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subregions A and B. But the total amount of entanglement
entropy generated remains finite as t ! 1 (Fig. 1), and the
fluctuations of particle number eventually saturate as well
(see below). The entanglement entropy for the pure state
of the whole system is defined as the von Neumann entropy
S ¼ "tr!A log!A ¼ "tr!B log!B of the reduced density
matrix of either subsystem. We always form the two biparti-
tions by dividing the system at the center bond.

The type of evolution considered here can be viewed as a
‘‘global quench’’ in the language of Calabrese and Cardy
[14] as the initial state is the ground state of an artificial
Hamiltonian with local fields. Evolution from an initial
product state with zero entanglement can be studied effi-
ciently via time-dependent matrix product state methods
until a time where the entanglement becomes too large for
a fixed matrix dimension. Since entanglement cannot
increase purely by local operations within each subsystem,
its growth results only from propagation across the

subsystem boundary, even though there is no conserved
current of entanglement.
The first question we seek to answer is whether there is

any qualitatively different behavior of physical quantities
when a small interaction

Hint ¼ Jz
X

i

Szi S
z
iþ1 (2)

is added. With Heisenberg couplings between the spins
(Jz ¼ J?), the model is believed to have a dynamical tran-
sition as a function of the dimensionless disorder strength
"=Jz [4,5,7]. This transition is present in generic eigenstates
of the system and hence exists at infinite temperature at
some nonzero ". The spin conductivity, or equivalently
particle conductivity after the Jordan-Wigner transforma-
tion, is zero in the many-body localized phase and nonzero
for small enough"=Jz. However, with exact diagonalization
the system size is so limited that it has not been possible to
estimate the location in the thermodynamic limit of the
transition of eigenstates or conductivities.
We find that entanglement growth shows a qualitative

change inbehavior at infinitesimalJz. Instead of the expected
behavior that a small interaction strength leads to a small
delay in saturation and a small increase infinal entanglement,
we find that the increase of entanglement continues to times
orders of magnitude larger than the initial localization time
in the Jz ¼ 0 case (Fig. 1). This slowgrowth of entanglement
is consistent with prior observations for shorter times and
larger interactions Jz ¼ 0:5J? and Jz ¼ J? [12,13],
although the saturation behavior was unclear. Note that ob-
serving a sudden effect of turning on interactions requires
large systems, as a small change in the Hamiltonian applied
to the same initial state will take a long time to affect the
behavior significantly. We next explain briefly the methods
enabling large systems to be studied.
Numerical methodology.—To simulate the quench, we

use the time evolving block decimation (TEBD) [15,16]
method which provides an efficient method to perform a
time evolution of quantum states, jc ðtÞi ¼ UðtÞjc ð0Þi, in
one-dimensional systems. The TEBD algorithm can be seen
as a descendant of the density matrix renormalization group
[17] method and is based on a matrix product state (MPS)
representation [18,19] of the wave functions. We use a
second-order Trotter decomposition of the short time propa-
gator Uð!tÞ ¼ expð"i!tHÞ into a product of term which
acts only on two nearest-neighbor sites (two-site gates).After
each application, the dimension of the MPS increases. To
avoid an uncontrolled growth of the matrix dimensions,
the MPS is truncated by keeping only the states which have
the largest weight in a Schmidt decomposition.
In order to control the error, we check that the neglected

weight after each step is small (< 10"6). Algorithms of
this type are efficient because they exploit the fact that the
ground-state wave functions are only slightly entangled
which allows for an efficient truncation. Generally the
entanglement grows linearly as a function of time which

FIG. 1 (color online). (a) Entanglement growth after a quench
starting from a site factorized Sz eigenstate for different inter-
action strengths Jz (we consider a bipartition into two half chains
of equal size). All data are for " ¼ 5 and L ¼ 10, except for
Jz ¼ 0:1 where L ¼ 20 is shown for comparison. The inset
shows the same data but with a rescaled time axis and subtracted
Jz ¼ 0 values. (b) Saturation values of the entanglement entropy
as a function of L for different interaction strengths Jz. The inset
shows the approach to saturation.
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Quantum State Tomography3

correlations is evident [11, 26, 33].
MPS tomography is applied to quench dynamics, starting

from the initial antiferromagnetic Néel-ordered product state
|�(0)i = |", #, ", #, . . .i. This highly excited initial state (N/2
excitations) leads to the emergence of locally-correlated en-
tangled states involving all N particles and evolves in a sub-
space whose size, contrary to those of low-excitation sub-
spaces [33], grows exponentially with N. After preparing
|�(0)i with a spatially-steerable laser, focused on a single ion,
spin interactions are abruptly turned on (a quench) and then
o↵ after a desired evolution time t, freezing the generated state
and allowing for spin measurement. The ideal model state is
|�(t)i = exp(�iHXYt) |�(0)i. Through repeated state prepara-
tion and measurement, estimates of the expectation values for
local k-spin observables are obtained. For example, to esti-
mate each of the N�2 local reductions of neighbouring k = 3
sites (spin triplets), measurements in 3k = 27 di↵erent bases
are carried out. The results are input into a combination of two
e�cient MPS tomography algorithms [2, 7], which output an
initial MPS estimate for the simulator state ⇢lab. Finally, a cer-
tified MPS state estimate | k

ci is found. The lower bound on
the fidelity of this state with the actual state in the laboratory
is given by Fk

c , i.e. h k
c | ⇢lab | k

ci � Fk
c (see Supp. Mat.).

The largest application of full QST was for an 8 qubit W-
state [34], for which measurements were made in 6561 dif-
ferent bases taken over a period of ten hours [37]. We be-
gin experiments with 8 spin (qubit) quench dynamics, and re-
construct 8-spin entangled states via MPS tomography, using
measurements in only 27 bases taken over a period of around
ten minutes. Local measurements are performed to recon-
struct all k-local reductions of individual spins (k = 1), neigh-
bouring spin pairs (k = 2) and spin triplets (k = 3), at various
simulator evolution times. The results of these measurements
directly reveal important properties. Single-site ‘magnetisa-
tion’ shows how spin excitations disperse and then partially
refocus (Figure 2a). In the first few ms, strong entanglement
is seen to develop in all neighbouring spin pairs and triplets,
then later reducing, first in pairs then in triplets, consistent
with correlations spreading out across larger numbers of spins
in the system (Figure 2c-d).

