One-body localization

Dominique Delande

Laboratoire Kastler-Brossel
Ecole Normale Supérieure and Université P. et M. Curie (Paris)

Instytut Fizyki imienia Mariana Smoluchowskiego
Uniwersytet Jagiellonski (Krakow)



Outline

s Lecture l

-~ What is Anderson localization?

= 1d systems

= Scaling theory of Anderson localization
» Lecture 2

-~ How to observe Anderson localization?

-~ Cold atoms and disorder

= Critical analysis of experimental results
» Lecture 3

- Alternative characterizations of Anderson localization
- Towards many-body localization



Classical dynamics in a disordered potential

» Particle in a disordered (random) potential:

One-dimensional system Two-dimensional
system

/\A/\/\/\ﬁ Particle with energy E

Disordered potential V(z) (typical value V%)

s When E < Vi | the particle is classically trapped in the
potential wells.

s When E > V{y , the classical motion is ballistic in 1d, typically
diffusive in dimension 2 and higher.



Short-time dynamics of a Gaussian wavepacket
» |n the presence of a moderate disorder

! 1. Very short
time: The atoms
10 fall into the
Y / sivel potential minima
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. potential energy
into kinetic energy
—10 2. The atomic
matter wave 1s
—20 later scattered by

—20 -10 0 10 20 the potential hills
Vo/Ey = 1 T/TO  +-0.00



Beyond the single scattering time
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Long time dynamics: towards 2d Anderson localization
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Anderson (a.k.a. Strong) localization

» Particle in a disordered (random) potential:

One-dimensional system Two-dimensional
system

M/\/\/\ﬁ Particle with energy E

s When E < Vi | the particle is classically trapped in the
potential wells.

» When £ > Vi | the classical motion is ballistic in 1d, typically
diffusive in dimension 2 and higher.

* Quantum interference may inhibit diffusion at long times =>

[ Anderson Iocalization}




Anderson localization in 1d

» Anderson localization is the generic behavior, even for small disorder!
@ Simple Anderson model: discretized Schroedinger equation on a 1d lattice.

H =Y eu|n)(n|+tln)(n+ 1|+ tin + 1)(n|

T
H = Z encjlcn + tcLch + tchnH
/4

t=1: hopping
.f\ ) L] ' ] ® S'tes

- Iﬁ - €n : diagonal disorder

s Schroedinger equation at energy FE:
wn—l—l + (en — E)wn -+ wn—l =0

» Can be rewritten with the transfer matrix:

¢n+1 _ % E—e¢, -1
<¢n )—Tn (¢n—1> Tn:( 1 O)



Anderson localization in 1d

* Propagation of the transfer matrix:

()l
% wO
T =T, T . T = (Ezen —()1) (E—len_l —01) (EIQ —01>

» T is the product of independent random matrices with unit
determinant => the eigenvalues of 7 typically behave like
exp(+An) atlarge n.

» Boundary conditions forbid exponential growth at large distance.

Wy, ~ exp <— n — n0|> [floc . localization length J

2€loc
. . . 1 4 B E2
Exponential localization of the wavefunction £, . & e
67’1,

Eloc = 20 £ : mean free path



Anderson localization in 1d

= Continuous Schroedinger equation:
hZ

Spatial discretization: @ + (( n—1 @

=> pack to Anderson model with correlated disorder
» Typical exponential Iocalization of an eigenstate:

| , | Superposition of
-1000 2500 1000 forward and backward
P031t10n zZ propagating waves

= Strong fluctuations on top of average exponential decay.



Anderson localization in 1d

» Propagation of an initially localized wave-packet:
Initial - . | - I - T
Gaussian
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0.01

(2, t = 10000)|?

O.UO'IE—

(2, t = 20000)|?

0.0001F ) 1
1 |
I N P N <9000 ‘l-ﬁog : 0 T
1000 -500 0 \\\\\\500 ‘\\\uggl\\\ Posidon 7
80000 .Posm,o A , . , , Exponential Io_calization
<z> \ at long time

60000_ s Both(z%)(t) and

[W(z,t)|* display
sighatures of

40000
[ Anderson localization

20000

I l I l I l I
0 5000 10000 15000 20000
Time



Anderson localization in 1d

» When averaged over time and/or different realizations of the
disorder, the fluctuations are smoothed out:
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1d Anderson localization
s “Dilute” system:
JImE []gé > 1] weak disorder approximation
h

wavevector of the particle

k =

¢ : scattering mean free path

» Everything can be computed analytically using e.g. the DMPK
(Dorokov, Mello, Pereyra, Kumar) equations. T,

- “Optical thickness” of the sample: { = —
& <— localization length=2/

- Typical transmission T <1I1(T)> = —t1

= Var(In(7T")) o< t =>In(T) is self-averaging at large t.
* PBut:

- (T) ~ exp(—t/4)

~ /Var(T)/(T) ~ exp(t/8) > 1

= Approximately log-normal distribution:

1 InT + t)*
P(lnT)%2\/ﬁeXp<—(n4z_))

<«— SYystem size

T is not self-averaging




1d Anderson localization

» The full (localized at infinite time) density profile is perfectly
well predicted by the DMPK equations.

= N.B.: Temporal dynamics can also be computed.
DMPK prediction

= dgr? (14 72)” sinh(rp)e (147)1#1/4¢
W(2)]? = /0 16& 1+ cosh(mn)]?

Numerical
simulation

0.1F
0.01F

0.001F




Quasi-1d Anderson localization

» N transverse channels:

¢
t ¢

+| €i,5:lon-gte disorder

Transfer matrix is now a 2N x 2N matrix.
Exact solution known in the weak scattering regime
Localization length:

_ N : number of channels
§=2N{ ¢ : mean free path

Classical dynamics (and quantum dynamics before

localization sets in) is diffusive with diffusion coefficient:

D:M:Ekﬁ

f m

particle velocity
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Length scales — time scales
» Microscopic guantities

- { : mean free path ) — o — hkT
- T . mean scattering time m
-~ \ = 27 /k : de Broglie wavelength
» Macroscopic quantities:
N . (4 h
-~ Diffusion coefficient D= — = _—FLJ
=~ Localization length & d md

- System size L
» Two very important time scales for a finite system
=+ Thouless time: time for a diffusive particle to cross the system

L2
Trh = )
-~ Heisenberg time: time to resolve the discrete energy spectrum
h .
Ty = — = hp(E) LA p(E) : density of states
AFE per unit volume

7
mean level spacing



Time scales: the Heisenberg time
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Heisenberg vs. Thouless

o If Ty < Iy, the system “feels” the discreteness of the
energy spectrum before touching the edges => expect
localization with & < L

o If I > 17n, do no expect localization.

