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The strong interaction

e Binds quarks = hadrons: mesons and baryons (protons, neutrons, ...)
* Binds protons and neutrons =2 nuclei

* Responsible for most of mass of conventional matter
(~99% of proton mass)

www.nndc.bnl.gov




The strong interaction
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Quantum Chromodynamics
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Quantum Chromodynamics Running coupling constant

[PDG 2014] | - Sept. 2013
T decays (N3LO)
Lattice QCD (NNLO)

Qs = 92/(47T) DlSjCl‘SQ(.\'L())
Heavy Quarkonia (NLO)
e'e jets & shapes (res. NNLO)
Z pole fit (N3LO)
pp —> jets (NLO)

Large at low energies — can’t .
make perturbative expansion Asymptotic freedom



Quantum Chromodynamics Running coupling constant
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QCD on a lattice

Discretise theory on a 4d grid (spacing = a)
— UV regulator

Finite volume (L3 x T) = finite no. of d.o.f.

Quantised momenta

2m

p= L—(nx,ny, n.) for spatial periodic BCs
S



QCD on a lattice

Discretise theory on a 4d grid (spacing = a)
— UV regulator

Finite volume (L3 x T) = finite no. of d.o.f.

Quantised momenta /)

27

p= L—(nx,ny, n.) for spatial periodic BCs
S

Gauge fields on links;
U is an element of SU(3)

Quark fields on lattice sites

Y(z) — Yz

A[J,(w) — U{L"I_L —_ e_aAm"u'

%w(fﬁ) — 2% (Vo1 — Ya—1)
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QCD on a lattice

Many possible discretisations which all 2 continuum QCD as a =2 0.
‘Improved’ actions reduce discretisation effects, e.g. O(a).

Generic Euclidean action (gauge invariant):

S = Z ?,Eq,m Qm,y[U] wq,y + ggGuge[U]

q,T,Y

Gauge fields, e.g.

10
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QCD on a lattice

< B(21)$(20) >= 271 [ DYDIDU (1) (o) e~ SWP U]
= 771 [ DU Q3 U] det(QIu) eIV
Q has dim. ( (L/a)} x (T/a) x 4 x 3)?, e.g. (203 x 128 x 4 x 3)?°~ (107) 2 — huge!

Fermion det. — nonlocal function of U
—> very computationally expensive

Q! and det(Q) more expensive for small m_ MY

Historically, quenched approx: set det[Q] =1 \/
— don’t include quark loops

Now most calculations are dynamical (‘'unquenched’)
— include det[Q]
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QCD on a lattice
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Lattice 2 QCD

e Continuum limit: lattice spacing,a =2 0
L =const,soN =L/a >

 Volume, L >> physical size of problem
e.g.Lm>>1

* Pion mass, m_—> physical m_

15



Lattice 2 QCD

e Continuum limit: lattice spacing, a = 0
L =const,so N =L/a 2w

* Volume, L >> physical size of problem
e.g.Lm_>>1

* Pion mass, m_—> physical m_

Setting the scale (determine a in physical units)
* Every dimensional quantity measured in terms of a

* ‘Set the scale’ by comparing with a physical observable calculated on
the lattice to experimental value

e E.g.static quark potential, Q2 baryon mass, ...

Set bare quark masses (m,) in action by comparing lattice computations
of hadron masses with experimental masses

15
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Static potential from lattice QCD

Potential between two infinitely heavy quarks (static colour sources)

W(m,n,ng = t/a)

Tr[UUUU]

7, Ny
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Static potential from lattice QCD

Potential between two infinitely heavy quarks (static colour sources)

Wm,n,ny = t/a
( t=t/a) TrHUUUU]

7, Ny

Compare length scale with experimental
charmonium and bottomonium spectra
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Spectroscopy on the lattice

Calculate energies and matrix elements (“overlaps”, Z) from 2-point
correlation functions of hadron interpolating fields “operators”

Iy ePopgppe + D,

Ci;(t) = (0]0;(£)01(0)| 0)

o P(F)FY(Z) is local but hadrons
are extended objects ~ 1 fm.