Fidelity lower bounds Fk
c from MPS tomography during the

8-spin quench are shown in Fig 3a. The results closely match
an idealised model: MPS tomography applied to the exact lo-
cal reductions of the ideal states |�(t)i. The di↵erences be-
tween model and data are largely due imperfect knowledge of
local reduction due to the finite number of measurements used
in experiments (Projection noise, see Supp. Mat.). Measure-
ments on k=1 sites at t = 0 provides a certified MPS state
reconstruction | 1

ci, with F1
c = 0.98 ± 0.01 and |h 1

c |�(0)i|2 =
0.98, proving that the system is initially well described by a
pure product Néel state (Figure 3a). The fidelity lower bounds
based on single-site measurements rapidly degrade as the sim-
ulator evolves, falling to 0 by t = 2 ms. Nevertheless, an ac-
curate pure-state description is still achieved by measuring on
larger (k = 2) and larger (k = 3) reduced sites (Figure 3a). The
model fidelity bounds F3

c begin to drop after t = 2 ms, con-
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FIG. 2: Local measurement results for an 8 spin system. a. Sin-
gle site magnetisation: Probability of finding a spin up at each site,
during quench dynamics. The interaction range ↵ ⇡ 1.6. Lefthand
time axis is renormalised by the average nearest-neighbour J cou-
plings. Two light-like cones are shown, exemplifying an estimate for
the maximum speed at which correlations spread (see Supp. Mat.).
b. Density matrix (absolute value) of spins 3 & 4 at time of 3 ms,
reconstructed via QST. The state is entangled, with a bipartite neg-
ativity of N2 = 0.31 ± 0.01 and a fidelity with an ideal theoretical
model of over 0.99. c.-d. Entanglement in all neighbouring spin
pairs (c.) and spin triplets (d.) at three evolution times, as labelled:
values calculated from measured density matrices (e.g. panel b.).
The entanglement measure is bipartite negativity N2 (tripartite neg-
ativity N3) for spin pairs (triplets). N3 is the geometric mean of all
three bipartite negativity splittings.

sistent with the time at which the information wavefronts are
expected to reach next-nearest-neighbours (light-like cones,
Figure 2a), allowing for correlations beyond 3 sites to develop.
Measurements on k = 3 sites reveal an MPS description with
more than 0.8 fidelity up to t = 3 ms, before rapidly dropping
to 0 at 6 ms. This is consistent with the model and the entan-
glement properties measured directly in the local reductions
(Figure 2b-c): At t = 3 ms entanglement in spin triplets max-
imises, before reducing to almost zero at 6ms as correlations
have spread out to include more distant spins. In this case, 3-
site local reductions are not su�cient to uniquely distinguish
the global state. Note, even if Fk

c = 0, the MPS estimates | k
ci

can still be an accurate description of the lab state (Fk
c are only

lower bounds).
The data in Figure 3a clearly reveal the generation and

spreading-out of entanglement during simulator evolution up
to 3 - 4 ms, and are consistent with this behaviour continu-
ing beyond this time. To confirm this, it would be necessary
to measure on increasingly large numbers of sites, demanding
measurements that grow exponentially in k. That the amount
of entanglement in the simulator is growing in time can be
seen from the inset in figure 3a: the half-chain entropies of
the certified MPSs | 3

ci are seen to grow as expected for a
sudden quench, closely following that in ideal model states
|�(t)i. For all times at which F3

c > 0 (except t = 0), the

B. P. Lanyon et al., arXiv:
1612.08000

Gross et al Phys . Rev. 
Lett. 105, 150401 

If available



Measurement of Renyi entropies

Quench dynamics

⇢t ! ⇢t,A⇢I

State 
preparation 

Interference of copies 

Daley et al . PRL, 109(2), 
20505 (2012)

Pichler et al Physical Review X, 
6(4), 41033 (2016)

Islam et al Nature 528, 77–
83  (2015)

ARTICLE RESEARCH

3  D E C E M B E R  2 0 1 5  |  V O L  5 2 8  |  N A T U R E  |  7 9

To initialize two independent and identical copies of a state with 
fixed particle number N, we start with a low-entropy two-dimensional 
Mott insulator with unity filling in the atomic limit28 and determin-
istically retain a plaquette of 2 ×  N atoms while removing all others  
(Supplementary Information). This is illustrated in Fig. 3a. The 
plaquette of 2 ×  N atoms contains two copies (along the y direction) 
of an N-atom one-dimensional system (along the x direction), with 
N =  4 in this figure. The desired quantum state is prepared by manip-
ulating the depth of the optical lattice along x, varying the parameter 
U/Jx, where Jx is the tunnelling rate along x. A box potential created by 
the spatial light modulator is superimposed onto this optical lattice to 
constrain the dynamics to the sites within each copy. During the state 
preparation, a deep lattice barrier separates the two copies and makes 
them independent of each other.

The beam splitter operation required for the many-body interference 
is realized in a double-well potential along y. The dynamics of atoms 
in the double well is likewise described by the Bose–Hubbard 
Hamiltonian, equation (4). A single atom, initially localized in one well, 
coherently oscillates between the wells with a Rabi frequency of J =  Jy 
(oscillation frequency in the amplitude). At discrete times during this 
evolution, = =( ) −t t n n

JBS
2 1

8 y
, with n =  1, 2, ..., the atom is delocalized 

equally over the two wells with a fixed phase relationship. Each of these 
times realizes a beam splitter operation, for which the same two wells 
serve as the input ports at time t =  0 and output ports at time = ( )t t n

BS . 
Two indistinguishable atoms with negligible interaction strength 
(U/Jy ≪ 1) in this double well will interfere as they tunnel. The dynam-
ics of two atoms in the double well is demonstrated in Fig. 3b in terms 
of the joint probability P(1, 1) of finding them in separate wells versus 
the normalized time Jyt. The joint probability P(1, 1) oscillates at a 
frequency of 772(16) Hz =  4Jy, with a contrast of 95(3)%. At  
the beam splitter times, = ( )t t n

BS , P(1, 1) ≈  0. The first beam splitter  
time, ≡ =( )t t JBS BS

1 1
8 y

 is used for all the following experiments, with  

P(1, 1) =  0.05(2). This is a signature of bosonic interference of two 
indistinguishable particles37,38, akin to the photonic HOM interfer-
ence36. This high interference contrast indicates the near-perfect sup-
pression of classical noise and fluctuations and includes an expected 
0.6% reduction due to finite interaction strength (U/Jy ≈  0.3). The 
results from this interference can be interpreted as a measurement of 
the quantum purity of the initial Fock state as measured from the aver-
age parity (equation (3)), 〈 Pi〉  =  1 −  2 ×  P(1, 1) =  0.90(4), where i =  1, 2 
are the two copies.