Einstein conductivity Conductance
d_
E — h,O(E)DLd_2 _ 62/0(E)D L 2 _ @ :‘@
I e?/h e2/h
Dimensionless
conductance
Area g < 1 :localized
41 Anderson insulator
"""""""""""""""""""""""""""""" L g > 1 : delocalized
N
\\ Ohmic metal
- >




What did we learn so far?

Anderson localization is a generic localization behavior for
guantum disordered one-body systems.

It is due to quantum interference between multiply scattered
paths.

It exists in dimension 1, 2, 3...
It can be studied and understood in details in 1d.

Scaling properties of the quantum dynamics show that the
dimensionless conductance g is THE important parameter

g = THeisenberg

TThouless

Area g < 1 :localized
ré-1 | Anderson insulator

g > 1 : delocalized
| Ohmic metal




Scaling theory of localization

Proposed by the “gang of four” (Abrahams, Anderson,
Licciardello, Ramakrishnan, 1979).

Approximate theory neglecting (large) fluctuations.

Assume that localization/delocalization properties are determined
by the dimensionless conductance g and its dependence on the
system size L.

Define: d lng
b= dln L

Hypothesis: one parameter scaling law.

B =Blg)| only




Scaling theory in 1d

» Landauer formula for the dimensionless conductance:

g = I 1" : transmission
1-1T

» Neglect all fluctuations and use:
Tiyp = exp({In(T)) = exp(—L/20)
* Then: g(L) _ 1 2€/L L </
exp(L/20) =1 exp(—L/20) L >/

L 1
L) = =551 = exp(—L/20)

Blg) =—(1+g)In[1+g7"]
g>1 [B=~-1
gkl fG=lIng




Scaling function in 1d

In g

Localized regime

..................... ¢ Diffusive regime

microscopic scale
(one mean free path)

The dynamics Is never
diffusive in 1d systems!



Scaling function in 1d and quasi-1d

0 In g
4 3 ) -1

: ¢ Diffusive regime
/ g

microscopic scale
(one mean free path)

The dynamics is diffusive
~atshort times in quasi-1d systems
Localized regime



2d Anderson localization takes a VERY long time!
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Anderson localization in 2d systems

» Dimensionless conductance in the “classical” diffusive regime

gzﬁth(Ede 2 _ K B =

m f\ hk/? :
21 h? 2 2m

» For time-reversal invariant systems, the constructive
Interference between time-reversed paths increase the
probability to come back at the initial point (enhanced return to
origin) and decrease the conductance (weak localization)

& a2t
/ \O A ]




Scaling function in dimension d

» Localization is proved for sufficiently strong disorder (see
lectures of A. Scardicchio), i.e. sufficiently small k7.

» (Over)simple model: an hyper-cube of size L is equivalent to
L1 1d resistances of length L in parallel.

B(n(g) ~d—1—(1+g)In(1+g¢~")

1
g>1 [B=x=d-—2-— 5
gkl [=lng
prefactor known to be wrong
(weak localization correction)



Scaling function in dimension d

B(n(g)) =d—1—(1+g)In(1+g~")
2 - .

— d=I
— d=2
— d=3




Prediction of the scaling theory

» Dimension 1: (almost) always localized.
Localization length [ Eloc = 20 ] ¢ : mean free path.

» Dimension 2: marginally localized.
mkl
Localization length | §loc ™ £exp Ty

Non-time reversal-invariant spinless systems: localization

Time-reversal invariant half-integer spin systems: transition



Scaling function in dimension d

B(n(g)) =d—1—(1+g)In(1+g~")
2 - .

— d=I
— d=2
— d=3

Critical point




Anderson localization in 3d (and beyond)

» For weak disorder, the qguantum motion is diffusive (weak
localization) => metallic behaviour.

» For strong disorder, Anderson localization takes place =>
Insulator.

» The metal-insulator transition (Anderson transition) takes place at
the “mobility edge”. It is controlled by the k¢ parameter. The
critical point is approximately given by:

(kl). ~ 1 (non universal) loffe-Regel criterion

* The Anderson transition iIs a second-order transition. On the
Insulating side, the localization length diverges like:

1
~ v : universal critical exponent
610(3 [(kﬁ)c —kf]” Vv p
» On the metallic side: D =~ [kl — (kf).]° with s=(d—2)v




Anderson localization in 3d (and beyond)
» For weak disorder, the qguantum motion is diffusive (weak
localization) => metallic behaviour.

» For strong disorder, Anderson localization takes place =>
Insulator.

» The metal-insulator transition (Anderson transition) takes place at
the “mobility edge”. It is controlled by the k¢ parameter. The
critical point is approximately given by:

(kl). ~ 1 (non universal) loffe-Regel criterion

* The Anderson transition iIs a second-order transition. On the
Insulating side, the localization length diverges like:

Eloe ~ [(/{ff)cl— ké]” v : universal critical exponent
» On the metallic side: D =~ [kl — (kf).]° with s=(d—2)v
s Numerical results suggest v ~ 1.57 in 3d.
» Asimple “mean field” approach also finds v =1

» There are perturbative expansions in dimension 2 4 ¢




Mobility edge in 3d (and higher dimensions)
= Continuous system, the mean free
path usually increases with energy.

s kf=1 is reached at a given energy /
called the mobillity edge.

k(<1 k{>1
all states all states
are localized are extended

| » Energy

|
Mobility edge E.
ki=1

» For particles on a lattice (e.g. Anderson model):

E . increases with the disorder strength

P(E) W=0 PE) g W<W, p(E) W > W,

localised
localised

localised

delocalised
delocalised

E E

o N

pure crystal weakly disordered crystal strongly disordered crystal
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Metal-insulator transition d=3

n (x10"% em3) Impurity concentration
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O 0 critical exponent=1
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Anderson interaction?
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Total Exposure Time  (un

S. Katsumoto et al, J. Phys.
Soc. Japan, 56, 2259 (1987)

Critical point



How to observe Anderson localization with
atomic matter waves?
» Direct measurement of a “conductance” is difficult.

