥
1T ⊗ D1

f1 ⊗ D1

http://arxiv.org/abs/arXiv:2002.08384
http://arxiv.org/abs/arXiv:2009.10710
http://arxiv.org/abs/arXiv:2012.05135
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Sivers extractions
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PV11

Bacchetta & Radici, P.R.L. 107 (11)

EIKV14

Echevarria et al., P.R. D89 (14)

TC18

Boglione et al., JHEP 1807 (18)

PV20

Bacchetta, Delcarro, Pisano, Radici, 

arXiv:2004.14278

sea quark  

~ 10-1 × smaller

Cammarota et al. (JAM20), 

arXiv:2002.08384

Echevarria, Kang, Terry, 

arXiv:2009.10710

JAM 20

EKT 20

(a) (b)

(c) (d)

Figure 14. Sivers function in the momentum space (black solid line) for u, d, sea, and s quarks at
x = 0.1 and µ = 2 GeV. The blue band is the 68%CI. The gray dashed line is the unpolarized TMD PDF
extracted in SV19 shown for the comparison (for u and sea-quark the Sivers function is multiplied by �1

and sea-quark the Sivers function is compared to ū unpolarized TMD PDF).

The extracted Sivers function is shown in Fig. 14. The Fourier transformation, Eq. (4.4),
effectively inverses the ranges of variables. Therefore, a large uncertainty at large-b (given by
parameters r0,1,2) transforms to a large uncertainty at small-kT . For comparison, we also show
the values and uncertainties of the unpolarized TMD PDFs extracted in SV19 fit. We observe
that the Sivers function’s typical size is about 4-5 times as small as the corresponding unpolarized
distribution. Figure 14 shows the functions at x = 0.1, for other values of x of the data used in our
fit x ⇠ 0.01 � 0.25 profiles are similar.

Figure 15. Sivers function in the momentum space for u quark at x = 0.1 as a function of kT (GeV).
The bands are the 68%CI. The calculations are performed at four different values of Q.

– 25 –

BPV 20 Bury, Prokudin, Vladimirov, 

arXiv:2012.05135 and 2103.03270

tensions with 

W/Z dataonly SIDIS+DY

f⊥ (1)
1T (x) = ∫ d k⊥

k2
⊥

2M2
f⊥
1T(x, k2

⊥)
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EIC impact on Sivers

using BPV20 parametrisation

EIC Yellow Report, arXiv:2103.05419

126 7.2. MULTI-DIMENSIONAL IMAGING OF NUCLEONS, NUCLEI, AND MESONS

ments will also play a key role in the study of the flavor structure of TMDs, which
is currently almost unconstrained [489], making it difficult to estimate the impact
of the EIC.

Quark Sivers and Collins measurements

Figure 7.53: Expected impact on up and down quark Sivers distributions as a function of the
transverse momentum kT for different values of x, obtained from SIDIS pion and kaon EIC
pseudodata, at the scale of 2 GeV. The green-shaded areas represent the current uncertainty,
while the blue-shaded areas are the uncertainties when including the EIC pseudodata.

Sivers function measurements: The determination of the quark Sivers functions,
f ?q
1T (x, kT), is one of the major goals for TMD physics. It can be extracted most di-

rectly from the transverse SSA proportional to the sin(fh � fS) modulation of the
SIDIS cross section, which is expressed through the structure function Fsin(fh�fS)
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(see Eq. (7.27)). The Sivers function is a T-odd TMD [490], that turns into the Qiu-
Sterman matrix element [212, 491] in the regime of small b [492, 493]. The extrac-
tion of the Sivers TMD was performed by many groups [494–506]. However, the
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ments will also play a key role in the study of the flavor structure of TMDs, which
is currently almost unconstrained [489], making it difficult to estimate the impact
of the EIC.

Quark Sivers and Collins measurements

Figure 7.53: Expected impact on up and down quark Sivers distributions as a function of the
transverse momentum kT for different values of x, obtained from SIDIS pion and kaon EIC
pseudodata, at the scale of 2 GeV. The green-shaded areas represent the current uncertainty,
while the blue-shaded areas are the uncertainties when including the EIC pseudodata.
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f ?q
1T (x, kT), is one of the major goals for TMD physics. It can be extracted most di-

rectly from the transverse SSA proportional to the sin(fh � fS) modulation of the
SIDIS cross section, which is expressed through the structure function Fsin(fh�fS)

UT
(see Eq. (7.27)). The Sivers function is a T-odd TMD [490], that turns into the Qiu-
Sterman matrix element [212, 491] in the regime of small b [492, 493]. The extrac-
tion of the Sivers TMD was performed by many groups [494–506]. However, the
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FIG. 2: Definition of the azimuthal angles φ1 and φ2 of the
two hadrons, between the scattering plane and their transverse
momenta Phi⊥ around the thrust axis n̂. The angle θ is defined
as the angle between the lepton axis and the thrust axis.

momentum of the quark-antiquark pair is known. The
quark directions are, however, not accessible to a direct
measurement and are thus approximated by the thrust
axis. The thrust axis n̂ maximizes the event shape vari-
able thrust:

T
max
=

∑

h |PCMS
h

· n̂|
∑

h |PCMS
h |

, (3)

where the sum extends over all detected particles. The
thrust value varies between 0.5 for spherical events and
1 for tracks aligned with the thrust axis of an event. The
thrust axis is a good approximation to the original quark-
antiquark axis as described in Section III A. The first
method of accessing the Collins asymmetry, M12 is based
on measuring a cos(φ1 + φ2) modulation of hadron pairs
(N(φ1 + φ2)) on top of the flat distribution due to the
unpolarized part of the fragmentation function. The un-
polarized part is given by the average bin content 〈N12〉.
The normalized distribution is then defined as

R12 :=
N(φ1 + φ2)

〈N12〉
. (4)

The corresponding cross section is differential in both az-
imuthal angles φ1,φ2 and fractional energies z1,z2 and
thus reads [25]:

dσ(e+e− → h1h2X)

dΩdz1dz2dφ1dφ2
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⊥,[1],q
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}

, (5)

where the summation runs over all quark flavors acces-
sible at the center-of-mass energy. Antiquark fragmen-
tation is denoted by a bar over the corresponding quark

FIG. 3: Definition of the azimuthal angle φ0 formed between
the planes defined by the lepton momenta and that of one
hadron and the second hadron’s transverse momentum P ′

h1⊥

relative to the first hadron.

fragmentation function; the charge-conjugate term has
been omitted. The fragmentation functions do not ap-
pear in the cross section directly but as the zeroth ([0])
or first ([1]) moments in the absolute value of the corre-
sponding transverse momenta [26]:

F [n](z) =

∫

d|kT |2
[

|kT |
M

]n

F (z,k2
T ) . (6)

In this equation the transverse hadron momentum
has been rewritten in terms of the intrinsic transverse
momentum of the process: Ph⊥ = zkT . The mass M is
usually set to be the mass of the detected hadron, in the
analysis presented here M will be the pion mass.