Entanglement in the ground state
The Bose–Hubbard model provides an interesting system in which to 
investigate entanglement. In optical lattice systems, a lower bound of 
the spatial entanglement has been previously estimated from time-of-
flight measurements39 and entanglement dynamics in spin degrees of 
freedom has been investigated with partial state reconstruction40. Here, 
we directly measure entanglement in real space occupational particle 
number in a site-resolved way. In the strongly interacting atomic limit 
of U/Jx ≫ 1, the ground state is a Mott insulator corresponding to a Fock 
state of one atom at each lattice site. The quantum state has no spatial 
entanglement with respect to any partitioning in this phase—it is in a 
product state of the Fock states. As the interaction strength is reduced 
adiabatically, atoms begin to tunnel across the lattice sites, and ultimately 
the Mott insulator melts into a superfluid with a fixed atom number. The 
delocalization of atoms creates entanglement between spatial subsystems. 
This entanglement originates41,42 from correlated fluctuations in the 
number of particles between the subsystems due to the super-selection 
rule that the total particle number in the full system is fixed, as well as 
coherence between various configurations without any such fluctuation.

To probe the emergence of entanglement, we first prepare the ground 
state of equation (4) in both copies by adiabatically lowering the optical 

Figure 3 | Many-body interference to probe entanglement in optical 
lattices. a, A high-resolution microscope is used to directly image the 
number parity of ultracold bosonic atoms on each lattice site (in the raw 
images, green represents odd and black represents even). Two adjacent 
one-dimensional lattices are created by combining an optical lattice  
and potentials created by a spatial light modulator. We initialize two 
identical many-body states by filling the potentials from a low-entropy 
two-dimensional Mott insulator. The tunnelling rates Jx and Jy can be 
tuned independently by changing the depth of the potential. b, The 
atomic beam splitter operation is realized in a tunnel-coupled  
double-well potential. An atom, initially localized in one of the wells, 
delocalizes with equal probability into both the wells by this beam splitter. 
Here, we show the atomic analogue of the HOM interference of two states. 
The joint probability P(1, 1) measures the probability of coincidence 
detection of the atoms in separate wells as a function of normalized 
tunnel time Jyt, with the single particle tunnelling Jy =  193(4) Hz.  
At the beam splitter duration (Jyt = 1/8) bosonic interference leads 
to a nearly vanishing P(1, 1), corresponding to an even parity in the 
output states. This can be interpreted as a measurement of the purity 
of the initial Fock state, here measured to be 0.90(4). The data shown 
here are averaged over two independent double wells. The blue curve 
is a maximum-likelihood fit to the data, and the error bars reflect 1σ  
statistical error. c, When two copies of a product state, such as the Mott 
insulator in the atomic limit, are interfered on the beam splitter, the 
output states contain even particle numbers globally (full system) as well 
as locally (subsystem), indicating pure states in both. d, On the other 
hand, for two copies of an entangled state, such as a superfluid state, the 
output states contain even particle numbers globally (pure state) but a 
mixture of odd and even outcomes locally (mixed state). This directly 
demonstrates entanglement.
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correlations is evident [11, 26, 33].
MPS tomography is applied to quench dynamics, starting

from the initial antiferromagnetic Néel-ordered product state
|�(0)i = |", #, ", #, . . .i. This highly excited initial state (N/2
excitations) leads to the emergence of locally-correlated en-
tangled states involving all N particles and evolves in a sub-
space whose size, contrary to those of low-excitation sub-
spaces [33], grows exponentially with N. After preparing
|�(0)i with a spatially-steerable laser, focused on a single ion,
spin interactions are abruptly turned on (a quench) and then
o↵ after a desired evolution time t, freezing the generated state
and allowing for spin measurement. The ideal model state is
|�(t)i = exp(�iHXYt) |�(0)i. Through repeated state prepara-
tion and measurement, estimates of the expectation values for
local k-spin observables are obtained. For example, to esti-
mate each of the N�2 local reductions of neighbouring k = 3
sites (spin triplets), measurements in 3k = 27 di↵erent bases
are carried out. The results are input into a combination of two
e�cient MPS tomography algorithms [2, 7], which output an
initial MPS estimate for the simulator state ⇢lab. Finally, a cer-
tified MPS state estimate | k

ci is found. The lower bound on
the fidelity of this state with the actual state in the laboratory
is given by Fk

c , i.e. h k
c | ⇢lab | k

ci � Fk
c (see Supp. Mat.).

The largest application of full QST was for an 8 qubit W-
state [34], for which measurements were made in 6561 dif-
ferent bases taken over a period of ten hours [37]. We be-
gin experiments with 8 spin (qubit) quench dynamics, and re-
construct 8-spin entangled states via MPS tomography, using
measurements in only 27 bases taken over a period of around
ten minutes. Local measurements are performed to recon-
struct all k-local reductions of individual spins (k = 1), neigh-
bouring spin pairs (k = 2) and spin triplets (k = 3), at various
simulator evolution times. The results of these measurements
directly reveal important properties. Single-site ‘magnetisa-
tion’ shows how spin excitations disperse and then partially
refocus (Figure 2a). In the first few ms, strong entanglement
is seen to develop in all neighbouring spin pairs and triplets,
then later reducing, first in pairs then in triplets, consistent
with correlations spreading out across larger numbers of spins
in the system (Figure 2c-d).

Fidelity lower bounds Fk
c from MPS tomography during the

8-spin quench are shown in Fig 3a. The results closely match
an idealised model: MPS tomography applied to the exact lo-
cal reductions of the ideal states |�(t)i. The di↵erences be-
tween model and data are largely due imperfect knowledge of
local reduction due to the finite number of measurements used
in experiments (Projection noise, see Supp. Mat.). Measure-
ments on k=1 sites at t = 0 provides a certified MPS state
reconstruction | 1

ci, with F1
c = 0.98 ± 0.01 and |h 1

c |�(0)i|2 =
0.98, proving that the system is initially well described by a
pure product Néel state (Figure 3a). The fidelity lower bounds
based on single-site measurements rapidly degrade as the sim-
ulator evolves, falling to 0 by t = 2 ms. Nevertheless, an ac-
curate pure-state description is still achieved by measuring on
larger (k = 2) and larger (k = 3) reduced sites (Figure 3a). The
model fidelity bounds F3

c begin to drop after t = 2 ms, con-
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FIG. 2: Local measurement results for an 8 spin system. a. Sin-
gle site magnetisation: Probability of finding a spin up at each site,
during quench dynamics. The interaction range ↵ ⇡ 1.6. Lefthand
time axis is renormalised by the average nearest-neighbour J cou-
plings. Two light-like cones are shown, exemplifying an estimate for
the maximum speed at which correlations spread (see Supp. Mat.).
b. Density matrix (absolute value) of spins 3 & 4 at time of 3 ms,
reconstructed via QST. The state is entangled, with a bipartite neg-
ativity of N2 = 0.31 ± 0.01 and a fidelity with an ideal theoretical
model of over 0.99. c.-d. Entanglement in all neighbouring spin
pairs (c.) and spin triplets (d.) at three evolution times, as labelled:
values calculated from measured density matrices (e.g. panel b.).
The entanglement measure is bipartite negativity N2 (tripartite neg-
ativity N3) for spin pairs (triplets). N3 is the geometric mean of all
three bipartite negativity splittings.