» |offe-Regel criterion k¢~1 (k: atomic wavevector £: mean-
free path) requires correlation length in the sub micrometer
range, in the three spatial directions.

Time

| I |

. | n —
Prepare BEC Switch off "Let the atomic’ Measure atomic
or Fermi trap and cloud expand density in
degenerate ramp up in the presence configuration or
gasinatrap disorder  of disorder momentum space
Can be sudden or Must be very long
adiabatic. Final atomic (of the order of seconds)

state (energy, momentum)
not very well controled



Quantum dynamics of the external motion of cold atoms

@ Control of the dynamics with laser fields, magnetic fields, gravitational field.

® QOrders of magnitude:
- Velocity: cm/s
- De Broglie wavelength: um
-~ Time: us-ms

¢ One-body (if sufficiently dilute) zero-temperature quantum dynamics with small

decoherence. For dense gases, use Feshbach resonances to control atom-
atom interaction.

2 Interaction with quasi-resonant light
% 777, Excited state, width T

§ ; Detuning 5:wL—watom
® Atom CUL

AVAVAVAVAVS Size 0.1 nm
Photons 5 %

Scattered photons

Very favorable!

AVAVAVAVAVS. \Z% '=.
AN "‘-.‘wL Scattering 1
' amplitude 5—|—’LT/2

Ground state

» “Real” scattering of photons kills phase coherence => use a large detuning

» Dominant effect; light-shit ~ = —p——— A
of the atomic transition o Light-shifted
proportional to the intensity / atom | WL | "4 mic
seen by the atom. transition

.Y
» Effective optical potential for the motion of the atom center of mass




Speckle optical potential (2D version)

» Speckle created by shining a laser on a diffusive plate:
a)

Diffusive Courtesy of V. Josse,

Institut d'Optique

» (Palaiseau)
Argon laser Speckle spot size
A=514 nm
_______________ )\
o~ —
0o

A : laser wavelength
8o : Numerical Aperture

» The speckle electric field is a (complex) random variable with
Gaussian statistics. All correlation functions can be computed.

» Depending on the sign of the detuning, the optical potential is
bounded either from above or from below

RTTLNTRYY WL



A typical realization of a 2D blue-detuned
speckle potential

Dark region
(low potential,
Zero energy)

Bright spot
(high potential)

Rigorous low energy bound, no high energy bound



Spatial correlation function for speckle potential

V() =V

_ - = J2 onL?“
~ 3D eheele (V(V (' +7) = V5 (1 +4 19(8 k202 ))

— Gaussian 2 D

(V(P)V (7 + 6r))

correlation length O

VOV +7) = Vg (1 +

sin? kLT)
3D

2.2
kLr

* Important energy scales: energy of the atoms £
potential strength Vo 2
correlation energy E, =

2
mo
*When E = E, the de Broglie wavelength is equal to ¢
V() < Eg VO > Ea
“guantum” regime “classical” regime

* Anderson localization is expected for £ ~ Vi ~ E;
* Weak disorder calculations (mean free path, diffusion constant...) are
possible for Vi < EE,, but not valid in the strong localization regime



1d Anderson localization of atomic matter waves

Laser beam for

a) transverse confinement
Initial atomic density

b)

Final atomic density
(after 1 second)

\ Disordered potential

(optical “speckle” potential)

J. Billy et al, Institut d'Optique (Palaiseau, France), Nature, 453, 891 (2008)



1d Anderson localization of atomic matter waves

420 ) 1000 a) —
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The final atomic density shows exponential localization
with localization length of few 100um!

J. Billy et al, Institut d'Optique (Palaiseau, France), Nature, 453, 891 (2008)



Temporal dynamics for 1d Anderson localization
of atomic matter waves

0.8

B
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J. Billy et al, Institut d'Optique (Palaiseau, France), Nature, 453, 891 (2008)



1d Anderson localization of atomic matter waves
Initial atomic cloud produced from dilution of a Bose-Einstein
condensate => non mono-energetic initial wave-packet.

All £ atomic wavectors in a range |[~kmaz,kmaz| are populated
=> the long distance behaviour is dominated by kmaz.

Fluctuations are smoothed out by incoherent superposition of
various k values.

Lowest perturbation order (Born approximation) for the

localization length: rap correlation length
Eloc = max / of the potential

B Wm/Q(VO2O'(]. — Kmax0)

potential strength

Observation of Anderson localization requires small KinaxO

= Very cold atoms [ — 09 _ 1
= Very small speckle spots 0 =0.26pm  kmaxo = 0.65

Apparent mobility edge at k;,.x0 = 1, but no real metal-
Insulator transition.




Comparison between the measured and
calculated localization lengths

Speckle with larger 2.5+ Born approximation:
extension (5.3mm) \ 9 h4 Jomax 2 L
C
LIOC e h b max
2.0 — Tm2 V5 (1 — kmax /k.)
Speckle with smaller 1 — L. Sanchez-Palencia et al.,
extension (1.8 mm) PRL 98, 210401, 2007
(Nature 2008) 1.5
E
E
3}
2 1.0
K/ Ko = 0.63 +/-0.09
0.5
L 4
et L ] Ny g [e—— e
| | | |
0 20 40 60 80

Vi (Hz)
Disordered potential strength

J. Billy et al, Institut d'Optique (Palaiseau, France), Nature, 453, 891 (2008)



Anderson localization of electrons in a quasi-1d wire

» Measure resistance of a 1d

wire vs. temperature 10’ _‘1 """"""""" 0.4(—¢&
» When the phase coherence AT £
length becomes longer than [ \_ =
the localization length => T e T
exponential increase of the : ’ T% ‘
resistance - ’ ‘{T%
L. - 0.1} | g

a 1
s The phase coherence length < 10
IS a smooth function of o

temperature 10° - : .
I ! Hti“hmzé l

Y. Khavin et al, Phys. Rev. B 10— 'S\.\{ ----------------
58, 8009 (1998 ; L %ee :
(1999) | Top e,

0.1 I.““} ..I“10 .“.100



Anderson localization of atomic matter waves In
higher dimension?

