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Organization and Outline

0 Spiritus Movens: a moral parable
@ A Simple, Practical Problem in Quantum Chromodynamics
@ The Shocking Simplicity of Scattering Amplitudes

@ The Vernacular of the S-Matrix
@ Physically Observable Data Describing Asymptotic States
@ Massless Momenta and Spinor-Helicity Variables
@ (Grassmannian) Geometry of Momentum Conservation

© The All-Orders S-Matrix for Three Massless Particles
@ Three Particle Kinematics and Helicity Amplitudes
@ Non-Dynamical Dependence: Coupling Constants & Spin/Statistics

@ Consequences of Quantum Mechanical Consistency Conditions
@ Factorization and Long-Range Physics: Weinberg’s Theorem
@ Uniqueness of Yang-Mills Theory and the Equivalence Principle
@ The Simplest Quantum Field Theory: A'=4 super Yang-Mills
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A Simple, Practical Problem in Quantum Chromodynamics
The Shocking Simplicity of Scattering Amplitudes (a parable)

Supercomputer Computations in Quantum Chromodynamics

Consider the amplitude for two gluons to collide and produce four: gg — gggg.
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Supercomputer Computations in Quantum Chromodynamics

Consider the amplitude for two gluons to collide and produce four: gg — gggg.
Before modern computers, this would have been computationally intractable

@ 220 Feynman diagrams, thousands of terms

+ + +

Wednesday, 25t May Cracow School of Theoretical Physics, Zakopane Part I: The Vernacular of the S-Matrix



The Vernacular of the S-Matrix . . . .
The All-Orders S-Matrix for Three Massless Particles ?hfn:‘;}?}iE‘?i‘:ﬁ?l]irl?bl::nstn“?l:?r‘:t‘uxnc)}ll;?‘?ff{?m:lﬁL'
Consequences of Quantum Mechanical Consistency Conditions - g S1mp VACHSE UL S F S (a para

Supercomputer Computations in Quantum Chromodynamics

Consider the amplitude for two gluons to collide and produce four: gg — gggg.
Before modern computers, this would have been computationally intractable

@ 220 Feynman diagrams, thousands of terms

+ + +
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Supercomputer Computations in Quantum Chromodynamics

Consider the amplitude for two gluons to collide and produce four: gg — gggg.
Before modern computers, this would have been computationally intractable

@ 220 Feynman diagrams, thousands of terms

Supercollider physics
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Supercomputer Computations in Quantum Chromodynamics

Consider the amplitude for two gluons to collide and produce four: gg — gggg.
Before modern computers, this would have been computationally intractable
@ 220 Feynman diagrams, thousands of terms

The cross sections for the elementary
two—four processes have not been calculated, and their
complexity is such that they may not be evaluated. in the
foreseeable future. It is worthwhile to seek estimates of
the four-jet cross sections, even if these are only reliable in
restricted regions of phase space.
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restricted regions of phase space.
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Supercomputer Computations in Quantum Chromodynamics

Consider the amplitude for two gluons to collide and produce four: gg — gggg.
Before modern computers, this would have been computationally intractable

@ 220 Feynman diagrams, thousands of terms

In 1985, Parke and Taylor took up the challenge
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THE CROSS SECTION FOR FOUR-GLUON PRODUCTION
BY GLUON-GLUON FUSION
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Fermi National Accelerator Laboratory, P.O. Box 500, Batavia, IL 60510 USA

Received 13 September 1985

The cross section for two-gl to four-gh ing 1s given in a form suitable for fast
numerical calculations.
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The Vernacular of the S-Matrix Physically Observable Data Describing Asymptotic States
The All-Orders S-Matrix for Three Massless Particles Massless Momenta and Spinor-Helicity Variables
Consequences of Quantum Mechanical Consistency Conditions (Grassmannian) Geometry of Momentum Conservation

On What Data Does a Scattering Amplitude Depend?

A scattering amplitude, .4,,, can be a generally complicated(?) function of all
the physically observable data describing each of the particles involved.
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Physical data for the ath particle: |a)

e p" momentum, on-shell: p>—m>=0

&>
I

® 0, spin
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A scattering amplitude, .4,,, can be a generally complicated(?) function of all
the physically observable data describing each of the particles involved.

Physical data for the ath particle: |a)

e p" momentum, on-shell: p>—m>=0
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e 0, spin, helicity h,=+0, (m;=0)
e g, all the non-kinematical quantum
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Although a Lagrangian formalism requires that we use polarization tensors,
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without introducing unobservable (gauge) redundancy—e.g. for o, =1:
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On What Data Does a Scattering Amplitude Depend?

A scattering amplitude, .4,,, can be a generally complicated(?) function of all
the physically observable data describing each of the particles involved.