sistent with the time at which the information wavefronts are
expected to reach next-nearest-neighbours (light-like cones,
Figure 2a), allowing for correlations beyond 3 sites to develop.
Measurements on k = 3 sites reveal an MPS description with
more than 0.8 fidelity up to t = 3 ms, before rapidly dropping
to 0 at 6 ms. This is consistent with the model and the entan-
glement properties measured directly in the local reductions
(Figure 2b-c): At t = 3 ms entanglement in spin triplets max-
imises, before reducing to almost zero at 6ms as correlations
have spread out to include more distant spins. In this case, 3-
site local reductions are not su�cient to uniquely distinguish
the global state. Note, even if Fk

c = 0, the MPS estimates | k
ci

can still be an accurate description of the lab state (Fk
c are only

lower bounds).
The data in Figure 3a clearly reveal the generation and

spreading-out of entanglement during simulator evolution up
to 3 - 4 ms, and are consistent with this behaviour continu-
ing beyond this time. To confirm this, it would be necessary
to measure on increasingly large numbers of sites, demanding
measurements that grow exponentially in k. That the amount
of entanglement in the simulator is growing in time can be
seen from the inset in figure 3a: the half-chain entropies of
the certified MPSs | 3

ci are seen to grow as expected for a
sudden quench, closely following that in ideal model states
|�(t)i. For all times at which F3

c > 0 (except t = 0), the

B. P. Lanyon et al., arXiv:
1612.08000

Gross et al Phys . Rev. 
Lett. 105, 150401 

If available
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To initialize two independent and identical copies of a state with 
fixed particle number N, we start with a low-entropy two-dimensional 
Mott insulator with unity filling in the atomic limit28 and determin-
istically retain a plaquette of 2 ×  N atoms while removing all others  
(Supplementary Information). This is illustrated in Fig. 3a. The 
plaquette of 2 ×  N atoms contains two copies (along the y direction) 
of an N-atom one-dimensional system (along the x direction), with 
N =  4 in this figure. The desired quantum state is prepared by manip-
ulating the depth of the optical lattice along x, varying the parameter 
U/Jx, where Jx is the tunnelling rate along x. A box potential created by 
the spatial light modulator is superimposed onto this optical lattice to 
constrain the dynamics to the sites within each copy. During the state 
preparation, a deep lattice barrier separates the two copies and makes 
them independent of each other.

The beam splitter operation required for the many-body interference 
is realized in a double-well potential along y. The dynamics of atoms 
in the double well is likewise described by the Bose–Hubbard 
Hamiltonian, equation (4). A single atom, initially localized in one well, 
coherently oscillates between the wells with a Rabi frequency of J =  Jy 
(oscillation frequency in the amplitude). At discrete times during this 
evolution, = =( ) −t t n n

JBS
2 1

8 y
, with n =  1, 2, ..., the atom is delocalized 

equally over the two wells with a fixed phase relationship. Each of these 
times realizes a beam splitter operation, for which the same two wells 
serve as the input ports at time t =  0 and output ports at time = ( )t t n

BS . 
Two indistinguishable atoms with negligible interaction strength 
(U/Jy ≪ 1) in this double well will interfere as they tunnel. The dynam-
ics of two atoms in the double well is demonstrated in Fig. 3b in terms 
of the joint probability P(1, 1) of finding them in separate wells versus 
the normalized time Jyt. The joint probability P(1, 1) oscillates at a 
frequency of 772(16) Hz =  4Jy, with a contrast of 95(3)%. At  
the beam splitter times, = ( )t t n

BS , P(1, 1) ≈  0. The first beam splitter  
time, ≡ =( )t t JBS BS

1 1
8 y

 is used for all the following experiments, with  

P(1, 1) =  0.05(2). This is a signature of bosonic interference of two 
indistinguishable particles37,38, akin to the photonic HOM interfer-
ence36. This high interference contrast indicates the near-perfect sup-
pression of classical noise and fluctuations and includes an expected 
0.6% reduction due to finite interaction strength (U/Jy ≈  0.3). The 
results from this interference can be interpreted as a measurement of 
the quantum purity of the initial Fock state as measured from the aver-
age parity (equation (3)), 〈 Pi〉  =  1 −  2 ×  P(1, 1) =  0.90(4), where i =  1, 2 
are the two copies.

Entanglement in the ground state
The Bose–Hubbard model provides an interesting system in which to 
investigate entanglement. In optical lattice systems, a lower bound of 
the spatial entanglement has been previously estimated from time-of-
flight measurements39 and entanglement dynamics in spin degrees of 
freedom has been investigated with partial state reconstruction40. Here, 
we directly measure entanglement in real space occupational particle 
number in a site-resolved way. In the strongly interacting atomic limit 
of U/Jx ≫ 1, the ground state is a Mott insulator corresponding to a Fock 
state of one atom at each lattice site. The quantum state has no spatial 
entanglement with respect to any partitioning in this phase—it is in a 
product state of the Fock states. As the interaction strength is reduced 
adiabatically, atoms begin to tunnel across the lattice sites, and ultimately 
the Mott insulator melts into a superfluid with a fixed atom number. The 
delocalization of atoms creates entanglement between spatial subsystems. 
This entanglement originates41,42 from correlated fluctuations in the 
number of particles between the subsystems due to the super-selection 
rule that the total particle number in the full system is fixed, as well as 
coherence between various configurations without any such fluctuation.