A second way of calculating the azimuthal asymme-
tries, method M0, integrates over all thrust axis direc-
tions leaving only one azimuthal angle. This angle is de-
fined as the angle between the planes spanned by one
hadron momentum and the lepton momenta, and the
transverse momentum of the second hadron with respect
to the first hadron momentum. This angle in the opposite
jet hemisphere is displayed in Fig. 3, and is calculated as

φ0 = sgn [Ph2 · {(ẑ × Ph2) × (Ph2 × Ph1)}]

× arccos

(

ẑ × Ph2

|ẑ × Ph2|
·

Ph2 × Ph1

|Ph2 × Ph1|

)

. (7)

The corresponding normalized distribution R0, which is
defined as

R0 :=
N(2φ0)

〈N0〉
, (8)

contains a cos(2φ0) modulation. The differential cross
section depends on fractional energies z1, z2 of the two
hadrons, on the angle φ0 and the transverse momentum
QT = |qT | of the virtual photon from the e+e− annihila-
tion process in the two hadron center-of-mass system. At
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|ẑ × Ph2|
·

Ph2 × Ph1

|Ph2 × Ph1|

)

. (7)

The corresponding normalized distribution R0, which is
defined as

R0 :=
N(2φ0)

〈N0〉
, (8)

contains a cos(2φ0) modulation. The differential cross
section depends on fractional energies z1, z2 of the two
hadrons, on the angle φ0 and the transverse momentum
QT = |qT | of the virtual photon from the e+e− annihila-
tion process in the two hadron center-of-mass system. At

2 exp. frames: 

A0 A12

problems with 
TMD factoriz. th. 
because of thrust

2 kinds of data: AUL
0 ≡

A0(π
± π∓)

A0(π± π±)
AUC

0 ≡
A0(π

± π∓)
A0(all π)

and similarly for A12



Phenomenology of TMDs   ❻❷   Marco Radici - INFN Pavia

Collins extractions
5

FIG. 2: Definition of the azimuthal angles φ1 and φ2 of the
two hadrons, between the scattering plane and their transverse
momenta Phi⊥ around the thrust axis n̂. The angle θ is defined
as the angle between the lepton axis and the thrust axis.

momentum of the quark-antiquark pair is known. The
quark directions are, however, not accessible to a direct
measurement and are thus approximated by the thrust
axis. The thrust axis n̂ maximizes the event shape vari-
able thrust:

T
max
=

∑

h |PCMS
h

· n̂|
∑

h |PCMS
h |

, (3)

where the sum extends over all detected particles. The
thrust value varies between 0.5 for spherical events and
1 for tracks aligned with the thrust axis of an event. The
thrust axis is a good approximation to the original quark-
antiquark axis as described in Section III A. The first
method of accessing the Collins asymmetry, M12 is based
on measuring a cos(φ1 + φ2) modulation of hadron pairs
(N(φ1 + φ2)) on top of the flat distribution due to the
unpolarized part of the fragmentation function. The un-
polarized part is given by the average bin content 〈N12〉.
The normalized distribution is then defined as

R12 :=
N(φ1 + φ2)

〈N12〉
. (4)

The corresponding cross section is differential in both az-
imuthal angles φ1,φ2 and fractional energies z1,z2 and
thus reads [25]:

dσ(e+e− → h1h2X)

dΩdz1dz2dφ1dφ2
=

∑

q,q̄
3α2

Q2

e2
q

4 z2
1z

2
2

{

(1 + cos2 θ)Dq,[0]
1 (z1)D

q,[0]
1 (z2)

+ sin2 θ cos(φ1 + φ2)H
⊥,[1],q
1 (z1)H

⊥,[1],q
1 (z2)

}

, (5)

where the summation runs over all quark flavors acces-
sible at the center-of-mass energy. Antiquark fragmen-
tation is denoted by a bar over the corresponding quark

FIG. 3: Definition of the azimuthal angle φ0 formed between
the planes defined by the lepton momenta and that of one
hadron and the second hadron’s transverse momentum P ′

h1⊥

relative to the first hadron.

fragmentation function; the charge-conjugate term has
been omitted. The fragmentation functions do not ap-
pear in the cross section directly but as the zeroth ([0])
or first ([1]) moments in the absolute value of the corre-
sponding transverse momenta [26]:

F [n](z) =

∫

d|kT |2
[

|kT |
M

]n

F (z,k2
T ) . (6)

In this equation the transverse hadron momentum
has been rewritten in terms of the intrinsic transverse
momentum of the process: Ph⊥ = zkT . The mass M is
usually set to be the mass of the detected hadron, in the
analysis presented here M will be the pion mass.

A second way of calculating the azimuthal asymme-
tries, method M0, integrates over all thrust axis direc-
tions leaving only one azimuthal angle. This angle is de-
fined as the angle between the planes spanned by one
hadron momentum and the lepton momenta, and the
transverse momentum of the second hadron with respect
to the first hadron momentum. This angle in the opposite
jet hemisphere is displayed in Fig. 3, and is calculated as
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fragmentation function; the charge-conjugate term has
been omitted. The fragmentation functions do not ap-
pear in the cross section directly but as the zeroth ([0])
or first ([1]) moments in the absolute value of the corre-
sponding transverse momenta [26]:

F [n](z) =

∫

d|kT |2
[

|kT |
M

]n

F (z,k2
T ) . (6)

In this equation the transverse hadron momentum
has been rewritten in terms of the intrinsic transverse
momentum of the process: Ph⊥ = zkT . The mass M is
usually set to be the mass of the detected hadron, in the
analysis presented here M will be the pion mass.

A second way of calculating the azimuthal asymme-
tries, method M0, integrates over all thrust axis direc-
tions leaving only one azimuthal angle. This angle is de-
fined as the angle between the planes spanned by one
hadron momentum and the lepton momenta, and the
transverse momentum of the second hadron with respect
to the first hadron momentum. This angle in the opposite
jet hemisphere is displayed in Fig. 3, and is calculated as

φ0 = sgn [Ph2 · {(ẑ × Ph2) × (Ph2 × Ph1)}]

× arccos

(

ẑ × Ph2

|ẑ × Ph2|
·

Ph2 × Ph1

|Ph2 × Ph1|

)

. (7)

The corresponding normalized distribution R0, which is
defined as

R0 :=
N(2φ0)