Physical data for the ath particle: |a)

a =
e 0, spin, helicity h,=+0, (m;=0)
e g, all the non-kinematical quantum
i ) numbers of a (color, flavor, .. .)

A e pl momentum, on-shell: pZ—m2 0
n

Although a Lagrangian formalism requires that we use polarization tensors,
it is impossible to continuously define polarizations for each helicity state
without introducing unobservable (gauge) redundancy—e.g. for o, =1:

€a ~ €4 + alpa)py

Such unphysical baggage is almost certainly responsible for the incredible
obfuscation of simplicity in the traditional approach to quantum field theory.
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Making Masslessness Manifest: Spinor-Helicity Variables

To avoid constraining each particle’s momentum to be null, van der Waerden
introduced (in 1929!) spinor-helicity variables to make this always trivial.
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introduced (in 1929!) spinor-helicity variables to make this always trivial.
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Making Masslessness Manifest: Spinor-Helicity Variables

To avoid constraining each particle’s momentum to be null, van der Waerden

introduced (in 1929!) spinor-helicity variables to make this always trivial.
p,u}_)padz ,uo_ac'u: p(i:""p?zz pé_ip:;
“ “ aK pa+lpa pa_pa

Wednesday, 25t May Cracow School of Theoretical Physics, Zakopane Part I: The Vernacular of the S-Matrix



The Vernacular of the S-Matrix Physically Observable Data Describing Asymptotic States
The All-Orders S-Matrix for Three Massless Particles Massless Momenta and Spinor-Helicity Variables
Consequences of Quantum Mechanical Consistency Conditions (Grassmannian) Geometry of Momentum Conservation

Making Masslessness Manifest: Spinor-Helicity Variables

To avoid constraining each particle’s momentum to be null, van der Waerden
introduced (in 1929!) spinor-helicity variables to make this always trivial.

p paa_p,u ad (p(i:"’_p% pé_ip3€21>
a pa+lpa pa_pa

oNoticethatdet(pﬁd) (a) (a) (a) (a) = i
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Making Masslessness Manifest: Spinor-Helicity Variables

To avoid constraining each particle’s momentum to be null, van der Waerden
introduced (in 1929!) spinor-helicity variables to make this always trivial.

p paa_p,u ad (p(i:"’_p% pé_ip3€21>
a pa+lpa pa_pa

* Notice that det(p3*) = ( a) ( u) ( a) ( a) = 0, for massless particles.
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Making Masslessness Manifest: Spinor-Helicity Variables

To avoid constraining each particle’s momentum to be null, van der Waerden
introduced (in 1929!) spinor-helicity variables to make this always trivial.

p paa_p,u ad (p(i:"’_p% pé_ip§>
a pa+lpa pa_pa

e Notice that det (pﬁd) ( a) ( u) ( a) ( a) = 0, for massless particles.
This can be made manifest by writing p5“ as an outer product of 2-vectors.
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Making Masslessness Manifest: Spinor-Helicity Variables

To avoid constraining each particle’s momentum to be null, van der Waerden
introduced (in 1929!) spinor-helicity variables to make this always trivial.

0 3 1.2
ot — aa PatPa Pa—Wy — )\()sz
Pat Pa’ = Pac (piJripﬁ pa—p, “r

e Notice that det (pﬁd) ( a) ( u) ( a) ( a) = 0, for massless particles.
This can be made manifest by writing p5“ as an outer product of 2-vectors.
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Making Masslessness Manifest: Spinor-Helicity Variables

To avoid constraining each particle’s momentum to be null, van der Waerden
introduced (in 1929!) spinor-helicity variables to make this always trivial.

0 3 1.2
ot — aa PatPa Pa—Wy — )\of)\vd
Pat Pa’ = Pac (piJripZ pa—p, “r

* Notice that det(p3*) = ( a) ( u) ( a) ( a) = 0, for massless particles.
This can be made manifest by writing p5“ as an outer product of 2-vectors.

e When p,, is real (p, €R>!), po& = (pa)T
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Making Masslessness Manifest: Spinor-Helicity Variables

To avoid constraining each particle’s momentum to be null, van der Waerden
introduced (in 1929!) spinor-helicity variables to make this always trivial.

0 3 1.2
ot — aa PatPa Pa—Wy — )\of)\vd
Pat Pa’ = Pac (piJripZ pa—p, “r

* Notice that det(p3*) = ( a) ( u) ( a) ( a) = 0, for massless particles.
This can be made manifest by writing p5“ as an outer product of 2-vectors.

o When p, is real (py € R*!), po% = (pg®)*, which implies that (A\g)*=£AS.
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Making Masslessness Manifest: Spinor-Helicity Variables

To avoid constraining each particle’s momentum to be null, van der Waerden
introduced (in 1929!) spinor-helicity variables to make this always trivial.