To probe the emergence of entanglement, we first prepare the ground 
state of equation (4) in both copies by adiabatically lowering the optical 

Figure 3 | Many-body interference to probe entanglement in optical 
lattices. a, A high-resolution microscope is used to directly image the 
number parity of ultracold bosonic atoms on each lattice site (in the raw 
images, green represents odd and black represents even). Two adjacent 
one-dimensional lattices are created by combining an optical lattice  
and potentials created by a spatial light modulator. We initialize two 
identical many-body states by filling the potentials from a low-entropy 
two-dimensional Mott insulator. The tunnelling rates Jx and Jy can be 
tuned independently by changing the depth of the potential. b, The 
atomic beam splitter operation is realized in a tunnel-coupled  
double-well potential. An atom, initially localized in one of the wells, 
delocalizes with equal probability into both the wells by this beam splitter. 
Here, we show the atomic analogue of the HOM interference of two states. 
The joint probability P(1, 1) measures the probability of coincidence 
detection of the atoms in separate wells as a function of normalized 
tunnel time Jyt, with the single particle tunnelling Jy =  193(4) Hz.  
At the beam splitter duration (Jyt = 1/8) bosonic interference leads 
to a nearly vanishing P(1, 1), corresponding to an even parity in the 
output states. This can be interpreted as a measurement of the purity 
of the initial Fock state, here measured to be 0.90(4). The data shown 
here are averaged over two independent double wells. The blue curve 
is a maximum-likelihood fit to the data, and the error bars reflect 1σ  
statistical error. c, When two copies of a product state, such as the Mott 
insulator in the atomic limit, are interfered on the beam splitter, the 
output states contain even particle numbers globally (full system) as well 
as locally (subsystem), indicating pure states in both. d, On the other 
hand, for two copies of an entangled state, such as a superfluid state, the 
output states contain even particle numbers globally (pure state) but a 
mixture of odd and even outcomes locally (mixed state). This directly 
demonstrates entanglement.
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correlations is evident [11, 26, 33].
MPS tomography is applied to quench dynamics, starting

from the initial antiferromagnetic Néel-ordered product state
|�(0)i = |", #, ", #, . . .i. This highly excited initial state (N/2
excitations) leads to the emergence of locally-correlated en-
tangled states involving all N particles and evolves in a sub-
space whose size, contrary to those of low-excitation sub-
spaces [33], grows exponentially with N. After preparing
|�(0)i with a spatially-steerable laser, focused on a single ion,
spin interactions are abruptly turned on (a quench) and then
o↵ after a desired evolution time t, freezing the generated state
and allowing for spin measurement. The ideal model state is
|�(t)i = exp(�iHXYt) |�(0)i. Through repeated state prepara-
tion and measurement, estimates of the expectation values for
local k-spin observables are obtained. For example, to esti-
mate each of the N�2 local reductions of neighbouring k = 3
sites (spin triplets), measurements in 3k = 27 di↵erent bases
are carried out. The results are input into a combination of two
e�cient MPS tomography algorithms [2, 7], which output an
initial MPS estimate for the simulator state ⇢lab. Finally, a cer-
tified MPS state estimate | k

ci is found. The lower bound on
the fidelity of this state with the actual state in the laboratory
is given by Fk

c , i.e. h k
c | ⇢lab | k

ci � Fk
c (see Supp. Mat.).

The largest application of full QST was for an 8 qubit W-
state [34], for which measurements were made in 6561 dif-
ferent bases taken over a period of ten hours [37]. We be-
gin experiments with 8 spin (qubit) quench dynamics, and re-
construct 8-spin entangled states via MPS tomography, using
measurements in only 27 bases taken over a period of around
ten minutes. Local measurements are performed to recon-
struct all k-local reductions of individual spins (k = 1), neigh-
bouring spin pairs (k = 2) and spin triplets (k = 3), at various
simulator evolution times. The results of these measurements
directly reveal important properties. Single-site ‘magnetisa-
tion’ shows how spin excitations disperse and then partially
refocus (Figure 2a). In the first few ms, strong entanglement
is seen to develop in all neighbouring spin pairs and triplets,
then later reducing, first in pairs then in triplets, consistent
with correlations spreading out across larger numbers of spins
in the system (Figure 2c-d).

Fidelity lower bounds Fk
c from MPS tomography during the

8-spin quench are shown in Fig 3a. The results closely match
an idealised model: MPS tomography applied to the exact lo-
cal reductions of the ideal states |�(t)i. The di↵erences be-
tween model and data are largely due imperfect knowledge of
local reduction due to the finite number of measurements used
in experiments (Projection noise, see Supp. Mat.). Measure-
ments on k=1 sites at t = 0 provides a certified MPS state
reconstruction | 1

ci, with F1
c = 0.98 ± 0.01 and |h 1

c |�(0)i|2 =
0.98, proving that the system is initially well described by a
pure product Néel state (Figure 3a). The fidelity lower bounds
based on single-site measurements rapidly degrade as the sim-
ulator evolves, falling to 0 by t = 2 ms. Nevertheless, an ac-
curate pure-state description is still achieved by measuring on
larger (k = 2) and larger (k = 3) reduced sites (Figure 3a). The
model fidelity bounds F3

c begin to drop after t = 2 ms, con-
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FIG. 2: Local measurement results for an 8 spin system. a. Sin-
gle site magnetisation: Probability of finding a spin up at each site,
during quench dynamics. The interaction range ↵ ⇡ 1.6. Lefthand
time axis is renormalised by the average nearest-neighbour J cou-
plings. Two light-like cones are shown, exemplifying an estimate for
the maximum speed at which correlations spread (see Supp. Mat.).
b. Density matrix (absolute value) of spins 3 & 4 at time of 3 ms,
reconstructed via QST. The state is entangled, with a bipartite neg-
ativity of N2 = 0.31 ± 0.01 and a fidelity with an ideal theoretical
model of over 0.99. c.-d. Entanglement in all neighbouring spin
pairs (c.) and spin triplets (d.) at three evolution times, as labelled:
values calculated from measured density matrices (e.g. panel b.).
The entanglement measure is bipartite negativity N2 (tripartite neg-
ativity N3) for spin pairs (triplets). N3 is the geometric mean of all
three bipartite negativity splittings.