〈N0〉
, (8)

contains a cos(2φ0) modulation. The differential cross
section depends on fractional energies z1, z2 of the two
hadrons, on the angle φ0 and the transverse momentum
QT = |qT | of the virtual photon from the e+e− annihila-
tion process in the two hadron center-of-mass system. At
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FIG. 27. (a) Comparison of extracted transversity (solid lines and shaded region) Q2 = 2.4 GeV2 with Torino-Cagliari-JLab
2013 extraction [17] (dashed lines and shaded region).
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FIG. 28. Comparison of extracted Collins fragmentation functions (solid lines) at Q2 = 2.4 GeV2 with Torino-Cagliari-JLab
2013 extraction [17] (dashed lines and shaded region).

much better determined by the existing data, as one can see from Fig. 28 that the functions at Q2 = 2.4 GeV2 are
compatible within error bands. The unfavored fragmentation functions are different, however those functions are not
very well determined by existing experimental data.
We also compare the tensor change from our and other extractions in Fig. 29. The contribution to tensor charge

of Ref. [18] is found by extraction using the so-called dihadron fragmentation function that couples to collinear
transversity distribution. The corresponding functions have DGLAP type evolution known at LO and were used in
Ref. [18]. The results plotted in Fig. 29 corresponds to our estimates of the contribution to u-quark and d-quark in
the region of x [0.065, 0.35] at Q2 = 10 GeV2 at 68% C.L. (label 1) and the contribution to u-quark and d-quark in
the same region of x and the same Q2 using the so-called flexible scenario, αs(M2

Z) = 0.125, of Ref. [18]. One can
see that our extraction has an excellent precision for both u-quark and d-quark. The fact that the central values and
errors of extracted tensor charges are in a good agreement in both methods, ours and Ref. [18], is very positive and
allows for future investigations of transversity including all available data in a global fit.
Our results compare well with extractions from Ref. [17]. Even though correct TMD evolution was not used in

Ref. [17] the effects of DGLAP evolution of collinear distributions were taken into account and the resulting fit is of
good quality, χ2/d.o.f. = 0.8 for the so-called standard parametrization of Collins fragmentation functions. In fact
the probability that the model of Ref. [17] correctly describes the data is P (0.8 ∗ 249, 249) = 99%. The tensor charge
was estimated at 95% C.L. using two different parametrizations for Collins fragmentation functions, the so-called
standard parametrization that utilized similar to our parametrization and the polynomial parametrization. In Fig. 30
we compare our results with calculations from Ref. [17] at 95% C.L. at Q2 = 0.8 GeV2 and calculations at 68 % at
Q2 = 1 GeV2 of Ref. [18]. Even though we compare tensor charge at different values of Q2 its evolution is quite slow,
so the good agreement of all three methods is a good sign. We conclude that tensor charge perhaps is very stable with
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FIG. 6: Our best fit results for the valence u and d quark transversity distributions at Q2 = 2.4 GeV2 (left panel) and for
the lowest p? moment of the favoured and disfavoured Collins functions at Q2 = 2.4 GeV2 (central panel) and at Q2 = 112
GeV2 (right panel). The solid lines correspond to the parameters given in Table I, while the shaded areas correspond to the
statistical uncertainty on these parameters, as explained in the text.
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with those from our previous analysis [11] (blue, dashed lines).

kernel, similarly to what is done for the transversity function, as suggested in Refs. [42, 43]. The results we obtain
show a slight deterioration of the fit quality, with a global �2

d.o.f. increasing from 0.84 to 1.20. Although this is still
an acceptable result, one may wonder whether this is a genuine e↵ect of the chosen evolution model or, rather, a
byproduct of the functional form adopted for the Collins function parameterisation.

We have therefore exploited a di↵erent parameterisation based on a polynomial form. In principle, the polynomial
could be of any order. We have started by using an order zero polynomial, then increased it to order one and,
subsequently, to order two. In doing so, we have seen that the quality of the fit improves remarkably when going from
order zero to order one (i.e. from 2 to 4 free parameters) but it stops improving when further increasing to higher
orders. We therefore choose a first order polynomial form, which has the added advantage of depending on the same
number of free parameters as the standard parameterisation of Eqs. (11) and (12).

We consider generic combinations of fixed order Bernstein polynomials (see, for example, Ref. [44]) as they o↵er a
relatively straightforward way to keep track of the appropriate normalisation:

NC
i (z) = aiP01(z) + biP11(z) i = fav, dis (41)

where P01(z) = (1� z) and P11(z) = z are Bernstein polynomials of order one. Notice that by constraining the four
free parameters in such a way that �1  ai  +1 and �1  bi  +1, the Collins function automatically fulfils its
positivity bounds, as in the standard parameterisation. The Collins function will be globally modelled as shown in
Eqs. (6) and (8), with NC

fav(z) and NC
dis(z) as given in Eq. (41).

Torino 2013

Torino 2015

Torino 2013

KPSY 2015Anselmino et al., 

P.R. D87 (13) 094019
Anselmino et al., 

P.R. D92 (15) 114023

Kang et al., 

P.R. D93 (16) 014009

2  main fits: 
fav.  

unfav.  

extended parton model

TMD framework
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FIG. 2: Definition of the azimuthal angles φ1 and φ2 of the
two hadrons, between the scattering plane and their transverse
momenta Phi⊥ around the thrust axis n̂. The angle θ is defined
as the angle between the lepton axis and the thrust axis.

momentum of the quark-antiquark pair is known. The
quark directions are, however, not accessible to a direct
measurement and are thus approximated by the thrust
axis. The thrust axis n̂ maximizes the event shape vari-
able thrust:

T
max
=

∑

h |PCMS
h

· n̂|
∑

h |PCMS
h |

, (3)

where the sum extends over all detected particles. The
thrust value varies between 0.5 for spherical events and
1 for tracks aligned with the thrust axis of an event. The
thrust axis is a good approximation to the original quark-
antiquark axis as described in Section III A. The first
method of accessing the Collins asymmetry, M12 is based
on measuring a cos(φ1 + φ2) modulation of hadron pairs
(N(φ1 + φ2)) on top of the flat distribution due to the
unpolarized part of the fragmentation function. The un-
polarized part is given by the average bin content 〈N12〉.
The normalized distribution is then defined as

R12 :=
N(φ1 + φ2)

〈N12〉
. (4)

The corresponding cross section is differential in both az-
imuthal angles φ1,φ2 and fractional energies z1,z2 and
thus reads [25]:

dσ(e+e− → h1h2X)

dΩdz1dz2dφ1dφ2
=

∑

q,q̄
3α2

Q2

e2
q

4 z2
1z

2
2

{

(1 + cos2 θ)Dq,[0]
1 (z1)D

q,[0]
1 (z2)

+ sin2 θ cos(φ1 + φ2)H
⊥,[1],q
1 (z1)H

⊥,[1],q
1 (z2)

}

, (5)

where the summation runs over all quark flavors acces-
sible at the center-of-mass energy. Antiquark fragmen-
tation is denoted by a bar over the corresponding quark

FIG. 3: Definition of the azimuthal angle φ0 formed between
the planes defined by the lepton momenta and that of one
hadron and the second hadron’s transverse momentum P ′

h1⊥

relative to the first hadron.

fragmentation function; the charge-conjugate term has
been omitted. The fragmentation functions do not ap-
pear in the cross section directly but as the zeroth ([0])
or first ([1]) moments in the absolute value of the corre-
sponding transverse momenta [26]:

F [n](z) =

∫

d|kT |2
[

|kT |
M

]n

F (z,k2
T ) . (6)

In this equation the transverse hadron momentum
has been rewritten in terms of the intrinsic transverse
momentum of the process: Ph⊥ = zkT . The mass M is
usually set to be the mass of the detected hadron, in the
analysis presented here M will be the pion mass.