* Improve overlap onto states of interest
(reduce overlap with UV modes)
by spatially smearing quark fields.
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BIEINEINS
< P(z1)Y(z1)Y(z0)Y(z0) > =

27! [ DYDIDU P(21)(21) b (o)t (o) e WPV

Wick’s theorem: contract in all possible ways

= = Quio [U1Qz L [U] + Q7. [U1Q L [U]

Diagrammatically: ﬁ 0I4
qg q

‘Connected’ ‘Disconnected’
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BIEINEINS
< P(z1)Y(z1)Y(z0)Y(z0) > =

27! [ DYDIDU P(21)(21) b (o)t (o) e WPV

Wick’s theorem: contract in all possible ways

= = Quio [U1Qz L [U] + Q7. [U1Q L [U]

Diagrammatically: ﬁ 0I4
qg q

‘Connected’ ‘Disconnected’

N.B. these are not perturbation theory diagrams
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Correlators

C(t) =< 0| (t)vivp(t) - ¥(0)%%(0))|0 >

pA



Correlators

C(t) =< 0[P (#)v 0 () - p(0)v4(0)[0 > Mess(t) = —In[C(t+dt)/C(t)] /dt

pA



. BMW Collaboration, Durr et al,

a a=0.125 fm

e ax~0.065fm

Use only smeared local operators (e.g. ;). Set scale using Mz
Nucleons & isovector mesons — only connected diagrams

22



. BMW Collaboration, Durr et al,

—— experiment
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o input
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. BMW Collaboration, Durr et al,

—— experiment
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Light ba ryons — comparison Alexandrou et al, PR D90, 074501 (2014)

ETMC N¢g=2+1+1 —@—

BMW N¢=2+1 il

PACS-CS N¢=2+1 &
QCDSF-UKQCD Nf=2+1 ¥

Agreement between results from different lattice actions
(extrapolated to continuum limit and physical m_)

24



Quarkonia and heavy-light mesons
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Dowdall et al (HPQCD)

Quarkonia and heavy-light mesons [PR D86, 094510 (2012)]
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Hadron spectroscopy

Masses and other properties of hadrons probe the

non-perturbative regime of QCD.
* Relevant degrees of freedom?
 Confinement?

* Role of gluons?

Experiments

LHCb CLAS12 GLUE,‘;':::“S

ATLAS CMS

+ others at 12 GeV JLab

ELSA  MAMI  J-PARC  Spring-8

BESIII  KLOE2

+ others at GSI
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Hadron spectroscopy — mesons

Quark-antiquark pair:  n 2*IL

31



Hadron spectroscopy — mesons

Quark-antiquark pair:  n %*1L,
Parity: P=(-1)t1
Charge Conj Sym: C = (-1)s)

PC=Q*+, 0+, 1, 10+, 1+, 277, 24+, 2%, ..

31



Hadron spectroscopy — mesons

Quark-antiquark pair:  n 2*IL

Parity: P=(-1)t1
Charge Conj Sym: C = (-1)s)

PC=Q*+, 0+, 1, 10+, 1+, 277, 24+, 2%, ..

Exotic J°¢ (0, 0%, 1-%, 2+, ...) E.g. multiquark systems

or flavour quantum numbers (tetraquarks, molecular mesons)
=GRl e e gl Hybrid mesons (gluonic field excited)
Glueballs

g@@ %0 ”-27:7" o

31
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Hadron spectroscopy — mesons

Charmonium

7+(4430)

Y(4260)

7+(3900)
" X(3872)

4% &= PDG 2013
T Quark Model (G&l)

0—+ 1—— D++ 1++ 1+— 2++ 2—— 2—+

33



Hadron spectroscopy — mesons

Charmonium

7+(4430)

Y(4260)

7+(3900)
" X(3872)

Puzzles (don’t fit expected pattern):
X(3872), Y(4260), Z2*(4430), Z.*(3900),

Also: 2,*, D (2317), light scalars, ...

@&® PDG 2013
------ Quark Model (G&I)

1+— 2++ 2—— 2—+ 3—— ???

33



Hadron spectroscopy — mesons

= Charmonium

— 7+(4430)

—
== Y(4260)

7+(3900)

Flavour exotics

Puzzles (don’t fit expected pattern):
X(3872), Y(4260), Z2*(4430), Z.*(3900).

Also: Z2,* D(2317), light scalars, ...
|

Exotic JPC?

No sign in charmonium or bottomonium
* Light sector: ,(1600) (1-*) needs conf.

‘ |

0++ 1++ 1+— 2++

33



Hadron spectroscopy — baryons

Missing states?

‘Freezing’ of degrees of freedom?
Gluonic excitations?

Flavour structure

Nucleon (Exp): 4*, 3*, some 2* Delta (Exp): 4*, 3*, some 2*

A

Mass (MeV)
(=Y
(2]
o
o

Mass (MeV)

|
3

Y,

Plots from Robert Edwards, data from PDG

3/2" 5/2" 712" 1/2° 312 5/2°




Hadron spectroscopy — baryons

* Missing states?