Tkl

» In 2 dimensions: &loc >~ £ exp (T) ¢ : mean free path

» Practical observation of Anderson localization requires very strong

scattering: k¢ ~ few units

ko ~ 1
- Very cold atoms

- Powerful laser
- State of the art 2d (or, even worse, 3d) speckle pattern



Localization length

Localization length in a 2D blue speckle potential

E/E, =15 (ko =3)

—~l1e+08 . r | | | | |
=P i | 5
O le+06[ . . m | | i
» Classical i |
R B localization - | :
& 10000 : : E
S | . : |
T 100F | |
S |
O | | 5
N’ 1 ] L1 I | , | |
" -0.5 0 0.5 1
Oceant‘loor Classfi%“ ? E/Vo
percolation Sea level
threshold

L. Pezzeé et al.,, NJP 13, 095105 (2011)



Anderson localization in 2d

Theoretical prediction

\
0.6F \
1.0—\[! oo
hHD.S_—IPE' 'B“;\G
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04l 00/
~
g | o Aw |
E Low boson density
£ 02|
00 #1617 &
| | L ©
0 2

Disorder, A(J)

Chol et al, Science, 352, 1547 (2016)



Anderson localization in 2d

» Numerical results
without interactions

=
10f 1 B 600-
nof° - > "
08r m S 400}
ST g g= i
8 0.6 - N
LCU L O § 200_
é P4 m . S OII----- L i - -System size
S F s i
- - S0 150 ; |
008 | | | l 2 Lgealized: | Localized
0 4 8 16 @) O IE{tD . |
Disorder, A(J) é‘ gL ms : Appare_ntly | atoms
Choi et al, Science, 352, 1547 (2Q16) £ 0.05— : delocalized |
A T atoms
0 T T T
sy o n) e () 0 4 6
Coexistence of atoms with Energy E/J

various energies and vastly Numerical calculation for A/J ~ 3
different localization lengths



Anderson localization in 2d photonic lattices

Ballistic regime
(no disorder)

Diffusive regime
(small disorder)

Gaussian shape

Localized regime
A (large disorder)
In(|¢p(x)|%) _A Exponential shape

T. Schwartz et al, Nature, 446, 52 (2007)



Two-dimensional Anderson localization
» Exponential dependence of the localization length with k¢

\

]

@, 9 ]

~Logarithm(localization length)
IH(EKID)
&)

E x kt

Experimental

results on the

atomic kicked
rotor

000 012 024 036 048 0.60

|. Manai et al., Phys. Rev. Lett. 115, 240603 (2015), arXiv:1504.04987



Anderson localization of atomic matter waves In
higher dimension?

Tkl

» In 2 dimensions: &loc >~ £ exp (7> ¢ : mean free path

» In 3 dimensions, loffe-Regel criterion: (kf)c = 1

» Practical observation of Anderson localization requires very strong

scattering: k{ ~ few units

ko ~ 1

-~ Very cold atoms
-~ Powerful laser
- State of the art 2d (or, even worse, 3d) speckle pattern



Temporal dynamics in configuration space

» The asymptotically localized density in configuration space
IS reached very slowly (in any dimension).

» 3D dynamics close to the mobility edge is “critical” at short
time => enormously long time to determine whether the
dynamics is diffusive or localized.

T

e Critical regime
(r2(t)) | Piffusive | (at the mobility edge):
100 (r*(t)) o $2/3
N Crit .
50l | “Critical region around
the mobility edge
0

I I 1 l 1 I L l 1 .
0 200 400 600 800 1000 Time



At the critical point:
1. THeisenberg X TThouless

2. <T2 (TThouleSS)> X L2
3. THeisenberg X Ld

* Hence the scaling:

\ (r?(t)) oc t2/

50

/ \Q‘configuration space
Why t2/3? ensity in configuration space

dimension).

pility edge is “critical” at short
to determine whether the
ed.

Critical regime
1 (at the mobility edge):
(r2(t)) o 273

_\Critical region around
the mobility edge

I I 1 l 1 I
0 200 400 600

l 1 .
800 1000 Time



Temporal dynamics in configuration space

» The asymptotically localized density in configuration space
IS reached very slowly (in any dimension).

» 3D dynamics close to the mobility edge is “critical” at short
time => enormously long time to determine whether the
dynamics is diffusive or localized.

T

e Critical regime
(r2(t)) | Piffusive | (at the mobility edge):
100 (r*(t)) o $2/3
N Crit .
50l | “Critical region around
the mobility edge
0

I I 1 l 1 I L l 1 .
0 200 400 600 800 1000 Time



Where is the 3d mobility edge in a speckle optical potential?

» Three different experiments give very different results...

3
E/V |

E’;de

[~
1_

| I | I | I | I |
Urbana-Champaign experiment -

Palaiseau
experiment

\)‘T.-

_10

Vo: disorder amplitude 72
E,: mobility edge FE,=




E/E

Mobility edge

Numerical results for the mobility edge

Blue-detuned 3D spherical speckle

02 4 0.6 0.8
Disorder strength V /E_

Can be semi-quantitatively predicted using
self-consistent theory of localization...

potential



Anisotropic correlated speckle potential

» 3D speckle has anisotropic correl

ation functions, depending on the

numerical aperture NA of the laser beam

Speckle grain 1

>

“‘\foL s

A=532 nm

Speckle spot size in the
transverse direction:

—_—t

AX, courtesy V. Josse

Speckle spot size in the
longitudinal direction x:

A

o 91
AXH—O'HNH—2 O_—~5—10
0 1

A : laser wavelength 8,=NA: Numerical Aperture
@ Crucial guestion: what is the relevant energy scale (correlation energy)?

1 1
— !  —5?  some oth
o o

ki kL= —
» Define an energy scale independent of 8: | E'1, = A

er combination?
27

™, |Laser wave-vector




Mobility edge E. for an anisotropic speckle

» FE.is negative (below average potential V) for a blue-detuned speckle
» Strongly depends on 9.

O I I | I |
EC/V() - «— [sotropic speckle -
0.1F «—e Anisotropic 6,=1.0 | -
L “Quantum” regime e Anisotropic 6,=0.85|
02k ‘ EC‘ < VO «—e Anisotropic 6,=0.7 | _
. Anisotropic 6,=0.5 1
03 «—e Anisotropic 6,=0.4
-0.4
0.5 “Classical” regime -
i | | | | Ec/VO I% _1 i
0 0.5 VYV /E 1 £21.2 1.5
0 L E; = L
™m

Pasek et al, PRL 118, 170403 (2017)



What is the correlation energy for anisotropic disorder?