A second way of calculating the azimuthal asymme-
tries, method M0, integrates over all thrust axis direc-
tions leaving only one azimuthal angle. This angle is de-
fined as the angle between the planes spanned by one
hadron momentum and the lepton momenta, and the
transverse momentum of the second hadron with respect
to the first hadron momentum. This angle in the opposite
jet hemisphere is displayed in Fig. 3, and is calculated as

φ0 = sgn [Ph2 · {(ẑ × Ph2) × (Ph2 × Ph1)}]

× arccos

(

ẑ × Ph2

|ẑ × Ph2|
·

Ph2 × Ph1

|Ph2 × Ph1|

)

. (7)

The corresponding normalized distribution R0, which is
defined as

R0 :=
N(2φ0)

〈N0〉
, (8)

contains a cos(2φ0) modulation. The differential cross
section depends on fractional energies z1, z2 of the two
hadrons, on the angle φ0 and the transverse momentum
QT = |qT | of the virtual photon from the e+e− annihila-
tion process in the two hadron center-of-mass system. At

Λ

thrust

p

π

θ

and also

e+ e− → Λ↑+π+X
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two hadrons, between the scattering plane and their transverse
momenta Phi⊥ around the thrust axis n̂. The angle θ is defined
as the angle between the lepton axis and the thrust axis.

momentum of the quark-antiquark pair is known. The
quark directions are, however, not accessible to a direct
measurement and are thus approximated by the thrust
axis. The thrust axis n̂ maximizes the event shape vari-
able thrust:

T
max
=

∑

h |PCMS
h

· n̂|
∑

h |PCMS
h |

, (3)

where the sum extends over all detected particles. The
thrust value varies between 0.5 for spherical events and
1 for tracks aligned with the thrust axis of an event. The
thrust axis is a good approximation to the original quark-
antiquark axis as described in Section III A. The first
method of accessing the Collins asymmetry, M12 is based
on measuring a cos(φ1 + φ2) modulation of hadron pairs
(N(φ1 + φ2)) on top of the flat distribution due to the
unpolarized part of the fragmentation function. The un-
polarized part is given by the average bin content 〈N12〉.
The normalized distribution is then defined as

R12 :=
N(φ1 + φ2)

〈N12〉
. (4)

The corresponding cross section is differential in both az-
imuthal angles φ1,φ2 and fractional energies z1,z2 and
thus reads [25]:

dσ(e+e− → h1h2X)

dΩdz1dz2dφ1dφ2
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where the summation runs over all quark flavors acces-
sible at the center-of-mass energy. Antiquark fragmen-
tation is denoted by a bar over the corresponding quark
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fragmentation function; the charge-conjugate term has
been omitted. The fragmentation functions do not ap-
pear in the cross section directly but as the zeroth ([0])
or first ([1]) moments in the absolute value of the corre-
sponding transverse momenta [26]:

F [n](z) =

∫

d|kT |2
[

|kT |
M

]n

F (z,k2
T ) . (6)

In this equation the transverse hadron momentum
has been rewritten in terms of the intrinsic transverse
momentum of the process: Ph⊥ = zkT . The mass M is
usually set to be the mass of the detected hadron, in the
analysis presented here M will be the pion mass.

A second way of calculating the azimuthal asymme-
tries, method M0, integrates over all thrust axis direc-
tions leaving only one azimuthal angle. This angle is de-
fined as the angle between the planes spanned by one
hadron momentum and the lepton momenta, and the
transverse momentum of the second hadron with respect
to the first hadron momentum. This angle in the opposite
jet hemisphere is displayed in Fig. 3, and is calculated as

φ0 = sgn [Ph2 · {(ẑ × Ph2) × (Ph2 × Ph1)}]

× arccos

(

ẑ × Ph2

|ẑ × Ph2|
·

Ph2 × Ph1

|Ph2 × Ph1|

)

. (7)

The corresponding normalized distribution R0, which is
defined as

R0 :=
N(2φ0)

〈N0〉
, (8)

contains a cos(2φ0) modulation. The differential cross
section depends on fractional energies z1, z2 of the two
hadrons, on the angle φ0 and the transverse momentum
QT = |qT | of the virtual photon from the e+e− annihila-
tion process in the two hadron center-of-mass system. At

Λ
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π

θ

and also
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FIG. 4. Same as Fig. 3 but for the production of ⇤ + K± (left) and ⇤̄ + K± (right).
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FIG. 5. The polarizing fragmentation functions
z⇤D

?(1)
1T,⇤/q(z⇤, Q), defined in Eq. (22), are plotted as

functions of z⇤ for di↵erent quark flavors, at 68% confidence.

H
DIS(0)(Q) = 1 at leading order. Meanwhile, P⇤T is

the transverse momentum of the final-state ⇤, k? is the
transverse momentum of the quark relative to the initial-
state parent proton and p⇤? is the transverse momentum
of the final-state ⇤ with respect to the fragmenting quark.

For our calculations, we use the parametrizations of ⇤
fragmentation functions in Eqs. (14) and (15) from the
previous section. For the unpolarized TMD PDFs, we
use the parametrization

fq/p(xB , k
2
?;Q) = fq/p(xB , Q)

e
�k2

?/hk2
?i

⇡hk2?i , (30)

with hk2?i = 0.61 GeV2, as extracted in [32]. Using
Eq. (30) and integrating over P⇤T , we find that the ⇤

FIG. 6. Our prediction of the transverse ⇤ polarization
P⇤
?(xB , z⇤) in SIDIS is plotted as a function of z⇤ for typical

values of the kinematic variables Q = 10 GeV and xB = 0.1
at the EIC. The uncertainty band is generated at 68% confi-
dence.

polarization has the analytic form

P
⇤
?(xB , z⇤) =

p
⇡

2z⇤

hM2
Di

M⇤

p
hM2

Di + z
2
⇤hk2?i

⇥

P
q
e
2
qfq/p(xB , Q)D?