0 3 1.2
Y 3 +p Pa—WD _ oo
By pQb— pft Qb Pa a FPa a) = \¥)\
Pa Pa paO'u (ptlﬂ-lpg pg_pg aa

« Notice that det(pg®) = (pg)z— (p}l)z— (pz)Z— (pz)zz 0, for massless particles.
This can be made manifest by writing p&® as an outer product of 2-vectors.
o When p, is real (py € R*!), po% = (pg®)*, which implies that (A\g)*=£AS.

(but allowing for complex momenta, )\, and )\, become independent.)
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Making Masslessness Manifest: Spinor-Helicity Variables

To avoid constraining each particle’s momentum to be null, van der Waerden
introduced (in 1929!) spinor-helicity variables to make this always trivial.

0 3 1.2

v ) +DPy Pa—D — yaya
[y pO0 — o od Pat Py Pq a) = \o)
Pa7 Pa a%u (pclﬂ-ipg pg_pg a”’Na

e p2% is unchanged by (\,, Xa) = (ta A, t;lxa)

o When p, is real (py € R*!), po% = (pg®)*, which implies that (A\g)*=£AS.
(but allowing for complex momenta, )\, and )\, become independent.)
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Making Masslessness Manifest: Spinor-Helicity Variables

To avoid constraining each particle’s momentum to be null, van der Waerden
introduced (in 1929!) spinor-helicity variables to make this always trivial.

0 3 1.2

v ) +DPy Pa—D — yaya
[y pO0 — o od Pat Py Pq a) = \o)
Pa7 Pa a%u (p}ﬂ-lpg pg_pg a”’Na

° pfj‘j‘ is unchanged by (A, Xa) = (ta A, t;lxa)—the action of the little group.

o When p, is real (py € R*!), po% = (pg®)*, which implies that (A\g)*=£AS.
(but allowing for complex momenta, )\, and )\, become independent.)
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Making Masslessness Manifest: Spinor-Helicity Variables

To avoid constraining each particle’s momentum to be null, van der Waerden
introduced (in 1929!) spinor-helicity variables to make this always trivial.

0, 3 1_:2
Y ) pa+pa Pa—Wa) _ yaYa
a tfa =Pl =\ pltip? pd-p;
e p2% is unchanged by (\,, Xa) = (ta A, t;lxa)—the action of the little group.
Under little group transformations, wave functions transform according to:
o When p, is real (py € R*!), po% = (pg®)*, which implies that (A\g)*=£AS.

(but allowing for complex momenta, )\, and )\, become independent.)
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Making Masslessness Manifest: Spinor-Helicity Variables

To avoid constraining each particle’s momentum to be null, van der Waerden
introduced (in 1929!) spinor-helicity variables to make this always trivial.

0 3 1.2
Y 3 +p Pa—WD _ oo
By pQb— pft Qb Pa a FPa a) = \¥)\
Pa Pa paO'u (ptlﬂ-lpg pg_pg aa

e p2% is unchanged by (\,, Xa) = (ta A, t;lxa)—the action of the little group.
Under little group transformations, wave functions transform according to:

@) 12 )"

o When p, is real (p, € R>1), po% = (pg®)*, which implies that (A\g)*=£AS.
(but allowing for complex momenta, )\, and )\, become independent.)
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Making Masslessness Manifest: Spinor-Helicity Variables

To avoid constraining each particle’s momentum to be null, van der Waerden
introduced (in 1929!) spinor-helicity variables to make this always trivial.

0, 3 1 .2
Y __ A pa+pa Pa—Wa\ _ \aYa
p“f—)paa: ,LLO_OZC!:< . > :)\”)\a
a tfa =Pl =\ pltip? pd-p;
° pfj‘j‘ is unchanged by (A, Xa) = (ta A, t;lxa)—the action of the little group.

Under little group transformations, wave functions transform according to:

‘a>ha — t'Zha >hu

o la
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Making Masslessness Manifest: Spinor-Helicity Variables

To avoid constraining each particle’s momentum to be null, van der Waerden
introduced (in 1929!) spinor-helicity variables to make this always trivial.

0 3 1.2
v ) +DPy Pa—D — yaya
[y pO0 — o od Pat Py Pq a) = \o)
Pa7 Pa a%u (p}ﬂ-lpg pg_pg a”’Na

° pfj‘j‘ is unchanged by (A, Xa) = (ta A, t;lxa)—the action of the little group.
Under little group transformations, wave functions transform according to:

‘a>ha — t'Zha >hu

o la

e The (local) Lorentz group, SL(2);x SL(2)g, acts on )\, and A, Tespectively.
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Making Masslessness Manifest: Spinor-Helicity Variables

To avoid constraining each particle’s momentum to be null, van der Waerden
introduced (in 1929!) spinor-helicity variables to make this always trivial.