* Inthe vicinit)g of a gotengial minimum, the “typical” potential is:
X <
V=T, ( + L4 )

) 2 2
oz o o

» Because the random disorder couples the 3 directions, the
ground state energy in this potential is IRRELEVANT.

» \What matters is the geometry of the energy shell.
> The relevant parameter is thus /0z0y0

» Same scaling obtained when computing the weak localization
correction (minimum size of the closed loops).

» Correlation energy:

h2

E, =
m(o,0,0,)%/3




Approximate scaling property for the mobility edge
» Define a proper “correlation” energy:

1 2
[EJ: CPNETE (xh /m)J

8/3
O(ULUH by 90/ at small o
! | ' | J | 1
EC/VO - — - Isotropic speckle .
0.1 _ y « Anisotropic 6,=1.0 | -
Unive rsal curve! « Anisotropic 8,=0.85| _
02F X e Anisotropic 0,=0.7 | _]
. i \i\ Anisotropic 6,=0.5 1
03k \E  Anisotropic 8 =04 |
I i = “Classical” regime -
-04 — = ~z_ V >> E —
i I ¢ ﬁz\ —— 0 o |
“Quantum” regime CTE-SE
-05 B — ==
Vo < E, -+
| I | I |
0 0.5

i VO/E 15 >
O

Pasek et al, PRL 118, 170403 (2017)



Two (coherent) crossed speckles

» Use two different interfering (coherent) crossed speckles
Disorder correlation

functions
d
)
i Short correlation
length in all
4 3 directions!
I e Which scale
w ,” " "' R along the y axis
| S is relevant?
-
MM, m 1! )

Shamelessly stolen from G. Semeghini et al., Nat. Phys. 11, 554 (2015)



Mobility edge E. for two crossed speckles

» The relevant energy scale is smaller than for isotropic speckle, but
larger than for a single anisotropic speckle

» The mobility edge E. is always negative for a blue-detuned speckle
» Again, strong dependence with the numerical aperture 0

0 - . .
E/V, ! ! _

20.1F e—e [sotropic speckle .
. «—e Anisotropic 0,=0.8

0.2 «—e Anisotropic 6,=0.5 _
oY «—e Anisotropic 0,=0.4
0.3 Anisotropic 6,=0.3




Mobility edge E. for two crossed speckles

» The relevant energy scale is smaller than for isotropic speckle, but
larger than for a single anisotropic speckle

» The mobility edge E. is always negative for a blue-detuned speckle
» Again, approximate scaling for the relevant correlation energy:

O T T T T
0.1k 1 e -o [sotropic speckle i
e EU — e Anisotropic 0.=0.8
: (04,0,0,)%/3 0 i
i \_ rUyTe )| e« Anisotropic 6,=0.5
0.2 __ = B 94 /3 e Anisotropic 6,=0.4 __
i\ o X Yo Anisotropic 8,=0.3
0.3 -~ i
- Fe. _
s
- — ™~ . |
0.4 - -~
. ——e i |
-0.5F i__—l—___i
| I | I | I |
0 0.5 1 V/E 15 2
Pasek et al, PRL 118, 170403 (2017) 0 o



Experimental results on the mobility edge

» 1. Group of B. De Marco (Urbana Champaign). Very
anisotropic single speckle. Relatively well defined energy
(fermionic atoms). Duration of the experiment too short to
detect slow diffusion above the mobility edge.

| I | I | I | I |
3+ i Experimental results -
E/V | Kondov et al, i
¢ 02 Science 334, 66 (2011)
- -
i MUCH too high mobility edge! |
O_\ ....................................... uUann ..... r ................ —
R o Universal’ curve
_1 1 I 1 I 1 I 1 I 1
0 1 2 3 4 5
Vo. disorder amplitude VO/EG h? ,
E,= . correlation energy

E_.: mobility edge mao?2



Experimental results on the mobility edge

s 2. Group of V. Josse (Palaiseau). Two crossed speckles, rather
low fraction of atoms below the mobility edge (energy distribution
IS not directly measured).

= Start with atom with k=0, but disorder is branched abruptly
+ The energy distribution is given by the spectral function at k=0

A(E, k) = (k[6(H — E)|k)

= The spectral function is broad for strong disorder => atoms are

excited on both sides of the mobility edge.
20 .

0.02 5 !

pectral function
nergy distribution

T
£k

=
)

Density of states

P
(9)
I

@
>

Localization/correlation length

| Diffusion coefficient

(9)
|

S
E

A S - I T } y
R TR 0.1 0.2 Energy
L ocalized atoms Delocalized atoms
P




3d localization with ultra-cold bosons (Palaiseau)

woh-1sn:  Small disorder (no localization) Temporal expansion of a

t-t,=0s -t,=0.4s t-t,=0.8s t-t.=125s ) )
localized wavepacket in
| the presence of disorder

Ve/h = 680 Hz

large disorder (partial localization)

E""f|=65

0.30

fraction of 025—
localized atoms E I E { { <«— experiment
F. Jendrzejewski et al, «—— Self-consistent
Nature Physics 8,398 *°7| 1% theory (corrected by
(2012) 0057 “heuristic” shift)
Institut d'Optique ol

. | | | | | .
(Pala|seau) 0 200 400 600 800 1,000 potentlal Strength

Vg/h (Hz)



Experimental results on the mobility edge

s 2. Group of V. Josse (Palaiseau). Two crossed speckles, rather
low fraction of atoms below the mobility edge (energy distribution
IS not directly measured). Measured mobility edge below zero, In
decent agreement. Mostly in the “quantum” regime.

E/V, ! | ! | !

