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Recap



N'=4 super Yang-Mills

drosophila melanogaster



N =4 SYM - The drosophila of quantum field theory

Field content of N' =4 SYM: Lo
@ One gauge field/gluon
Ay =ALT" T" : SU(N) generators
@ Six real scalars ¢t =t T

o Four complex fermions % = ®@m " | S = & T"

All fields transform in the adjoint rep of SU(N): U(z) =" @T"

AM - U(x) (A“ + 81“) UT (x) (¢i7¢aa’,@g) - U(‘T) (¢i7¢aa71;2¢) UT(CE')
Action:
Sn=1= % d'e Tr{ - %Fiv - (Du¢i)2 - %[‘ﬁi,ﬂsj] [¢ia¢j] - 21[;3@,@D“¢““
9ym

0" Sincas 90 9"7] — BIT e [00, 0] |

N =4 SYM has two freely tunable parameters (N, gvm) and we shall consider
the theory in the planar limit (N — oo, gym — 0 with X := g¢4 N = const.).
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N =4 SYM - Symmetries

Global symmetries of the classical theory:

Symmetry Generators Algebra
Translations p#
Lorentz-trans. M 50(2,4) ~
conf. boosts K# su(2,2)
Dilatations D psu(2, 2/4)
Supertranslations Qaa, Q2
Superboosts gae §é
R-Symmetry R%, su(4)

Symmetries of the quantized theory:

B(gym) =0 — Symmetry algebra psu(2,2[4) is unbroken
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Yangian Symmetry: A hallmark of integrability

The Yangian algebra Y[g] of a semi-simple Lie algebra g is a quantum algebra

spanned by [Drinfeld]
Level-0: {J"} Level-1: {j\n} ,
satisfying the following axioms
(1) Lie Algebra [1%,3°] = 05 J°
(2) Level-one Relation [Jn,j”] =[5 J°
(3) Serre Relation [3%, [37,3°]] + cyclic = f™ o [ w f furn 303907

Y (g) is an infinite-dimensional, graded algebra.
~ ~J ~
[1°,37] = f™5 1 +X"(1,7)
Coproduct:
AJ)=1"01+101" AT =T@1+10J +1 (sl ®J°

Tensor space representation(spin chains, scattering amplitudes, etc.):

J=>"JF TSI sy I

1<J
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Symmetry generators get deformed by radiative corrections but algebra
is stable

JUN) = JO+ 8T\ with  [JUN), JP(N)] = 9P IO\

Dilatation operator:
Scaling dimensions A 4 are eigenvalues of the dilatation operator
D(\) =D+ dD(N)

DN [0) = A40)  with  |0) =) X, ... X,
{in}
Captured by mixing matrix Z of renormalization of O 4

dz
oD ~ Z71 oo
il

Constructable from Feynman diagrammatics
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@ 0D is invariant under psu(2,2|4)

[D, J%] = \Aj/ Je = [D(N), J*(N)] = AY J(N)
number

= [D,5J%+[6D,J% = A*S5J°

in perturbation thy operators only mix with other operators of the same
classical dimension, hence [D,dJ% = A®§J* thus

6D, J% = 0
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@ 0D is invariant under psu(2,2|4)

[D, J%] = \Aj/ Je = [D(N), J*(N)] = AY J(N)
number

= [D,5J%+[6D,J% = A*S5J°

in perturbation thy operators only mix with other operators of the same
classical dimension, hence [D,dJ% = A®§J* thus

6D, J% = 0

@ One loop dilatation operator:
Look at simple subsector closed under renormalization
X=¢1+igps Y =¢3+i¢ps Z=¢5+ids
o Groundstate: |0) = Tr(Z%) indeed Ay, =0 (1/2 BPS state)
o Consider excitations (insert W's) = SU(2) sector IN=Z|l)=W

T(Z..ZWZW)= DN
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e Explixit computation in SU(2) sector yields

L

5DSU 1k; — P k+1 —l— O()\ ) Pk,k+1 =7y - O_"k+1

1\3\>/

k=1

@ Obviously 6 Dgy(g) is invariant under su(2): For J, € su(2)

. 1
[Ja,6Dsy] =0 with  J, = 5 > o
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e Explixit computation in SU(2) sector yields

5DSU

1\3\>/

L
D (g = Prasr) + O(N%) Pr k1 = 0k - k41
k=1

@ Obviously 6 Dgy(g) is invariant under su(2): For J, € su(2)

. 1
[Ja,6Dsy] =0 with  J, = 5 > o

@ Yangian symmetry Y [su(2)]
Level one generators (in trivial evaluation representation):

ja = €abc Z Jb,j Jc,k

1<k<j<L

Note: Definition singles out site 1 and L! Breaks cyclicity.
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Level one generator in su(2) sector

Ja = €abe E Jb,j Jc,k
1<k<j<L

@ One shows: €abe [Jp @ Jeyoqg®ogl =J, @1 —-11 J,
@ Thus with 5DSU(2) = Zﬁ:l(lk — Pk,k—i—l)

[Ja6Dsy2) = Jag = Jar = Ja®1®..01-101®..0 J,

@ Hence 6 Dgyy(9) is invariant up to boundary terms!

e Consequence on non-cyclicity of .J.
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Full psu(2,2|4) spin chain

Message: Surprisingly little changes
o Let Vi be 1-particle states in free V' =4 SYM
@ 0D acts on 2-particle states in Vp ® Vi
@ Decomposition of Vr ® V into irreps of psu(2,2|4) surprisingly simple

[e.e]
Ve® Ve = @ Vi
§=0
J characterizes the multiplet whose conformal primary is an R-singlet of
angular momentum (j — 2).
@ Quadratic Casimir operator of the 2-particle system acts as
T Vi= (T + 05V =5(G+1D)V; =012

Just as in SU(2) !
@ Allows us to write an psu(2,2|4) invariant ansatz for the one-loop
dilatation operator 6 D:

0D = Z h(j) Pi2,; Py ; : Projector of Ve @ VF on V}
§=0
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j
Z 2
e Yangian symmetry | [J%, D] = J{ — J7 |demands h(j) = Z —
n
n=1

@ Proof:

s 5 1 :
Define Ji; := fy. Ji! J]’-’. We note | J% = 1 [ij,q%] with g == Ji — J7.

| .
= 0Dy, Jij] = 10Dy, (S5, aij]]
Important relation (w/o proof) q; Vi = Visi @ Vi
i31AG) = IX*G = 1) + 1p* (G + 1))

Let's us conclude

= 1604, J8) NG = - = 2 ((G) ~ G~ D) G - 1)
F 22 (G + 1) = b)) G + 1)
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Thus Yangian symmetry, which here means that

[J% 6D] = J¢ — J¢

completely determines the one loop anomalous dimensions in the theory!
Result is consistent with explicit field theory compuations
Note: Yangian only a symmetry of the “bulk” Hamiltonian.

At higher loop orders the deformations of J*(\) and J%()\) can be
constructed based on a preserved algebra. Result now unique due to
possible similarity transformations J¢ — X J* X 1.
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