1T,⇤/q(z⇤, Q)

P
q
e2qfq/p(xB , Q)D⇤/q(z⇤, Q)

. (31)

In Fig. 6, we plot the transverse polarization as a func-
tion of z⇤ at Q = 10 GeV and xB = 0.1, which are con-
sistent with the typical kinematics at the future Electron
Ion Collider (EIC) [46–49]. We have used the CT14lo
collinear PDFs given in [50]. To generate the uncertainty
band, we use the 200 sets of fitted parameters and plot
the band generated from the middle 68%. We predict an

both based on 

extended parton model

2 fits:

TMD factorisation th. for single Λ + thrust
Gamberg et al., arXiv:2102.05553

work in progress for a fit within TMD factorization
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based on Collins effect
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non recent extractions
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complicated convolution 
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But transversity is also a collinear PDF
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di-hadron mechanism
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ST ⋅P2×P1 = ST ⋅Ph×RT

collinear:  Ph || k
Collins, Heppelman, Ladinsky, N.P. B420 (94)
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But transversity is also a collinear PDF

Asin(ϕR+ϕS)
UT ∝

h1 H∢
1

f1 D1

di-hadron mechanism

Jaffe, Jin, Tang, P.R.L. 80 (98) 1166

Radici, Jakob, Bianconi, P.R. D65 (02) 074031

Bacchetta, Courtoy, Radici, P.R.L. 107 (11) 012001

Bacchetta, Courtoy, Radici, JHEP 03 (13) 119

Radici et al., JHEP 05 (15) 123

non recent extractions

Ph

Ph = P1+P2

2R = P1-P2

quark

ΦR

2RT

collinear:  Ph || k
Collins, Heppelman, Ladinsky, N.P. B420 (94)

requires knowledge of  

from e+e-  (h1h2)+X  data

H∢
1

→

only for R2
T ∝ M2

h1h2
≪ Q2

define Di-hadron Fragmentation Functions (DiFF) 
DiFF(z = z1 + z2, M2

h1h2
; Q2)

ST ⋅P2×P1 = ST ⋅Ph×RT
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DiFF extraction

Belle data for Acosφ  

Pavia 20121 fit :

5

FIG. 2: Definition of the azimuthal angles φ1 and φ2 of the
two hadrons, between the scattering plane and their transverse
momenta Phi⊥ around the thrust axis n̂. The angle θ is defined
as the angle between the lepton axis and the thrust axis.

momentum of the quark-antiquark pair is known. The
quark directions are, however, not accessible to a direct
measurement and are thus approximated by the thrust
axis. The thrust axis n̂ maximizes the event shape vari-
able thrust:

T
max
=

∑

h |PCMS
h

· n̂|
∑

h |PCMS
h |

, (3)

where the sum extends over all detected particles. The
thrust value varies between 0.5 for spherical events and
1 for tracks aligned with the thrust axis of an event. The
thrust axis is a good approximation to the original quark-
antiquark axis as described in Section III A. The first
method of accessing the Collins asymmetry, M12 is based
on measuring a cos(φ1 + φ2) modulation of hadron pairs
(N(φ1 + φ2)) on top of the flat distribution due to the
unpolarized part of the fragmentation function. The un-
polarized part is given by the average bin content 〈N12〉.
The normalized distribution is then defined as

R12 :=
N(φ1 + φ2)

〈N12〉
. (4)

The corresponding cross section is differential in both az-
imuthal angles φ1,φ2 and fractional energies z1,z2 and
thus reads [25]:

dσ(e+e− → h1h2X)

dΩdz1dz2dφ1dφ2
=

∑

q,q̄
3α2

Q2

e2
q

4 z2
1z

2
2

{

(1 + cos2 θ)Dq,[0]
1 (z1)D

q,[0]
1 (z2)

+ sin2 θ cos(φ1 + φ2)H
⊥,[1],q
1 (z1)H

⊥,[1],q
1 (z2)

}

, (5)

where the summation runs over all quark flavors acces-
sible at the center-of-mass energy. Antiquark fragmen-
tation is denoted by a bar over the corresponding quark

FIG. 3: Definition of the azimuthal angle φ0 formed between
the planes defined by the lepton momenta and that of one
hadron and the second hadron’s transverse momentum P ′

h1⊥

relative to the first hadron.

fragmentation function; the charge-conjugate term has
been omitted. The fragmentation functions do not ap-
pear in the cross section directly but as the zeroth ([0])
or first ([1]) moments in the absolute value of the corre-
sponding transverse momenta [26]:

F [n](z) =

∫

d|kT |2
[

|kT |
M

]n

F (z,k2
T ) . (6)

In this equation the transverse hadron momentum
has been rewritten in terms of the intrinsic transverse
momentum of the process: Ph⊥ = zkT . The mass M is
usually set to be the mass of the detected hadron, in the
analysis presented here M will be the pion mass.

A second way of calculating the azimuthal asymme-
tries, method M0, integrates over all thrust axis direc-
tions leaving only one azimuthal angle. This angle is de-
fined as the angle between the planes spanned by one
hadron momentum and the lepton momenta, and the
transverse momentum of the second hadron with respect
to the first hadron momentum. This angle in the opposite
jet hemisphere is displayed in Fig. 3, and is calculated as

φ0 = sgn [Ph2 · {(ẑ × Ph2) × (Ph2 × Ph1)}]

× arccos

(

ẑ × Ph2

|ẑ × Ph2|
·

Ph2 × Ph1

|Ph2 × Ph1|

)

. (7)

The corresponding normalized distribution R0, which is
defined as

R0 :=
N(2φ0)

〈N0〉
, (8)

contains a cos(2φ0) modulation. The differential cross
section depends on fractional energies z1, z2 of the two
hadrons, on the angle φ0 and the transverse momentum
QT = |qT | of the virtual photon from the e+e− annihila-
tion process in the two hadron center-of-mass system. At

thrust

“thrust-axis” frame

h2

Vossen et al., P.R.L. 107 (11) 072004

Boer, Jakob, Radici, P.R.D67 (03) 094003

Matevosyan, Bacchetta, Boer, Courtoy, Kotzinian, Radici, Thomas, arXiv:1802.01578

Courtoy et al., P.R. D85 (12) 114023

0.2 0.4 0.6 0.8 1.0
-0.2

0.0

0.2

0.4

0.6

0.8

1.0

z

RHMh,zL

Mhh = 0.4 GeV

Mhh = 0.8 GeV
Mhh = 1 GeV

 z=z1+z2
based on predictions

see also

refined in
Radici et al., JHEP 05 (15) 123

h1
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Recent analyses

Mechanism Framework SIDIS e+e- p-p 
collisions N of points

Pavia 2018 
arXiv:1802.05212 collinear DiFF LO ✔ ✔ ✔ 78

JAM 2020 
arXiv:2002.08384

TMD Collins 
effect

extended 
parton model ✔ ✔ ✔ 517

MEX 2019 
arXiv:1912.03289  collinear DiFF LO ✔ ✔ ✘ 68

CA 2020 
 arXiv:2001.01573 

TMD Collins 
effect

extended 
parton model ✔ ✔ ✘ 76

http://arxiv.org/abs/arXiv:1802.05212
http://arxiv.org/abs/arXiv:1912.03289
http://arxiv.org/abs/arXiv:2001.01573
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Recent analyses