0.4 -

0.2 Experimental results -
- Palaiseau i

O . F. .Jendrzejewskj. et .a.|._., ............................................. —
\Nat. Phys. 8, 398 (2012) |

'02 ~ ~ . ]
i S~ “Universal” curve _
\\\\\\ o
04 TTTEm e _
| | I | I | ]
0 0.5 1 15
Vo: disorder amplitude VO/ EG h? ,
E,= . correlation energy

E_.: mobility edge T o2



Experimental results on the mobility edge

» 3. Group of G. Modugno (Florence).Two crossed speckles,
large localized fraction, thanks to control of atom-atom
Interactions. Qualitative behavior of the mobility edge with V7 is

not too bad. Mobility edge is quantitatively too high.
I ' I '

c 0
0.4 I Experimental result
B | Florence :
0.2 T Semeghini et al, N
) Nat. Phys 11, 554 (201%)
O ey TN P Ar R e ey S § I Ty SRH { AR A S TR I S —
-02 T & : |
0.4 i AN S A
I , | “Universal”,curve ]
. . : 1 1.
Vo: dlSOI‘Q@I’ amplitude 0-5 VO/ E - » >
E.: mobility edge E;=——: correlation energy

Pasek et al, PRL 118, 170403 (2017) mao



Temporal dynamics in momentum space

» Start from a wavepacket with non-zero initial velocity.

» \Weak disorder: scattering by disorder to different direction,
but with roughly the same velocity => isotropization of the
momentum distribution

3000 i [— <$2(t)> """"""""
— )
)01 S — ................ .......
0.5 1000 D """""""" """"
0.0 g -
0 50 100

=12.0

Initial momentum p, = 1.0, p, = 0.0 V()/EJ = 0.2



Coherent back-scattering (CBS) of Ilght

» In general, the interference .
between multiply scattered \'
paths produces a random

pattern => speckle

» When averaged over disorder z
realizations, the fluctuation are
washed out, except in the 6~ \

backward direction => CBS 7 -
» The physics of CBS: :

" >0 Phase difference between the two
g \ﬁ , contributions:
Ky / Ap = (ks + kg).(Fy — 7)) ~ k€0
.......... > o) Constructive interference between any
— 3 pair of reversed paths in the back-
K — - direct path scattering direction => enhancement

- - - - : reversed path factor of the order of 2.



Experimental observation of CBS with cold atoms (2D)
» Experiment at Institut d'Optigue (Palaiseau), weak disorder
» One measures the momentum space distribution | (p)|?

Initial momentum Scattering modifies p,
distribution (along z) at fixed ||p]]

0.1

Coherent Back-scattering of atomic matter waves
(signature of quantum transport preserving interference)
F. Jendrzejewski et al, PRL 109, 195302 (2012)



Coherent Back-Scattering as a probe of

Anderson localization
» Measure the width of the CBS peak as a function of time:

= Probe of the localized/diffusive dynamics in configuration space:
x In the diffusive regime: Afcpg(t) o< 1/V Dt
* In the localized regime: Afcpg(t) o< 1/€
* At the mobility edge (critical point): A0opg(t) o 1/t/3

= |t should be possible to measure it experimentally

» Numerical simulations using a 3D speckle poLentiaI:

-~ |nitial state: plane wave with wavevector kg

= Propagate in the presence of disorder

~ Measure the (average) momentum distribution at time t =~ _

-~ Measure the angular width of the CBS peak around k = —kq



CBS as a smoking gun of 3D Anderson localization
s Results of numerical simulations:

E < E,
0.8}
0.2] - :
; 04 220 2 ol ocalized
0 0'260 LJ
m
O
Wi
4 0.1
&
Critical
=
0.0
=
p)
&
Diffusive
0.02
100 500 1000 5000

time ¢
S. Ghosh et al., Phys. Rev. Lett. 115, 200602 (2015)



Scaling law for CBS

1/3
: . t
» Effective size of the system: L(t, F) = [2 I ] p(E): density
(size where the Heisenberg time is i) mp(E) of states
1
» Scaled quantity A(t, F) =
I= 0.1 From transfer matrix .
45) \:f
_ E 0.08 :
| c From CBS
| 2 =006
| © W
| N =
| o 0.04
| O
| O
| 5 0.02
I
055 05 [ -045  -0.4 052 05 oW 046 044

E. energy E energy F

E.=—0478 =0.001 vr=1.61 £0.02 from CBS data
E.=—-0477+0.001 v=1.62+0.03 from transfer matrix data



Temporal dynamics in momentum space

» Rather strong disorder => 2D Anderson localization on a
not-too-long time scale.

300 |
— (@)
000 H =— @A) [ )
A00 L _
200b _
ol
0 500 1000
Time ¢

t =16.0

Initial momentum p, = 0.9, p, = 0.0 V()/EU =3



Coherent back and forward scattering

» Cuts of the momentum distribution along the x (// initial
velocity) and y axes
| I | I /\ | I | I | I | I | I |

i / "~ t=100 t=1000

— Along x|—
— Alongy

! ! I ! I !
1 05 0 05 1 15 2

Momentum

2 15 -

Enhancement factor smaller than 2 because
of the initial momentum dispersion



CBS and CFS twin peaks (2D)

» [nitial state: pure plane wave
= At long time, twin CBS and CFS peaks with enhancement
factor 2, i.e. contrast 1.

» \Width of the peaks:

1/¢




Contrasts and widths of the CBS/CFS peaks vs. time (2D)

Maximum CBS contrast el e T D B e o
after few scattering events 4 PR >
(©

0.9/

» Perfect contrast at =y

long time 807
» Characteristic a |

time scale for CFS ~ 9%°

IS T, the 05

Heisenberg time oal® \ -
» Both peaks have o5 1 B0 B 05

the same width 0.70[% » \ \ \

1/¢ in momentum

space at long time

0.50}

» Perfect twin peaks
at long time

o
W
O

CFS,CBS momentum widths




Why are CBS and CFS twins?

» Solution of the Schrodinger equation: expansion on the
eigenbasis of the (time-independent) Hamiltonian H:

u(0) =S evexp (—i5 ) 16

where H|:) = Filéi) and ¢; = (6:[4(0)
» Expectation value of any operator O:
E; — E,;
wI0W() = X e exp (i) (0,006

]
» In the long time Iimit all non-diagonal terms are scrambled:

W ()[O]h(t) Z!cz (@i|O|s)
 Take [¢/(t = 0)) = |fio) and O = [5) (7]

= ~ Density-densit
V@B~ D 16Dl ) oo
' momentum space




Why are CBS and CFS twins?