* ‘Freezing’ of degrees of freedom?
e Gluonic excitations?

e Flavour structure

Nucleon (Exp): 4*, 3*, some 2* Delta (Exp): 4*, 3*, some 2*

H
(o]
o
o

[T
D
o
o

>
(5]
=~
[72]
g
=

Mass (MeV)

Plots from Robert Edwards, data from PDG
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Reduced symmetry and spin

Continuum

Infinite number of irreps:1=0, 1, 2, 3, 4, ...

Finite cubic lattice

Broken sym: 3D rotation group = cubic group

Finite number of irreps A: A, A,, T,, T,, E (+ others for half-integer spin)

lrrep| A, A, T, T, E
Dim | 1 1 3 3 2

Cont.Spin | 0 1 2 3 4
Irrep(s) |A;, T, T,+E T, +T,+A, A +T, +T,+E ..

‘Subduce’ operators into lattice irreps (J 2 A):

38



Reduced symmetry and spin

Continuum

Infinite number of irreps:1=0, 1, 2, 3, 4, ...

Finite cubic lattice

Broken sym: 3D rotation group = cubic group

Finite numb

If-integer spin
Relevant symmetry reduced further ger spin)
for hadrons at non-zero momentum

Irrep

Dim | 1 1 3 2

3
Cont.Spin | 0 1 2 3 4
Irrep(s) |A;, T, T,+E T, +T,+A, A +T, +T,+E ..

‘Subduce’ operators into lattice irreps (J 2 A):

38



39



EXCite d C h armon ia Hadron Spectrum Collaboration

* Dynamical ‘clover’ u, d and s quarks, m, = my < m [N, = 2+1]
e Relativistic ¢ quark

* Anisotropic — finer in temporal dir (a./a, = 3.5),

* m_~400 MeV (not physical m_)

* One lattice spacing, a. = 0.12 fm (no extrap. to contin. limit)

£Xd

JHEP 07 (2012) 126 — Liu, Moir, Peardon, Ryan, CT, Vilaseca, Dudek, Edwards, Jod, Richards

* Two volumes: 163,243(L,~ 1.9, 2.9 fm)

* Only compute connected contributions

39



Excited charmonia

A(t) - em(t—to)

Iy o v’

ma,=0.53726(4) j ma,=0.6713(5)

1.0}

0 5 10 15 20 25 30 5 10 20 25 30
t/ a,

40



Excited charmonia

M_ ~ 400 MeV [HadSpec, JHEP 07 (2012) 126]
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Excited charmonia

/4

S-wave

277 27 37 47 47 07

M_ ~ 400 MeV [HadSpec, JHEP 07 (2012) 126]




Excited charmonia

/4

S-wave

277 27 37 47 47 07

M_ ~ 400 MeV [HadSpec, JHEP 07 (2012) 126]




Excited charmonia

M_ ~ 400 MeV [HadSpec, JHEP 07 (2012) 126]
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Excited charmonia
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S-wave
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M_ ~ 400 MeV [HadSpec, JHEP 07 (2012) 126]




Excited charmonia

/A7
—— &

=72+ 27 37 4+ 4 o+

M_ ~ 400 MeV [HadSpec, JHEP 07 (2012) 126]




Excited charmonia

/A7
—— &

=72+ 27 37 4+ 4 o+

M_ ~ 400 MeV [HadSpec, JHEP 07 (2012) 126]




Excited charmonia

Large overlap with op
~ q[D;, Djlq ~ qFjjq

qq in L=0, with gluonic 1,
scale~1.2-1.3 GeV

[/

1™ 2% 27 37 4+ 4

M_ ~ 400 MeV [HadSpec, JHEP 07 (2012) 126]

0++

1"~

1++




Excited charmonia
qq in L=1, with gluonic 1+~

Large overlap with op

& 1D, Djlg ~ qFiq

qq in L=0, with gluonic 1,
scale~1.2-1.3 GeV

[/

17~ 27 27 37 4 4 ot 1t 1t

M_ ~ 400 MeV [HadSpec, JHEP 07 (2012) 126]




Excited charmonia
qq in L=1, with gluonic 1+~

]

— =
== oz

Large overlap with op
& 1D, Djlg ~ qFiq

qq in L=0, with gluonic 1,
scale~1.2-1.3 GeV

[/

17~ 27 27 37 4 4 ot 1t 1t

M_ ~ 400 MeV [HadSpec, JHEP 07 (2012) 126]