Mechanism Framework SIDIS e+e- p-p 
collisions N of points

Pavia 2018 
arXiv:1802.05212 collinear DiFF LO ✔ ✔ ✔ 78

JAM 2020 
arXiv:2002.08384

TMD Collins 
effect

extended 
parton model ✔ ✔ ✔ 517

MEX 2019 
arXiv:1912.03289  collinear DiFF LO ✔ ✔ ✘ 68

CA 2020 
 arXiv:2001.01573 

TMD Collins 
effect

extended 
parton model ✔ ✔ ✘ 76

First global fit

http://arxiv.org/abs/arXiv:1802.05212
http://arxiv.org/abs/arXiv:1912.03289
http://arxiv.org/abs/arXiv:2001.01573
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Recent analyses

Mechanism Framework SIDIS e+e- p-p 
collisions N of points

Pavia 2018 
arXiv:1802.05212 collinear DiFF LO ✔ ✔ ✔ 78

JAM 2020 
arXiv:2002.08384

TMD Collins 
effect

extended 
parton model ✔ ✔ ✔ 517

MEX 2019 
arXiv:1912.03289  collinear DiFF LO ✔ ✔ ✘ 68

CA 2020 
 arXiv:2001.01573 

TMD Collins 
effect

extended 
parton model ✔ ✔ ✘ 76

global fit (but simplified analysis)

- very few data

- need to improve accuracy of formalism

http://arxiv.org/abs/arXiv:1802.05212
http://arxiv.org/abs/arXiv:1912.03289
http://arxiv.org/abs/arXiv:2001.01573
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Transversity extractions
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Transversity extractions
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Torino 2015

KPSY 2015

PV 2018

MEX 2019

CA 2020

JAM 2020

Soffer bound violated |h1(x, Q2) | ≤
1
2

| f1(x, Q2) + g1(x, Q2) |

PV 2018  fullfils Soffer bound by construction

(Soffer bound  positivity)↔
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Why is transversity important?

+ −

max ΔsL = |S’L-SL|

- chiral-odd structure in spin-1/2 hadron

  no gluon transversity → h1 is a non-singlet object
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Why is transversity important?

+ −

max ΔsL = |S’L-SL|

- chiral-odd structure in spin-1/2 hadron

  no gluon transversity → h1 is a non-singlet object

- doorway to BSM physics: 

- SM EFT of CP violation from neutron EDM dn dn = �u du + �d dd + �s ds

bounds from exp. tensor charge 

= 1st Mellin moment of h1

δq(Q2) = ∫
1

0
dx hq−q̄

1 (x, Q2)

- SM EFT with tensor operators  tensor coupling in nucleon β-decay →

hadron level : n→p e− νe
quark level : d→u e− νe

hp| ū�µ⌫ d |ni ✏T ē�µ⌫(1� �5)⌫e

CT $ gT ✏T
gT = �u� �d

bounds from exp. unknown 

isovector tensor charge
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Tensions on tensor charge

Cammarota et al. (JAM20), 

PR D102 (20) 054002, arXiv:2002.08384

PV18 
PV18 

sometimes discrepancy with lattice

lattice 

role of Soffer bound? D’Alesio et al., P.L. B802 (20) 135347, arXiv:2001.01573

data in the  range  need to constrain extrapolation 0.006 ≲ x ≲ 0.3 → δq = ∫
1

0
dx…

lattice 
Faddeev eq. 
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EIC impact on tensor charge

using JAM20 parametrisation (Collins effect)

EIC Yellow Report, arXiv:2103.05419

128 7.2. MULTI-DIMENSIONAL IMAGING OF NUCLEONS, NUCLEI, AND MESONS
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Figure 7.54: Top: Expected impact on the up and down quark transversity distributions
and favored and unfavored Collins function first moment when including EIC Collins effect
SIDIS pseudodata from e+p and e+He collisions [526]. Bottom left: Plot of the truncated
integral g[xmin ]

T vs. xmin. Also shown is the ratio DEIC/DJAM20 of the uncertainty in g[xmin ]
T for

the re-fit that includes pseudodata from the EIC to that of the original JAM20 fit [241]. Note
that the results from two recent lattice QCD calculations [527,528] are for the full gT integral
(i.e., xmin = 0) and have been offset for clarity. Bottom right: The impact on the up quark
(du), down quark (dd), and isovector (gT) tensor charges and their comparison to the lattice
data.

culations (see, e.g., Ref. [527, 528]). As such, potential discrepancies may become
relevant for searches of physics beyond the Standard Model [529, 530]. We also
mention that there is a significant reduction in the uncertainty for the Collins
function (see Fig. 7.54), which will be an important test of universality with re-
sults from e+e� annihilation. (Theoretical considerations suggest that TMD frag-
mentation functions are universal, based on the specific kinematics of the frag-
mentation process — see, for example, Refs. [448, 531].) In addition, Fig. 7.54
shows g[xmin]

T vs. xmin, where g[xmin]
T is the following truncated integral: g[xmin]

T ⌘
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Figure 7.54: Top: Expected impact on the up and down quark transversity distributions
and favored and unfavored Collins function first moment when including EIC Collins effect
SIDIS pseudodata from e+p and e+He collisions [526]. Bottom left: Plot of the truncated
integral g[xmin ]

T vs. xmin. Also shown is the ratio DEIC/DJAM20 of the uncertainty in g[xmin ]
T for

the re-fit that includes pseudodata from the EIC to that of the original JAM20 fit [241]. Note
that the results from two recent lattice QCD calculations [527,528] are for the full gT integral
(i.e., xmin = 0) and have been offset for clarity. Bottom right: The impact on the up quark
(du), down quark (dd), and isovector (gT) tensor charges and their comparison to the lattice
data.

culations (see, e.g., Ref. [527, 528]). As such, potential discrepancies may become
relevant for searches of physics beyond the Standard Model [529, 530]. We also
mention that there is a significant reduction in the uncertainty for the Collins
function (see Fig. 7.54), which will be an important test of universality with re-
sults from e+e� annihilation. (Theoretical considerations suggest that TMD frag-
mentation functions are universal, based on the specific kinematics of the frag-
mentation process — see, for example, Refs. [448, 531].) In addition, Fig. 7.54
shows g[xmin]

T vs. xmin, where g[xmin]
T is the following truncated integral: g[xmin]

T ⌘
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Bali et al., P.R. D91 (15) 054501

using PV18 parametrisation (DiFF mechanism)
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EIC impact on tensor charge

using JAM20 parametrisation (Collins effect)