0, 3 1 .2
Y __ A pa+pa Pa—Wa\ _ \aYa
a tfa =Pl =\ pltip? pd-p;
° pfj‘j‘ is unchanged by (A, Xa) = (ta A, t;lxa)—the action of the little group.

Under little group transformations, wave functions transform according to:

‘a>ha — t'Zha >hu

o la

e The (local) Lorentz group, SL(2);x SL(2)g, acts on )\, and A, Tespectively.
Therefore, Lorentz-invariants must be constructed using the determinants:
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Making Masslessness Manifest: Spinor-Helicity Variables

To avoid constraining each particle’s momentum to be null, van der Waerden
introduced (in 1929!) spinor-helicity variables to make this always trivial.
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e p2% is unchanged by (\,, Xa) = (ta A, t;lxa)—the action of the little group.
Under little group transformations, wave functions transform according to:

@) 12 )"

e The (local) Lorentz group, SL(2);x SL(2)g, acts on )\, and A, Tespectively.
Therefore, Lorentz-invariants must be constructed using the determinants:

det(\,,),) det(A,,\,)
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e p2% is unchanged by (\,, Xa) = (ta A, t;lxa)—the action of the little group.
Under little group transformations, wave functions transform according to:

@) 12 )"

e The (local) Lorentz group, SL(2);x SL(2)g, acts on )\, and A, Tespectively.
Therefore, Lorentz-invariants must be constructed using the determinants:

det(\,,),) det(A,,\,)
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Making Masslessness Manifest: Spinor-Helicity Variables

To avoid constraining each particle’s momentum to be null, van der Waerden
introduced (in 1929!) spinor-helicity variables to make this always trivial.
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Y 3 pa+pa Pa—Wa) _ yaYa <« 55
p“f—)paa_pﬁ‘oaa:< ; >_)\,)\ & “a)la
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e p2% is unchanged by (\,, Xa) = (ta A, t;lxa)—the action of the little group.
Under little group transformations, wave functions transform according to:

@) 12 )"

e The (local) Lorentz group, SL(2);x SL(2)g, acts on )\, and A, Tespectively.
Therefore, Lorentz-invariants must be constructed using the determinants:

det(\,,\,) = (ab) det(A,N\,) =[ab]

a’
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e The (local) Lorentz group, SL(2);x SL(2)g, acts on )\, and A, Tespectively.
Therefore, Lorentz-invariants must be constructed using the determinants:

ea[g)\ff)\f =(ab) edBXij =lab]
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Making Masslessness Manifest: Spinor-Helicity Variables

To avoid constraining each particle’s momentum to be null, van der Waerden
introduced (in 1929!) spinor-helicity variables to make this always trivial.

0, 3 ,1_:2
Y 3 pa+pa Pa—Wa) _ yaYa <« 55
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e p2% is unchanged by (\,, Xa) = (ta A, t;lxa)—the action of the little group.
Under little group transformations, wave functions transform according to:
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e The (local) Lorentz group, SL(2);x SL(2)g, acts on )\, and A, Tespectively.
Therefore, Lorentz-invariants must be constructed using the determinants:

det(\,,\,) = (ab) det(A,N\,) =[ab]
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The Grassmannian Geometry of Kinematical Constraints

Thus, all the kinematical data can be described by a pair of (2 x n) matrices:
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Thus, all the kinematical data can be described by a pair of (2 x n) matrices:
MO A NYBYSVENGY

XN AR NN
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Thus, all the kinematical data can be described by a pair of (2 x n) matrices:

AAL AL T (M A A,

XN JACHPER Y
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Thus, all the kinematical data can be described by a pair of (2 x n) matrices:

V= (RN (AR A (T
A3 A2 A2 AN A2
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Thus, all the kinematical data can be described by a pair of (2 x n) matrices:
Al ~ -~ \
A= (A A Ay ), )= 2 A= (M A A4, )= o
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Thus, all the kinematical data can be described by a pair of (2 x n) matrices:
-~ ~ M
)‘E()‘l Ay )\3"')\n>5 \2 )‘E</\1 Ay /\3“'/\n)E 2

writing \,€ C?2 for a column, \*€ C”" for a row.
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Thus, all the kinematical data can be described by a pair of (2 x n) matrices:
it
N2

Al L
)\E()‘l )‘2 )‘3"')‘n>E AZ )\E<A1 A2 A3”'An)

writing \,€ C?2 for a column, \*€ C”" for a row.

e Because Lorentz transformations mix the rows of each matrix, A%, \?,
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The Grassmannian Geometry of Kinematical Constraints

Thus, all the kinematical data can be described by a pair of (2 x n) matrices:

Al T e o~ o~ = A
)\E()‘l )‘2)‘3"')‘n>E<A2> )\E</\1 A2A3A11)E(3\12)

writing \,€ C?2 for a column, \*€ C”" for a row.

e Because Lorentz transformations mix the rows of each matrix, A%, Xd, and
the little group allows for rescaling
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The Grassmannian Geometry of Kinematical Constraints

Thus, all the kinematical data can be described by a pair of (2 x n) matrices:

Al T e o~ o~ = A
)\E()‘l )‘2)‘3"')‘n>E<A2> )\E</\1 A2A3A11)E(’)\V2)

writing \,€ C?2 for a column, \*€ C”" for a row.

e Because Lorentz transformations mix the rows of each matrix, A%, Xd, and
the little group allows for rescaling, the invariant content of the data is:
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Thus, all the kinematical data can be described by a pair of (2 x n) matrices:

Al T e o~ o~ = A
)\E()‘l )‘2)‘3"')‘n>E<A2> )\E</\1 A2A3A11)E(3\12)

writing \,€ C?2 for a column, \*€ C”" for a row.

e Because Lorentz transformations mix the rows of each matrix, A%, Xd, and
the little group allows for rescaling, the invariant content of the data is:

The “two—plane” \:

the span of 2 vectors \“e C"
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)\E()‘l )‘2)‘3"')‘n>E<A2> )\E<A1 A2A3A11)E(’)\V2)

writing \,€ C?2 for a column, \*€ C”" for a row.

e Because Lorentz transformations mix the rows of each matrix, A%, Xd, and
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Thus, all the kinematical data can be described by a pair of (2 x n) matrices:

Al T e o~ o~ = A
)\E()‘l )‘2)‘3"')‘n>E<A2> )\E</\1 A2A3A11)E(3\12)

writing \,€ C?2 for a column, \*€ C”" for a row.
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Thus, all the kinematical data can be described by a pair of (2 x n) matrices:

Al T e o~ o~ = A
)\E()‘l )‘2)‘3"')‘n>E<A2> )\E</\1 A2A3A11)E(3\12)

writing \,€ C?2 for a column, \*€ C”" for a row.

e Because Lorentz transformations mix the rows of each matrix, A%, Xd, and
the little group allows for rescaling, the invariant content of the data is:

The Grassmanian G(k,n):

the span of k vectors in C" - _”
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Thus, all the kinematical data can be described by a pair of (2 x n) matrices:

Al T e o~ o~ = A
)\E()‘l )‘2)‘3"')‘n>E<A2> )\E</\1 A2A3A11)E(3\12)

writing \,€ C?2 for a column, \*€ C”" for a row.

e Because Lorentz transformations mix the rows of each matrix, A%, Xd, and
the little group allows for rescaling, the invariant content of the data is:

The Grassmanian G(k,n):

the span of k vectors in C" - _”
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Thus, all the kinematical data can be described by a pair of (2 x n) matrices:

Al T e o~ o~ = A
)\E()‘l )‘2)‘3"')‘n>E<A2> )\E</\1 A2A3A11)E(’)\V2)

writing \,€ C?2 for a column, \*€ C”" for a row.

e Because Lorentz transformations mix the rows of each matrix, A%, Xd, and
the little group allows for rescaling, the invariant content of the data is:

The Grassmanian G(k,n):

the span of k vectors in C" - _”
e Momentum conservation: ‘/\l/‘A\;z
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Thus, all the kinematical data can be described by a pair of (2 x n) matrices:

Al T e o~ o~ = A
)‘E()‘l )\2)\3"')\n>5</\2) )‘E</\1 /\2/\3“'/\;1)E(Xz)

writing \,€ C?2 for a column, \*€ C”" for a row.

e Because Lorentz transformations mix the rows of each matrix, A%, Xd‘, and
the little group allows for rescaling, the invariant content of the data is:

The Grassmanian G(k,n):

the span of k vectors in C" - 7
e Momentum conservation: /‘A\?
(taking all the momenta to be incoming) A
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Thus, all the kinematical data can be described by a pair of (2 x n) matrices:

Al T e o~ o~ = A
)‘E()‘l )\2)\3"')\n>5</\2) )‘E</\1 /\2/\3“'/\;1)E(Xz)

writing \,€ C?2 for a column, \*€ C”" for a row.

e Because Lorentz transformations mix the rows of each matrix, A%, Xd‘, and
the little group allows for rescaling, the invariant content of the data is:

The Grassmanian G(k,n):

the span of k vectors in C" - 7
e Momentum conservation: /‘A\?
(taking all the momenta to be incoming) A

&* (Zu ph )
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Thus, all the kinematical data can be described by a pair of (2 x n) matrices:

Al T e o~ o~ = A
)‘E()‘l )\2)\3"')\n>5</\2) )‘E</\1 /\2/\3“'/\;1)E(Xz)

writing \,€ C?2 for a column, \*€ C”" for a row.