» |n a disordered system, the momentum densities of eigenstates
|0;(P)]° have strong “speckle” fluctuations, with “speckle” spots
of size 1/&10c

» Simple model (Random Matrix Theory): ¢;(p) is a complex
random variable with Gaussian distribution => the CFS peak at
p = po has a contrast 1 and a width 1/&oc .

Y(p,t)|* ~ Z\@(P)’ i (Do) |

» For a time-reversal invariant system localized in a finite region
of space, all eigenfunctions ¢;(7) can be chosen REAL =>

@(—m — ﬁ (@ CBS and CFS are

| (A2 . t twins in th
* Thust W@ OF & [WROF G ime fimit

B.: If time-reversal invariance is broken, CBS disappears but
CFS survives.

» Important guestion: how long does it take?



Characteristic time for the onset of CFS
. (F; — E;)t
I0W() = X s exp (T2 (o010
0]
» How long does it take to scramble all non-zero phases?

» Only states within one localization volume of size &
contribute to the dynamics.

= The density of such states is £¢p(E) where p(E) is the
density of states per unit volume.

= All phases are scrambled when:
[ t>> g = 2np(E)EY J
4

Heis'enberg time
» Confirmed by diagrammatic expansions at short time
» Exactly solvable in 1D (Micklitz, Muller, Altland, PRL '14)
» Approximate asymptotic expression known at long time
» Diffusive regime: 7Tg — 0 , no CFS...




Contrasts and widths of the CBS/CFS peaks vs. time (2D)

Maximum CBS contrast el e T D B e o
after few scattering events 4 PR >
(©

0.9/

» Perfect contrast at =y

long time 807
» Characteristic a |

time scale for CFS ~ 9%°

IS T, the 05

Heisenberg time oal® \ -
» Both peaks have o5 1 B0 B 05

the same width 0.70[% » \ \ \

1/¢ in momentum

space at long time

0.50}

» Perfect twin peaks
at long time

o
W
O

CFS,CBS momentum widths




Coherent Forward Scattering in 3D

CBS CFS

! Y =08
% 0.6

Localized regime:»-/ o £
CFS Is present iy | . gg;‘

and twin of CBS % | o o
‘ ky A O 0
- - v 0.8

0.6

T e

N7

Critical regime 0

0.2

0

A !’- 0.20
Diffusive regime: & 0.15|

no CFS!

N

0

-Insulator W > W,

MH"

1\@ =5

6 ) 8
In(tJ/h)
—Critical W = W,—

A(t) - A, ~0.34

RPN

5 6 T 8 9
—Metal W < W,

3D Anderson
model

S. Ghosh et al,
PRA 95, 041602
(2017)

(CFSisa |
smoking gun
of Anderson

A(}f) .
\“ r%“&m

3

Jocalization! )




CFS contrast for the 3D Anderson model:
an effective order parameter of the Anderson transition

1 :

tJ/h Critical

0.8/ [ 8000 disorder
W/J=16

0.6

CFS contrast
—

I 720
0.4/ ™ 320

0.2

0

0 5 0 15 20 25 30
Arder strength T3/ /.J \
1 . . .
Diffusive regime: A(t) W Localized regime: 5
In“(nt/T

S. Ghosh et al, AW t) =1 -« (nt/711)

PRA 95, 041602 (2017) (t/7H)



CFS at the critical point

» The contrast of the CFS peak at criticality is universal
(identical for various disorder models)

(a) 1
tJ/h
0.8 8000
<"1 I
‘%‘ 0.6 1520 (b)
E I 720 Critical CFS contrast
e
o 04 [uncorrelated ~ correlated
o 036 * I .
O 0.2 ) ' i
< 0.34 ..* ................. { {3034
= w2 2|
r P1 P2 P3 P4 PS5

disorder strength w/.J -

» Conjecture: it Is directly related to statistical properties of the
energy spectrum close to the critical point, itself related to
the multifractal dimension D41. Work in progress...



Quantum boomerang
or
“Get back to where you once belonged”

» Exactly solvable in 1D for weak disorder.
» Start from a localized initial wavepacket with non-zero velocity.

= At infinite time, same symmetric distribution in configuration

space irrespective of initial velocity!
Prat et al, arxiv:1704:05241

109 . .
Ft= 2.025 7

101} /<

o el |

104 |

=40 =20 o 20 40
<



Quantum boomerang
or
“Get back to where you once belonged”

» Exactly solvable in 1D for weak disorder.
» Start from a localized initial wavepacket with non-zero velocity.

= At infinite time, same symmetric distribution in configuration
space irrespective of initial velocity!
Prat et al, arxiv:1704:05241

109, .
F t= 8.1~

101

o el |

10 C




Quantum boomerang
» Using the Berezinskii/DMPK method, we derive the long-time behavior:

((t)) _ log(t/47)
N (7o

¢ : mean free path 7={¢/Vv2mFE : scattering time
» (Classical dynamics does NOT return to the origin:

(1))

_ —t/T Prat et al, arxiv:1704:05241
=1—e
14
' | ' | ' |
() 1
£ 0.8 — Numerics 4 Return to the origin
7 o Classigal dynamics 1.—exp(—t) 1S a Smoking gun of
0.6t — Long-time asymptotics log(t)/t"2]| coherent evolution!

0.4F
0.2}

80



Why does a wavepacket return to its origin?
Start from the Iong time Iimit of:

Choose O = x and |¢o> as a wavepacket with initial
momentum ko

(z(t — oo) Z’ (bZ‘wO (Pi|z|D:)

Expression unchanged when time is reversed ko — —ko

When averaging over disorder realizations, statistical
Invariance by translation and parity Is restored =>

(x(t > o)) =0

Characteristic time scale: Heisenberg time. Truly phase
coherent quantum effect.
No simple perturbative/diagrammatic explanation (yet).

Is not expected for a non-localized system.




Quantum boomerang in 2D

> No detailed theory yet.

= Numerics: return to origin on the time scale of the
localization time.

» Even slower than in 1D, maybe like 1/t.

— 1 - T T T T T T 1
(x(t)
14 i
0.8 . o
— Numerics .
0.6 — Classical dynamics| -
— 1/t i}
0.4 o
02 B \ —
§) L | ! I ! I ! | . | . L
0 50 100 150 200 250 300 t/T

Localization time around 200t Prat et al, arxiv:1704:05241



Quantum boomerang in 3D

» Expected to be a smoking gun of Anderson localization.
» Work In progress...