EIC Yellow Report, arXiv:2103.05419
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Figure 7.54: Top: Expected impact on the up and down quark transversity distributions
and favored and unfavored Collins function first moment when including EIC Collins effect
SIDIS pseudodata from e+p and e+He collisions [526]. Bottom left: Plot of the truncated
integral g[xmin ]

T vs. xmin. Also shown is the ratio DEIC/DJAM20 of the uncertainty in g[xmin ]
T for

the re-fit that includes pseudodata from the EIC to that of the original JAM20 fit [241]. Note
that the results from two recent lattice QCD calculations [527,528] are for the full gT integral
(i.e., xmin = 0) and have been offset for clarity. Bottom right: The impact on the up quark
(du), down quark (dd), and isovector (gT) tensor charges and their comparison to the lattice
data.

culations (see, e.g., Ref. [527, 528]). As such, potential discrepancies may become
relevant for searches of physics beyond the Standard Model [529, 530]. We also
mention that there is a significant reduction in the uncertainty for the Collins
function (see Fig. 7.54), which will be an important test of universality with re-
sults from e+e� annihilation. (Theoretical considerations suggest that TMD frag-
mentation functions are universal, based on the specific kinematics of the frag-
mentation process — see, for example, Refs. [448, 531].) In addition, Fig. 7.54
shows g[xmin]

T vs. xmin, where g[xmin]
T is the following truncated integral: g[xmin]

T ⌘
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Figure 7.54: Top: Expected impact on the up and down quark transversity distributions
and favored and unfavored Collins function first moment when including EIC Collins effect
SIDIS pseudodata from e+p and e+He collisions [526]. Bottom left: Plot of the truncated
integral g[xmin ]

T vs. xmin. Also shown is the ratio DEIC/DJAM20 of the uncertainty in g[xmin ]
T for

the re-fit that includes pseudodata from the EIC to that of the original JAM20 fit [241]. Note
that the results from two recent lattice QCD calculations [527,528] are for the full gT integral
(i.e., xmin = 0) and have been offset for clarity. Bottom right: The impact on the up quark
(du), down quark (dd), and isovector (gT) tensor charges and their comparison to the lattice
data.

culations (see, e.g., Ref. [527, 528]). As such, potential discrepancies may become
relevant for searches of physics beyond the Standard Model [529, 530]. We also
mention that there is a significant reduction in the uncertainty for the Collins
function (see Fig. 7.54), which will be an important test of universality with re-
sults from e+e� annihilation. (Theoretical considerations suggest that TMD frag-
mentation functions are universal, based on the specific kinematics of the frag-
mentation process — see, for example, Refs. [448, 531].) In addition, Fig. 7.54
shows g[xmin]

T vs. xmin, where g[xmin]
T is the following truncated integral: g[xmin]

T ⌘
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Harris et al., P.R. D100 (19) 034513

Alexandrou et al., arXiv:1909.00485

Bali et al., P.R. D91 (15) 054501

using PV18 parametrisation (DiFF mechanism)

expected precision close to 

(or higher than) lattice
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gluon TMDs

Gluon TMDs are phenomenologically unknown. 
Why ?
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gluon TMDs

Gluon TMDs are phenomenologically unknown. 
Why ?

- gluons carry no electric charge  in SIDIS they appear only at higher orders→

- in hadronic collisions, gluons appear at tree level, but :

- factorisation theorem available only for Drell-Yan processes

- for H1+H2  h+X  no factor. th. but also no counterexample disproving it→

- gluons carries “two color charges”  in general, difficult to neutralise them all→
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gluon TMDs

Gluon TMDs are phenomenologically unknown. 
Why ?

- gluons carry no electric charge  in SIDIS they appear only at higher orders→

- in hadronic collisions, gluons appear at tree level, but :

- factorisation theorem available only for Drell-Yan processes

- for H1+H2  h+X  no factor. th. but also no counterexample disproving it→

- gluons carries “two color charges”  in general, difficult to neutralise them all→

- useful processes under study:
GLUON TMDS

�56

3

⌘i=� ln
⇥
tan( 12✓i)

⇤
, ✓i being the polar angles of the final

partons in the virtual photon-hadron cms frame. Note
that A now also receives a contribution from �⇤q ! gq,
leading to somewhat smaller asymmetries.

Since the observables involve final-state heavy quarks
or jets, they require high energy colliders, such as a future
Electron-Ion Collider (EIC) or the Large Hadron electron
Collider (LHeC) proposed at CERN. It is essential that
the individual transverse momentaKi? are reconstructed
with an accuracy �K? better than the magnitude of the
sum of the transverse momenta K1? +K2? = qT . Thus
one has to satisfy �K? ⌧ |qT | ⌧ |K?|.

An analogous asymmetry arises in QED, in the ‘tri-
dents’ processes `e(p) ! `µ+µ�e0(p0 orX) or µ�Z !

µ�`¯̀Z [18–21]. This could be described by the distribu-
tion of linearly polarized photons inside a lepton, pro-
ton, or atom. QCD adds the twist that for gluons inside
a hadron, ISI or FSI can considerably modify the result
depending on the process, for example, in HQ produc-
tion in hadronic collisions: p p ! QQ̄X, which can be
studied at BNL’s Relativistic Heavy Ion Collider (RHIC)
and CERN’s LHC, and p p̄ ! QQ̄X at Fermilab’s Teva-
tron. Since the description involves two TMDs, breaking
of TMD factorization becomes a relevant issue, cf. [14]
and references therein. The cross section for the process
h1(P1)+h2(P2)!Q(K1)+Q̄(K2)+X can be written in a
way similar to the hadroproduction of two jets discussed
in Ref. [13], in the following form

d�

dy1dy2d2K1?d2K2?
=

↵2
s

sM2
?

⇥

h
A(q2

T ) +B(q2
T )q

2
T cos 2(�T � �?)

+ C(q2
T )q

4
T cos 4(�T � �?)

i
. (7)

Besides q2
T , the terms A, B and C will depend on other,

often not explicitly indicated, variables as z, M2
Q/M

2
?

and momentum fractions x1, x2 obtained from x1/2 =
(M1? e±y1 +M2? e±y2 ) /

p
s .
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The factorized description in terms of TMDs is prob-
lematic though. In Ref. [14] it was pointed out that for
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ing TMD factorization fails. The ISI/FSI will not allow
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trix element with the f f -structure appears, while in the
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suppressed by 1/N2). A side remark on pT broadening
[30–32]: because of the two di↵erent four-gluon opera-

tors for fg(1)
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Collider (LHeC) proposed at CERN. It is essential that
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one has to satisfy �K? ⌧ |qT | ⌧ |K?|.
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ton, or atom. QCD adds the twist that for gluons inside
a hadron, ISI or FSI can considerably modify the result
depending on the process, for example, in HQ produc-
tion in hadronic collisions: p p ! QQ̄X, which can be
studied at BNL’s Relativistic Heavy Ion Collider (RHIC)
and CERN’s LHC, and p p̄ ! QQ̄X at Fermilab’s Teva-
tron. Since the description involves two TMDs, breaking
of TMD factorization becomes a relevant issue, cf. [14]
and references therein. The cross section for the process
h1(P1)+h2(P2)!Q(K1)+Q̄(K2)+X can be written in a
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studied at BNL’s Relativistic Heavy Ion Collider (RHIC)
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STAR: Azimuthal single-spin asymmetry measurement of charged pions in jets
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FIG. 1. Azimuthal angle definitions, following the conventions
described in Ref. [43]. The direction of the beam polariza-
tion is denoted by !Sbeam, while the momenta of the polarized
beam, jet, and pion are, respectively, !pbeam, !pjet, and !pπ.