e Because Lorentz transformations mix the rows of each matrix, A%, Xd‘, and
the little group allows for rescaling, the invariant content of the data is:

The Grassmanian G(k,n):

the span of k vectors in C" - 7
e Momentum conservation: /‘A\?
(taking all the momenta to be incoming) A

o (Sarh) = 2 (S, *)
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hi = FOMAL Aadg, AsXa) 6252 (A-X)
hs 3 E@i X 5%)
YRR EPY
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EEE)
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i i i

& =(3 %)

AT A A3
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(XM= ((23)(31)(12)) DX
Y
AR TP EPY
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XE@% A 5%)
W\ M N

M= (23] [31] [12]) A
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f()\laA27)\3) A E(}\é
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h3 O, A2, A3) 2 E<i%

M A
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% X%)
% X
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e o s AN AL
12 hy—h1—h; 2 hi—hy—h3 1 ho—hs—hy = 1 2 3

h3 [12]h1+h2—h3 [23]h2+h3—h1 [3 1]h3+hl—h2 X = <i% i% i:lﬁ )
A
M= ([23] [31] [12])0A

Wednesday, 25t May Cracow School of Theoretical Physics, Zakopane Part I: The Vernacular of the S-Matrix



The Vernacular of the S-Matrix
The All-Orders S-Matrix for Three Massless Particles
Consequences of Quantum Mechanical Consistency Conditions

Building Blocks: the S-Matrix for Three Massless Particles

Three Particle Kinematics and Helicity Amplitudes
Non-Dynamical Dependence: Coupling Constants & Spin/Statistics

Momentum conservation and Poincaré-invariance uniquely fix the kinematical
dependence of the amplitude for three massless particles (to all loop orders!).

XE=((23) (31) (12)) DA

e o s AN AL
12 hy—h1—h; 2 hi—hy—h3 1 ho—hs—hy = 1 2 3
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= ((23)(31)(12) 2
<12>h3—h1—h2<23>hl—h2—h3<31>h2—h3—h1 A E()‘1 )‘2 A%)

AN
- O(G*(hl +h2+h3))
(ab)—0O(e)

h3 [12]h1+h2—h3 [23]h2+h3—h1 [3 1]h3+hl—h2 X = <)\% )\% )\:1& )

32 Y2 Y2
—>(9(6(h1+h2+h3)) ~ AL A A3

lab—O(e) X-=([23] [31] [12])DA
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A A A
=3 )
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_ Xi Xi Xi
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hi+hy+h3 >0
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F=Q = M meyen O = AL

3_
2+

e — q1,92,93 [23]4 2%2 3\ —
1 = f ARG 2 (AA) = As(—,+,4)

3+
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dependence of the amplitude for three massless particles (to all loop orders!).
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The All-Orders S-Matrix for Three Massless Particles
Consequences of Quantum Mechanical Consistency Conditions

Three Particle Kinematics and Helicity Amplitudes
Non-Dynamical Dependence: Coupling Constants & Spin/Statistics

Coupling Constant Constraints: Scaling and Spin/Statistics

The coupling constants f71-92:93 are quantum-number-dependent constants
which define the theory.
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The coupling constants f71-92:93 are quantum-number-dependent constants
which define the theory. Because all the kinematical dependence is fixed,
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The coupling constants f71-92:93 are quantum-number-dependent constants

which define the theory. Because all the kinematical dependence is fixed,
these couplings cannot ‘run’.

e Dimensional analysis shows that the mass-dimension of the coupling is:

[fa1:928] = [mass]1—|h1+hz+h3\

e Consider a theory involving only particles with integer spin o € Z:
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Three Particle Kinematics and Helicity Amplitudes
Consequences of Quantum Mechanical Consistency Conditions

Non-Dynamical Dependence: Coupling Constants & Spin/Statistics
Coupling Constant Constraints: Scaling and Spin/Statistics

The coupling constants f71-92:93 are quantum-number-dependent constants

which define the theory. Because all the kinematical dependence is fixed,
these couplings cannot ‘run’.

e Dimensional analysis shows that the mass-dimension of the coupling is:

[f01:92:93] = [mass]1—|h1+h2+h3\
e Consider a theory involving only particles with integer spin o € Z:

A(17,2:7,3.7)

q17 7q2>

Wednesday, 25t May Cracow School of Theoretical Physics, Zakopane Part I: The Vernacular of the S-Matrix



The Vernacular of the S-Matrix
The All-Orders S-Matrix for Three Massless Particles

Three Particle Kinematics and Helicity Amplitudes
Consequences of Quantum Mechanical Consistency Conditions

Non-Dynamical Dependence: Coupling Constants & Spin/Statistics
Coupling Constant Constraints: Scaling and Spin/Statistics