Alternative signatures of Anderson localization
for many-body systems?

» Coherent back-scattering is a good probe of phase
coherence. Could be observable on many-body systems.
Scaling of the CBS peak near the many-body mobility edge
IS unknown.

» Coherent Forward Scattering is a sighature of one-body
localization. Not yet observed with cold atomic in disordered
potentials (recent observation of the kicked rotor...).
Existence/relevance/properties for many-body systems is a
completely open question.

» Quantum boomerang is another signature, known to be
affected by decoherence. Unknown behavior in the many-
body regime.



Towards many-body localization

» Anderson localization in high (>>3) dimensions

= Critical disorder strength increases
= Each site is coupled to more and more (2*d) sites
~ Loops are less and less probable
+ The ergodic regime is further and further from the critical point
= Upper critical dimension?? 7o
» Simpler model: Bethe lattice without loops |
- Localized phase for strong disorder =
= Non ergodic states below the mobility edge I ‘
- Drawback: plenty of edge sites
» Random regular graphs ST
~ Mainly long loops O e
- No edge sites e v
- Controversy on the existence of /7 /
delocalized non-ergodic states S
(large finite-size effects in numerics) =~ 7~

.\,/

K.S. Tikhonov et al, PRB 94, 220203(R) (2016) G. Biroli et al, arxiv:1211.7334
B.L. Altshuler et al, PRL 94, 156601 (2017) |, Garcia-Mata et al, arxiv:1609.05857



Beyond the average Green function :
multifractality of the wavefunctions

» At the critical point, the eigenstates display strong fluctuations:

= Regions where the wavefunction is exceptionally large;
= Regions where the wavefunction is exceptionally small;

A typical eigenstate of
the 3d Anderson model
at the mobility edge

L.J. Vasquez et al. PRB 78, 195106 (2008)



Beyond the average Green function :
multifractality of the wavefunctions

At the critical point, the eigenstates display strong fluctuations:

= Regions where the wavefunction is exceptionally large;
= Regions where the wavefunction is exceptionally small;

Can be guantitatively studied using the multifractality spectrum.

Finite system of size L in dimension d. 1
= In the diffusive regime, the average behaviouris:  [1(r)|? = —
=+ |n the localized regime: 1 _ L

5 Ir — g
B o o exp (-22101)
gloc gloc

Multifractality spectrum f(«) : measure of the regions of space
where: |w(r)‘2 ~ [~

Directly related (Legendre transform) to the "mass exponent”
7(q) of the generalized Inverse Participation ratio:

P = [ fofo)Pdls = 177



Multifractality spectrum

— critical

Q
d 0 o

At the critical point, the whole curve scales with the system size



Multifractality spectrum for the 3d Anderson
model at the critical point

[ [ ' |
3 _ ......................................................... “.'."OMO““‘.' ..................................... —
L .,." b
: o “u
2 L & 0.6 I T — l. |
~ (a) L=240] ™%,
B R 04 - \
1 e N % |
= # A~ 1=30 \
& r Vs 02 —
O _ ............ y " ....................................................................... .‘.r
) 0 '
- 4
: (04 _|
1= :EI ¢IPR system-size scaling
- e--¢ from PDF
| ! I | I

2
¢ Ipyy © Qf(oc)
1 | O\ I

o= - Inlyl%/ InL 0.001 . L

0 2 4
Fixed system size L Rescaled data for various sizes

Eigenstates of the critical 3d Anderson model
Rodriguez et al, PRL 102, 106406 (2009)



Multifractality spectrum of the 3d Anderson model at the critical point

» Eligenstates of the critical Anderson model [Rodriguez et al,
S - | PRL 102, 106406 (2009)]

3 - ......................................................... "..’..mo“'_..“. ..................................... —]

SR ACHRS

gIPR system-size scaling 0.2+
»--+ from PDF 1
| | | l 0.1~
1 R C 0\t n S Sy (0,0,(117¢'® L
01 O © ...“" 0 :. .. .5... * -r)f((l) o Qf(rx
S . S % 2
o o= - Inlyl”/ InL

Fixed system size L Rescaled data for various sizes

s The most probable value of |¢(r]* is L™*with ap = 4.027
» Expansions in dimension 2+¢ predicts @ = 4

» With increasing dimension, the multifractality spectrum
becomes broader and less parabolic

» A similar behavior could exist for many-body states at the
critical point.



Anderson localization of electromagnetic waves

s All claims of experimental observation of Anderson localization
of light have been withdrawn, see S.E. Skipetrov and J. Page,
NJP 18, 021101 (2016)

» QObservation with microwaves (transmission and fluctuations):

2 LA L LENNEL N DL L N D L BN AR RN BN N ) j
(@) {1 Diffusive regime

slope -1.0 +— (Ohm's law)
-)
= L0 b
| = - |
4 | T~ . :
_ . ° 1 Critical regime
i . ’ 1/17
6 L | N T D T T DO I B BT A BT N PR R

0 1 2 3
Microwave propagation In L(cm)

in a mixture of Teflon and N. Garcia and A.Z. Genack, PRL, 66, 1850 (1991)
Aluminium spheres



Anderson localization of acoustic waves

» Packed (disordered) aluminium beads
» |nject acoustic wave at a given point

sample
cross-section

focusing
transducer
hydrophone
(on-axis
configuration)
- e——————¢—h

. W
-
-
e
&
-

"

Yo,

$—IEa
(off-axis
configuration)

cone-shaped aperture

» Look at the spatial profile of the transmitted intensity

+ |n the diffusive regime, expect a Gaussian profile (even in the

presence of absorption!)
- Theory uses a position-dependent diffusion coefficient (B. v.
Tiggelen et al, LPMMC Grenoble)

-~ Experiment in the group of J. H. Page (Winnipeg)



1(p.) / 1(0,0)

Spatial profile on the outgoing face
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H. Hu et al, Nat. Phys. 4, 495 (2008), group of J. H. Page (Winnipeg)



Anderson localization of acoustic waves: fluctuations
Diffusive regime

f=0.20 MHz

Localized regime
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H. Hu et al, Nat. Phys. 4, 495 (2008), group of J. H. Page (Winnipeq)

See also multifractality of the intensity distribution:
S. Faez et al, PRL 103, 155703 (2009)
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