[43–45]. The pT of the jet and pion momentum trans-
verse to the jet axis provide the hard and soft scales, re-
spectively, necessary for TMD factorization. By studying
different modulations of the transverse single-spin asym-
metry

Asin(φ)
UT sin (φ) =

σ↑ (φ) − σ↓ (φ)

σ↑ (φ) + σ↓ (φ)
, (1)

one can isolate different physics mechanisms with sensi-
tivity to various aspects of the nucleon transverse polar-
ization structure, e.g. quark transversity and gluon linear
polarization. Measurements with high energy polarized-
proton beams will extend the kinematic reach in both x
and Q2 beyond the existing SIDIS measurements. The
SIDIS cross section scales with the square of the quark
charge, resulting in up quarks being weighted more than
down or strange quarks, a phenomenon often referred to
as u-quark dominance. Consequently a large fraction of
the observed π− yields arise from the unfavored frag-
mentation of u quarks. Hadroproduction eliminates u-
quark dominance, thereby providing enhanced sensitiv-
ity to the minority d quarks. Furthermore, polarized-
proton collisions are directly sensitive to gluonic subpro-
cesses, enabling the study of the role of gluons in the
transverse polarization structure of the nucleon. More-
over, since questions remain concerning the magnitude
of potential TMD factorization-breaking in hadronic in-
teractions [27–29], data from polarized-proton collisions
can provide unique and crucial experimental insight into
these theoretical questions.
Transverse single-spin asymmetries in the production

of jets and pions within jets have a rich structure, as
described in Ref. [43], the conventions of which we follow
in this article. For pions within jets, the spin-dependent
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terms in the cross sections can be generally expressed [43]

dσ↑ (φS ,φH)− dσ↓ (φS ,φH)

∼ d∆σ0 sin (φS)

+ d∆σ−
1 sin (φS − φH) + d∆σ+

1 sin (φS + φH)

+ d∆σ−
2 sin (φS − 2φH) + d∆σ+

2 sin (φS + 2φH) , (2)

where the d∆σ terms describe various combinations of
distribution and fragmentation functions. Sinusoidal
modulations in particle production can be measured with
respect to two azimuthal angles: φS , the azimuthal angle
between the proton transverse spin polarization vector
and the jet scattering plane, and φH , the azimuthal an-
gle of the pion relative to the jet scattering plane (Fig. 1).
The inclusive jet asymmetry, the sin(φS) modulation of
AUT , commonly expressed as AN , is driven by the twist-
3 distributions [17]. This observable is sensitive to the
kT -integrated Sivers function. The sin(φS − φH) modu-
lation of AUT yields sensitivity to transversity coupled to
the polarized Collins fragmentation function. Through
the sin(φS − 2φH) modulation of AUT , one may gain
sensitivity to gluon linear polarization coupled to the so-
called “Collins-like” fragmentation function, the gluon-
analog of the Collins fragmentation function. While the
quark-based Collins asymmetry has been measured in
SIDIS, the Collins-like asymmetry has never been mea-
sured; and gluon linear polarization in the polarized pro-
ton remains completely unconstrained. The sin(φS+φH)
and sin(φS+2φH) modulations are sensitive to the TMD
transversity distribution and the Boer-Mulders distribu-
tion [48] for quarks and gluons, respectively. As Ref. [43]
discusses in detail, these modulations are not expected
to be sizable at the present kinematics, even under max-
imized, positivity-bound scenarios.

L. Adamczyk et al. (STAR Collaboration), arXiv:1708.07080. 

Spin-dependent term of sin(!S-!H) modulation of AUT yields sensitivity to h1 coupled to Collins fragmentation function 

Event selection: Jet-patch trigger / Jet finding using anti-kT algorithm (R=0,5, 500GeV) followed by charged pion selection 
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EIC impact on hadron-in-jet Collins effect

Arratia et al., P.R. D102 (20) 074015, arXiv:2007.07281

projected 

uncertainties

based on Kang et al., P.R. D93 (16) 014009
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accelerator-based science and society, from medicine through materials science to elementary           
particle physics.”  
  
The location of the EIC is expected to be chosen after the U.S. Department of Energy has                 
started its staged project approval process. Future users will, to a considerable extent, be              
international, in particular European. The interested scientists world-wide are organized in the            
EIC User Group (EICUG, web site http://www.eicug.org/) which is governed by three            
committees:  

- the Institutional Board (IB), which is formed by a representative of each participating             
institution 

- the elected Steering Committee (SC), which organizes the regular business of the            
EICUG, and has one specific European Representative and currently another European           
as one of the 4 “at-large” members  

- the Election and Nominating Committee (ENC), which is charged to organize and            
conduct the elections of the SC members.  

The composition and detailed mission of each committee are regulated by a Charter that was               
formally approved by the EICUG in 2016. ​As of Dec. 3, 2018, ​the EICUG consists of 840                 
scientists from 177 institutions of 30 countries in all world regions, with a large European               
involvement consisting of about 230 scientists (2 ​7 ​%) from 58 institutions. About 27% of the              
European scientists are working on theory. The institutions ​and their involvement are listed in              
the addendum.  
 
  

 
Figure 1. Left: the phase space in (x,Q​2​) covered in polarized electron-proton DIS by two 
different setups for the EIC, in comparison with past and current DIS machines and RHIC 
(updated version of Ref. [3]). A center-of-mass energy in the range of 20-100 GeV is foreseen 
for the EIC, with 45 GeV having maximum luminosity and 140 GeV being the maximal energy 
after a possible future upgrade. Right: EIC kinematical reach for nuclei, compared to earlier 
nuclear DIS experiments. 
 

The EIC project and TMDs

The EIC from the TMD point of view: 

- enlarging phase-space coverage

- high polarization

- high statistics 

Benefits:

- deepening knowledge of all (un)polarized TMDs

- explore new channels involving jets in final state

- explore unknown territory of gluon TMDs