The coupling constants f71-92:93 are quantum-number-dependent constants

which define the theory. Because all the kinematical dependence is fixed,
these couplings cannot ‘run’.

e Dimensional analysis shows that the mass-dimension of the coupling is:

[fa1:928] = [mass]1—|h1+hz+h3\

e Consider a theory involving only particles with integer spin o € Z:

40 A=0 2-0) _ £41,42:03 (23)* 2 2\
A(lql’2q2’3%) =f <<12><23><31>) 6 Z(A.)\)
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Bose statistics requires that .A be symmetric under the exchange 2 <= 3;
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The coupling constants f71-92:93 are quantum-number-dependent constants

which define the theory. Because all the kinematical dependence is fixed,
these couplings cannot ‘run’.

e Dimensional analysis shows that the mass-dimension of the coupling is:

[fa1:928] = [mass]1—|h1+hz+h3\

e Consider a theory involving only particles with integer spin o € Z:

40 A=0 2-0) _ £41,42:03 (23)* 2 2\
‘A(lql ’2(12 ’3113) =f <<12><23><31>) 6 Z(A.)\)

Bose statistics requires that .A be symmetric under the exchange 2 <= 3;

@ even-spin: f9192:93 must be totally symmetric
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The coupling constants f71-92:93 are quantum-number-dependent constants

which define the theory. Because all the kinematical dependence is fixed,
these couplings cannot ‘run’.

e Dimensional analysis shows that the mass-dimension of the coupling is:

[fa1:928] = [mass]1—|h1+hz+h3\

e Consider a theory involving only particles with integer spin o € Z:

A1, 20, 370) = g 23 ¥ Uézxz(A-X)
N7z (12)23)31)
Bose statistics requires that .A be symmetric under the exchange 2 <= 3;
@ even-spin: f9192:93 must be totally symmetric
@ odd spin: f4192:43 must be totally antisymmetric
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The Vernacular of the S-Matrix Factorization and Long-Range Physics: Weinberg’s Theorem
The All-Orders S-Matrix for Three Massless Particles Uniqueness of Yang-Mills Theory and the Equivalence Principle
Consequences of Quantum Mechanical Consistency Conditions The Simplest Quantum Field Theory: A'=4 super Yang-Mills

Channeling Some Consequences of Factorization

In [arXiv:0705.4305], Benincasa and Cachazo described how elementary
considerations of locality and unitarity strongly restricts the choice of
coupling constants, and hence possible quantum field theories.
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In [arXiv:0705.4305], Benincasa and Cachazo described how elementary
considerations of locality and unitarity strongly restricts the choice of
coupling constants, and hence possible quantum field theories.

Consider the behavior of any local, unitarity theory in a factorization limit:
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Consider the behavior of any local, unitarity theory in a factorization limit:
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2 3t o 3t
I b 02 B4 Y
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Channeling Some Consequences of Factorization

In [arXiv:0705.4305], Benincasa and Cachazo described how elementary
considerations of locality and unitarity strongly restricts the choice of
coupling constants, and hence possible quantum field theories.

Consider the behavior of any local, unitarity theory in a factorization limit:

2 3t o 3t

= ~ fq1:<J27‘7*,q3,q4 wza

uO’
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2 3+ 2 3+
20
# ~ f‘IhQQ"?‘y‘IB:(M w

uO’

. 4t 1 U+ with u= (py+ps)?
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Uniqueness of Yang-Mills Theory and the Equivalence Principle
Consequences of Quantum Mechanical Consistency Conditions The Simplest Quantum Field Theory: A= 4 super Yang-Mills

Channeling Some Consequences of Factorization

In [arXiv:0705.4305], Benincasa and Cachazo described how elementary
considerations of locality and unitarity strongly restricts the choice of
coupling constants, and hence possible quantum field theories.

Consider the behavior of any local, unitarity theory in a factorization limit:

2 3t o 3t

= ~ fq1:<J27‘7*,q3,q4 wza

uU
. 4t 1 U+ with u= (py+ps)?

e Homework:
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In [arXiv:0705.4305], Benincasa and Cachazo described how elementary
considerations of locality and unitarity strongly restricts the choice of
coupling constants, and hence possible quantum field theories.

Consider the behavior of any local, unitarity theory in a factorization limit:
2 AV 3*
20
((12) [34])
= ~ fa1a2 7‘7*#3,(14 e
. 4+ i 4+ with u= (p2+p4)2

e Homework: use the result, together with the analogous u- and ¢-channels to
determine the form of Ay
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Channeling Some Consequences of Factorization

In [arXiv:0705.4305], Benincasa and Cachazo described how elementary
considerations of locality and unitarity strongly restricts the choice of
coupling constants, and hence possible quantum field theories.