sistent with the time at which the information wavefronts are
expected to reach next-nearest-neighbours (light-like cones,
Figure 2a), allowing for correlations beyond 3 sites to develop.
Measurements on k = 3 sites reveal an MPS description with
more than 0.8 fidelity up to t = 3 ms, before rapidly dropping
to 0 at 6 ms. This is consistent with the model and the entan-
glement properties measured directly in the local reductions
(Figure 2b-c): At t = 3 ms entanglement in spin triplets max-
imises, before reducing to almost zero at 6ms as correlations
have spread out to include more distant spins. In this case, 3-
site local reductions are not su�cient to uniquely distinguish
the global state. Note, even if Fk

c = 0, the MPS estimates | k
ci

can still be an accurate description of the lab state (Fk
c are only

lower bounds).
The data in Figure 3a clearly reveal the generation and

spreading-out of entanglement during simulator evolution up
to 3 - 4 ms, and are consistent with this behaviour continu-
ing beyond this time. To confirm this, it would be necessary
to measure on increasingly large numbers of sites, demanding
measurements that grow exponentially in k. That the amount
of entanglement in the simulator is growing in time can be
seen from the inset in figure 3a: the half-chain entropies of
the certified MPSs | 3

ci are seen to grow as expected for a
sudden quench, closely following that in ideal model states
|�(t)i. For all times at which F3

c > 0 (except t = 0), the
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To initialize two independent and identical copies of a state with 
fixed particle number N, we start with a low-entropy two-dimensional 
Mott insulator with unity filling in the atomic limit28 and determin-
istically retain a plaquette of 2 ×  N atoms while removing all others  
(Supplementary Information). This is illustrated in Fig. 3a. The 
plaquette of 2 ×  N atoms contains two copies (along the y direction) 
of an N-atom one-dimensional system (along the x direction), with 
N =  4 in this figure. The desired quantum state is prepared by manip-
ulating the depth of the optical lattice along x, varying the parameter 
U/Jx, where Jx is the tunnelling rate along x. A box potential created by 
the spatial light modulator is superimposed onto this optical lattice to 
constrain the dynamics to the sites within each copy. During the state 
preparation, a deep lattice barrier separates the two copies and makes 
them independent of each other.

The beam splitter operation required for the many-body interference 
is realized in a double-well potential along y. The dynamics of atoms 
in the double well is likewise described by the Bose–Hubbard 
Hamiltonian, equation (4). A single atom, initially localized in one well, 
coherently oscillates between the wells with a Rabi frequency of J =  Jy 
(oscillation frequency in the amplitude). At discrete times during this 
evolution, = =( ) −t t n n

JBS
2 1

8 y
, with n =  1, 2, ..., the atom is delocalized 

equally over the two wells with a fixed phase relationship. Each of these 
times realizes a beam splitter operation, for which the same two wells 
serve as the input ports at time t =  0 and output ports at time = ( )t t n

BS . 
Two indistinguishable atoms with negligible interaction strength 
(U/Jy ≪ 1) in this double well will interfere as they tunnel. The dynam-
ics of two atoms in the double well is demonstrated in Fig. 3b in terms 
of the joint probability P(1, 1) of finding them in separate wells versus 
the normalized time Jyt. The joint probability P(1, 1) oscillates at a 
frequency of 772(16) Hz =  4Jy, with a contrast of 95(3)%. At  
the beam splitter times, = ( )t t n

BS , P(1, 1) ≈  0. The first beam splitter  
time, ≡ =( )t t JBS BS

1 1
8 y

 is used for all the following experiments, with  

P(1, 1) =  0.05(2). This is a signature of bosonic interference of two 
indistinguishable particles37,38, akin to the photonic HOM interfer-
ence36. This high interference contrast indicates the near-perfect sup-
pression of classical noise and fluctuations and includes an expected 
0.6% reduction due to finite interaction strength (U/Jy ≈  0.3). The 
results from this interference can be interpreted as a measurement of 
the quantum purity of the initial Fock state as measured from the aver-
age parity (equation (3)), 〈 Pi〉  =  1 −  2 ×  P(1, 1) =  0.90(4), where i =  1, 2 
are the two copies.

Entanglement in the ground state
The Bose–Hubbard model provides an interesting system in which to 
investigate entanglement. In optical lattice systems, a lower bound of 
the spatial entanglement has been previously estimated from time-of-
flight measurements39 and entanglement dynamics in spin degrees of 
freedom has been investigated with partial state reconstruction40. Here, 
we directly measure entanglement in real space occupational particle 
number in a site-resolved way. In the strongly interacting atomic limit 
of U/Jx ≫ 1, the ground state is a Mott insulator corresponding to a Fock 
state of one atom at each lattice site. The quantum state has no spatial 
entanglement with respect to any partitioning in this phase—it is in a 
product state of the Fock states. As the interaction strength is reduced 
adiabatically, atoms begin to tunnel across the lattice sites, and ultimately 
the Mott insulator melts into a superfluid with a fixed atom number. The 
delocalization of atoms creates entanglement between spatial subsystems. 
This entanglement originates41,42 from correlated fluctuations in the 
number of particles between the subsystems due to the super-selection 
rule that the total particle number in the full system is fixed, as well as 
coherence between various configurations without any such fluctuation.

To probe the emergence of entanglement, we first prepare the ground 
state of equation (4) in both copies by adiabatically lowering the optical 

Figure 3 | Many-body interference to probe entanglement in optical 
lattices. a, A high-resolution microscope is used to directly image the 
number parity of ultracold bosonic atoms on each lattice site (in the raw 
images, green represents odd and black represents even). Two adjacent 
one-dimensional lattices are created by combining an optical lattice  
and potentials created by a spatial light modulator. We initialize two 
identical many-body states by filling the potentials from a low-entropy 
two-dimensional Mott insulator. The tunnelling rates Jx and Jy can be 
tuned independently by changing the depth of the potential. b, The 
atomic beam splitter operation is realized in a tunnel-coupled  
double-well potential. An atom, initially localized in one of the wells, 
delocalizes with equal probability into both the wells by this beam splitter. 
Here, we show the atomic analogue of the HOM interference of two states. 
The joint probability P(1, 1) measures the probability of coincidence 
detection of the atoms in separate wells as a function of normalized 
tunnel time Jyt, with the single particle tunnelling Jy =  193(4) Hz.  
At the beam splitter duration (Jyt = 1/8) bosonic interference leads 
to a nearly vanishing P(1, 1), corresponding to an even parity in the 
output states. This can be interpreted as a measurement of the purity 
of the initial Fock state, here measured to be 0.90(4). The data shown 
here are averaged over two independent double wells. The blue curve 
is a maximum-likelihood fit to the data, and the error bars reflect 1σ  
statistical error. c, When two copies of a product state, such as the Mott 
insulator in the atomic limit, are interfered on the beam splitter, the 
output states contain even particle numbers globally (full system) as well 
as locally (subsystem), indicating pure states in both. d, On the other 
hand, for two copies of an entangled state, such as a superfluid state, the 
output states contain even particle numbers globally (pure state) but a 
mixture of odd and even outcomes locally (mixed state). This directly 
demonstrates entanglement.

50/50 beam splitter

0 1/8 1/4 3/8 1/2
0

0.2

0.4

0.6

0.8

(1
,1

)

1

Jyt

/50 beam spli

b

c

d

Twin state
Initialization

Site-resolved
parity readout

Many-body
interference

a

x

y

A B

A B

A+B even

Superfluid

Mott insulator Pure

A even Pure

A+B even pure

A odd or even mixed

A and B product state

A and B entangled

Odd Even

Mott

Jx

680 nm

Jy

Jy

© 2015 Macmillan Publishers Limited. All rights reserved

Measurement of 
Renyi entropy

of a (sub-)system

How to measure Renyi entropies for interesting many body dynamics?

Random measurements on 
single copies

van Enk, Beenaker, PRL 
108, 110503 (2012)

S. Boixo, et al., arXiv:1608.00263

How to realize in a physical system which 
exists today in the lab? 

- Hubbard or Spin model

Many body localization, 
thermalization, 

…

Quantum State Tomography3

correlations is evident [11, 26, 33].
MPS tomography is applied to quench dynamics, starting

from the initial antiferromagnetic Néel-ordered product state
|�(0)i = |", #, ", #, . . .i. This highly excited initial state (N/2
excitations) leads to the emergence of locally-correlated en-
tangled states involving all N particles and evolves in a sub-
space whose size, contrary to those of low-excitation sub-
spaces [33], grows exponentially with N. After preparing
|�(0)i with a spatially-steerable laser, focused on a single ion,
spin interactions are abruptly turned on (a quench) and then
o↵ after a desired evolution time t, freezing the generated state
and allowing for spin measurement. The ideal model state is
|�(t)i = exp(�iHXYt) |�(0)i. Through repeated state prepara-
tion and measurement, estimates of the expectation values for
local k-spin observables are obtained. For example, to esti-
mate each of the N�2 local reductions of neighbouring k = 3
sites (spin triplets), measurements in 3k = 27 di↵erent bases
are carried out. The results are input into a combination of two
e�cient MPS tomography algorithms [2, 7], which output an
initial MPS estimate for the simulator state ⇢lab. Finally, a cer-
tified MPS state estimate | k

ci is found. The lower bound on
the fidelity of this state with the actual state in the laboratory
is given by Fk

c , i.e. h k
c | ⇢lab | k

ci � Fk
c (see Supp. Mat.).

The largest application of full QST was for an 8 qubit W-
state [34], for which measurements were made in 6561 dif-
ferent bases taken over a period of ten hours [37]. We be-
gin experiments with 8 spin (qubit) quench dynamics, and re-
construct 8-spin entangled states via MPS tomography, using
measurements in only 27 bases taken over a period of around
ten minutes. Local measurements are performed to recon-
struct all k-local reductions of individual spins (k = 1), neigh-
bouring spin pairs (k = 2) and spin triplets (k = 3), at various
simulator evolution times. The results of these measurements
directly reveal important properties. Single-site ‘magnetisa-
tion’ shows how spin excitations disperse and then partially
refocus (Figure 2a). In the first few ms, strong entanglement
is seen to develop in all neighbouring spin pairs and triplets,
then later reducing, first in pairs then in triplets, consistent
with correlations spreading out across larger numbers of spins
in the system (Figure 2c-d).

Fidelity lower bounds Fk
c from MPS tomography during the

8-spin quench are shown in Fig 3a. The results closely match
an idealised model: MPS tomography applied to the exact lo-
cal reductions of the ideal states |�(t)i. The di↵erences be-
tween model and data are largely due imperfect knowledge of
local reduction due to the finite number of measurements used
in experiments (Projection noise, see Supp. Mat.). Measure-
ments on k=1 sites at t = 0 provides a certified MPS state
reconstruction | 1

ci, with F1
c = 0.98 ± 0.01 and |h 1

c |�(0)i|2 =
0.98, proving that the system is initially well described by a
pure product Néel state (Figure 3a). The fidelity lower bounds
based on single-site measurements rapidly degrade as the sim-
ulator evolves, falling to 0 by t = 2 ms. Nevertheless, an ac-
curate pure-state description is still achieved by measuring on
larger (k = 2) and larger (k = 3) reduced sites (Figure 3a). The
model fidelity bounds F3

c begin to drop after t = 2 ms, con-
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FIG. 2: Local measurement results for an 8 spin system. a. Sin-
gle site magnetisation: Probability of finding a spin up at each site,
during quench dynamics. The interaction range ↵ ⇡ 1.6. Lefthand
time axis is renormalised by the average nearest-neighbour J cou-
plings. Two light-like cones are shown, exemplifying an estimate for
the maximum speed at which correlations spread (see Supp. Mat.).
b. Density matrix (absolute value) of spins 3 & 4 at time of 3 ms,
reconstructed via QST. The state is entangled, with a bipartite neg-
ativity of N2 = 0.31 ± 0.01 and a fidelity with an ideal theoretical
model of over 0.99. c.-d. Entanglement in all neighbouring spin
pairs (c.) and spin triplets (d.) at three evolution times, as labelled:
values calculated from measured density matrices (e.g. panel b.).
The entanglement measure is bipartite negativity N2 (tripartite neg-
ativity N3) for spin pairs (triplets). N3 is the geometric mean of all
three bipartite negativity splittings.

sistent with the time at which the information wavefronts are
expected to reach next-nearest-neighbours (light-like cones,
Figure 2a), allowing for correlations beyond 3 sites to develop.
Measurements on k = 3 sites reveal an MPS description with
more than 0.8 fidelity up to t = 3 ms, before rapidly dropping
to 0 at 6 ms. This is consistent with the model and the entan-
glement properties measured directly in the local reductions
(Figure 2b-c): At t = 3 ms entanglement in spin triplets max-
imises, before reducing to almost zero at 6ms as correlations
have spread out to include more distant spins. In this case, 3-
site local reductions are not su�cient to uniquely distinguish
the global state. Note, even if Fk

c = 0, the MPS estimates | k
ci

can still be an accurate description of the lab state (Fk
c are only

lower bounds).
The data in Figure 3a clearly reveal the generation and

spreading-out of entanglement during simulator evolution up
to 3 - 4 ms, and are consistent with this behaviour continu-
ing beyond this time. To confirm this, it would be necessary
to measure on increasingly large numbers of sites, demanding
measurements that grow exponentially in k. That the amount
of entanglement in the simulator is growing in time can be
seen from the inset in figure 3a: the half-chain entropies of
the certified MPSs | 3

ci are seen to grow as expected for a
sudden quench, closely following that in ideal model states
|�(t)i. For all times at which F3

c > 0 (except t = 0), the
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Bose-Hubbard model
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created unitary ensemble on 
being a t-design using known 
input states