Consider the behavior of any local, unitarity theory in a factorization limit:
2 AV 3*
20
((12) [34])
= ~ fa1a2 7‘7*#3,(14 e
. 4+ i 4+ with u= (p2+p4)2

e Homework: use the result, together with the analogous u- and ¢-channels to
determine the form of A4 and show that if o > 2 all factorizations vanish.
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Channeling Some Consequences of Factorization

In [arXiv:0705.4305], Benincasa and Cachazo described how elementary
considerations of locality and unitarity strongly restricts the choice of
coupling constants, and hence possible quantum field theories.

Consider the behavior of any local, unitarity theory in a factorization limit:

2 3t o 3t

= ~ fq1:Q27‘7*,q3,q4 wza

uO’

. 4t 1 U+ with u= (py+ps)?

e Homework: use the result, together with the analogous u- and ¢-channels to

determine the form of A4 and show that if o > 2 all factorizations vanish.
This is Wienberg’s theorem
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The Vernacular of the S-Matrix

Factorization and Long-Range Physics: Weinberg’s Theorem
The All-Orders S-Matrix for Three Massless Particles Uniqueness of Yang-Mills Theory and the Equivalence Principle
Consequences of Quantum Mechanical Consistency Conditions The Simplest Quantum Field Theory: N'=4 super Yang-Mills

Channeling Some Consequences of Factorization

In [arXiv:0705.4305], Benincasa and Cachazo described how elementary
considerations of locality and unitarity strongly restricts the choice of
coupling constants, and hence possible quantum field theories.

Consider the behavior of any local, unitarity theory in a factorization limit:

2 3t o 3t

= ~ fq1:Q27‘7*,q3,q4 MZU

uO’
w7, 4 with u= (pa+ps)>
1 47 1 4*
e Homework: use the result, together with the analogous u- and ¢-channels to

determine the form of A4 and show that if o > 2 all factorizations vanish.
This is Wienberg’s theorem—proving that long-range physics requires o < 2.
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Quantum Consistency Conditions from Cauchy’s Theorem

Using Cauchy’s theorem to relate the three factorization channels to each
other, Benincasa and Cachazo prove in [arXiv:0705.4305] following:
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Quantum Consistency Conditions from Cauchy’s Theorem

Using Cauchy’s theorem to relate the three factorization channels to each
other, Benincasa and Cachazo prove in [arXiv:0705.4305] following:

@ o =1: the coupling constants satisfy a Jacobi identity!

Wednesday, 25t May Cracow School of Theoretical Physics, Zakopane Part I: The Vernacular of the S-Matrix
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Consequences of Quantum Mechanical Consistency Conditions The Simplest Quantum Field Theory: A'=4 super Yang-Mills

Quantum Consistency Conditions from Cauchy’s Theorem

Using Cauchy’s theorem to relate the three factorization channels to each
other, Benincasa and Cachazo prove in [arXiv:0705.4305] following:

@ o =1: the coupling constants satisfy a Jacobi identity!

fQ1,q2,‘7*7q3,q4 + fq2#137‘7*7q17q4 + fq37Q17‘7‘7Q27Q4 =0.
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The Vernacular of the S-Matrix Factorization and Long-Range Physics: Weinberg’s Theorem
The All-Orders S-Matrix for Three Massless Particles Uniqueness of Yang-Mills Theory and the Equivalence Principle
Consequences of Quantum Mechanical Consistency Conditions The Simplest Quantum Field Theory: A'=4 super Yang-Mills

Quantum Consistency Conditions from Cauchy’s Theorem

Using Cauchy’s theorem to relate the three factorization channels to each
other, Benincasa and Cachazo prove in [arXiv:0705.4305] following:

@ o =1: the coupling constants satisfy a Jacobi identity!

fm,qz,‘?,q:a,qz; + fq27q37‘7‘,q17q4 + fq37Q17‘7‘7Q27Q4 =0.

e whatever quantum numbers distinguish mutually interacting spin-1
particles, they form the adjoint representation of a Lie algebra!
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The All-Orders S-Matrix for Three Massless Particles Uniqueness of Yang-Mills Theory and the Equivalence Principle
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Quantum Consistency Conditions from Cauchy’s Theorem

Using Cauchy’s theorem to relate the three factorization channels to each
other, Benincasa and Cachazo prove in [arXiv:0705.4305] following:

@ o =1: the coupling constants satisfy a Jacobi identity!

f‘ha‘ﬁa‘?v‘ﬂiaqzl + fq27q3717‘,q17q4 + fq3ﬂ17‘7‘7‘127Q4 =0.

e whatever quantum numbers distinguish mutually interacting spin-1
particles, they form the adjoint representation of a Lie algebra!

@ o =2: multiple spin-2 particles can always be decomposed into
mutually non-interacting sectors
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