S ✓ CUE(NH)Subset of random matrices
with



Random unitaries in a Rydberg chain

form normal distribution with standard deviation

1D Rydberg chain with random quenches
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Random unitary matrices

hUijU
⇤
kli =

�kl�ln
NH

<(Uij),=(Uij) ⇠ N
✓
0,

1

NH

◆

up to unitary constraints

U 2 CUE(NH)

van Enk, Beenaker (PRL 2012)

Random unitaries from the Circular Unitary Ensemble (CUE)

      : Hilbert space 
dimension of subsystem 
NH

hUijU
⇤
klUmnU

⇤
opi ⇡ hUijU

⇤
klihUmnU

⇤
opi+ hUijU

⇤
opihUmnU

⇤
kli =

�ik�jl�mo�np + �io�jp�mk�nl
N2
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hUijU
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opihUmnU

⇤
kli =

�ik�jl�mo�np + �io�jp�mk�nl
N2

H
Wicks theorem

Moments of random matrices

Unitaries distributed according the Haar measure on the unitary group



Justification of the protocol

Application to the protocol

⇢A ⇢fA = U⇢AU
†

Prob (s)U = Tr

⇥
U⇢AU

†Ps

⇤Measurement 

with outcome 

Projector 
describing 

measurement

s

Prob (s)2U = Tr

h
⇢fAPs

i
Tr

h
⇢fAPs

i
= Tr1⌦2

h
⇢fAPs ⌦ ⇢fAPs

i
= Tr1⌦2

⇥
U⇢AU

†Ps ⌦ U⇢AU
†Ps

⇤

2 virtual copies 2 virtual copies

Average over the unitaries

hProb (s)2U i = hTr1⌦2

⇥
U⇢AU

†Ps ⌦ U⇢AU
†Ps

⇤
i ⇡ 1

N2
H

⇣
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2
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⇤
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2 virtual copies
hUijU

⇤
klUmnU

⇤
opi ⇡ hUijU

⇤
klihUmnU

⇤
opi+ hUijU

⇤
opihUmnU

⇤
kli =

�ik�jl�mo�np + �io�jp�mk�nl
N2
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⇤
klUmnU

⇤
opi ⇡ hUijU

⇤
klihUmnU

⇤
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⇤
kli =
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N2

H

2nd moment of  CUE
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Higher order functionals
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• Similar polynomial scaling for fixed 

• Exponential rising number of 
unitaries with increasing     needed 

• Third, fourth polynomial might be 
feasible!
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Spin 1/2 chain - 8 Spins 
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What observables can be measured?

|(p2)e � p2| ⇠
1p

NONU

✓
1 +

NH

NS

◆

Error for estimated purity (averaged over all outcomes) 

Purity from measurements of an arbitrary observable

Average over unitaries

⇢A ⇢fA = U⇢AU
†

Prob (s)U = Tr

⇥
U⇢AU

†Ps

⇤Measurement 

with outcome 

Projector 
describing 

measurement

s
Number of 

states projected 
to outcome

hProb (s)2U i = hTr
⇥
U⇢AU

†Ps

⇤
Tr

⇥
U⇢AU

†Ps

⇤
i ⇡ 1

N2
H

⇣
Tr [Ps]
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⇥
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⇤
Tr [Ps]
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Number of measurements per unitary 
to determine     up to error  sdsdfgssp2 ⌘ Tr

⇥
⇢2A

⇤
= NH(NH + 1)hProb(s2)i � 1⇠ 1/

p
NU

: number of measurements per unitary 
: number of unitaries 
: Hilbert space dimension of subsystem 
: Number of possible measurement outcomes
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Scaling of statistical errors

Pure state Fully mixed state
⇢fU = U⇢U † ⇢f = /NH

hProb(s)U i

hProb(s)2U i
1

N2
H

(1 + Tr
⇥
⇢2
⇤
) =

2

N2
H

1

N2
H

1

NH

1

NH

Why should we care?

Probabilities are very small due to randomization!



Scaling of statistical errors

Two sources of statistical errors:

U Prob(s)U1. For a given random unitary     , obtain probabilities

Sampling from the random quantum state

2. Average over many random unitaries  
How many unitaries are needed? 

How many measurements are needed? 

⇢fU = U⇢U †

At the heart of current approaches to quantum advantage
S. Boixo, et al., arXiv:1608.00263
A. P. Lund, et al. , arXiv:1702.03061

Pure state Fully mixed state
⇢fU = U⇢U † ⇢f = /NH

hProb(s)U i

hProb(s)2U i
1

N2
H

(1 + Tr
⇥
⇢2
⇤
) =

2

N2
H

1

N2
H

1

NH

1

NH

Why should we care?

Probabilities are very small due to randomization!



For a fixed random unitary U, one performs a (finite) number  
of measurements to estimate the outcome probabilities with an error

Scaling of statistical errors 

| (Prob(s))e � Prob(s)| ⇠ 1p
NHNS

⇠ �0
p
NS

⇡ 1p
NSNH

Central limit theorem

Error due to a finite number       of measurementsNS

NS

      : Hilbert space 
dimension of subsystem 
NH



For a fixed random unitary U, one performs a (finite) number  
of measurements to estimate the outcome probabilities with an error

Scaling of statistical errors 

| (Prob(s))e � Prob(s)| ⇠ 1p
NHNS

⇠ �0
p
NS

⇡ 1p
NSNH

Central limit theorem

Error due to a finite number       of measurementsNS

NS

Average over        unitaries, to determine an estimate of the 
second moment with error

NU

Central limit theorem

|hProb(s)2ie � hProb(s)2i| ⇠ �0
p
NU

⇡ 1p
NU

✓
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NHNS

◆

C(NH , ⇢) ⇠ 1

N2
H

where  is maximal for pure states

Error due to a finite number       of unitariesNU

      : Hilbert space 
dimension of subsystem 
NH



Scaling of statistical errors

|(p2)e � p2| ⇠
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NHNU
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Error for estimated purity

: number of measurements per unitary 
: number of unitaries 
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The Liouvillian describing the evolution is made of two terms:

L = LU + LD

Unitary  
evolution Dissipation

In first order in LD/LU the final density matrix is given by

with 

eLDt/2 = ⌦ie
LD,It/2

Dephasing channel

Depolarizing channel

eLD,It/2⇢ = (1� p)⇢+ p�z
i ⇢�

z
i

eLD,It/2⇢ = (1� 3p)⇢+ p
X

⌘=x,y,z

�⌘

i

⇢�⌘

i

Decoherence

Unitary evolution Dissipation (Spins)

U⇢ = U⇢U †

⇢fA = eLDt/2UeLDt/2⇢A U = e
R
LU (t0)dt0

+
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