Excited charmonia
qq in L=1, with gluonic 1+~

]

== oz

Large overlap with op
& 1D, Djlg ~ qFiq

qq in L=0, with gluonic 1,
scale~1.2-1.3 GeV

[/

17~ 27 27 37 4 4 ot 1t 1t

M_ ~ 400 MeV [HadSpec, JHEP 07 (2012) 126]




Excited charmonia

qq in L=1, with gluonic 1+~

]

=" oD
Y(4260):
= | N S— :

Compare pattern of lightest hybrids with models
[Dudek, PR D84, 074023 (2011)]

Large ove
Bag model hybrids: 0-*, 1-*, 2°+, 1--

M-M, (MeV)

Constituent gluonin L=0(1-°): 0, 1-*, non-exotics

qq in L=C : :
Constituent gluonin L=1 (1*7): 0°*, 1%, 2°%, 1 -

Flux tube: 1**+,1--, 0%, 0%, 1°*, 1*-, 2°*, 2*-

2—+ 2—— 3—— 4—+ 4—— [ U++ 1+— 1-I-+ 2++ 3-I-— 3++ 4+-I- ) 1—+ U+_
| JPC

M_ ~ 400 MeV [HadSpec, JHEP 07 (2012) 126]
42



Excited charmonia

qq in L=1, with gluonic 1+~

]

=" oD
Y(4260):
= | N S— :

Compare pattern of lightest hybrids with models
[Dudek, PR D84, 074023 (2011)]

Large ove
Bag model hybrids: 0-*, 1-*, 2°+, 1--

M-M, (MeV)

Constituent gluonin L=0(1-°): 0, 1-*, non-exotics

qq in L=C : :
Constituent gluonin L=1 (1*7): 0°*, 1%, 2°*, 1"

Flux tube: 1**+,1--, 0%, 0%, 1°*, 1*-, 2°*, 2*-

2—+ 2—— 3—— 4—+ 4—— [ U++ 1+— 1-I-+ 2++ 3-I-— 3++ 4+-I- ) 1—+ U+_
| JPC

M_ ~ 400 MeV [HadSpec, JHEP 07 (2012) 126]
42
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Light mesons

u and d quarks are degenerate — isospin symmetry
- +1/2 u —d
e\ —1/2 d u
Isovectors (I = 1) e.g. &, p, a, — only connected contributions

1 _ i
ﬁ (uu — dd)

Isoscalars (I=0) e.g. n, 17, @, ¢

43
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Light isoscalar mesons

Operator basis doubled
in size c.f. isovectors:

N

(aru + Jl“d) 05 ~ 5T's

No glueball ops for now

Connected and : q q |
disconnected contrib. .) 4
required q q

—c¥ 4+ 2op% /2D )

a0 = pofwogon o= ("SRl K

. S

Same lattice setup as before
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Light mesons (isospin =0 and 1)

my = 392 MeV

243 x 128
£
isoscalar [

1sovector

Dudek, Edwards, Guo, CT (HadSpec), PR D88, 094505 (2013)




Light mesons (isospin =0 and 1)

my = 392 MeV

243 x 128
75
isoscalar [

1sovector

Dudek, Edwards, Guo, CT (HadSpec), PR D88, 094505 (2013)




Light mesons (isospin =0 and 1)

- . _ . . +_ L
qq in L=0, with gluonic1*-, e — 392 MeV
scale~1.2-1.3 GeV 243 % 128

fs

isoscalar [

1sovector

Dudek, Edwards, Guo, CT (HadSpec), PR D88, 094505 (2013)




Light mesons (isospin =0 and 1)

Hidden-flavour mixing:
n-n’ =46(1)°,f,—f,’ =27(2)°, 1-* exotics 21(5)°

my = 392 MeV

243 x 128
isoscalar [

1sovector

Dudek, Edwards, Guo, CT (HadSpec), PR D88, 094505 (2013)




Light mesons (isospin =0 and 1) Volume and m, dependence

3000

2500

2000

1500

1000

500

0L

0.3 0.4

Dudek, Edwards, Guo, CT (HadSpec), PR D88, 094505 (2013)
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Light mesons (isospin =0 and 1) Volume and m, dependence

Dudek, Edwards, Guo, CT (HadSpec), PR D88, 094505 (2013)




Light mesons (isospin = 0)

(M, /GeV)?

(M, /GeV)?

PSU(3) 5

Dphys

A Ensembles

A80.24s, A100.24s

B Ensembles

D Ensembles

0.6 0.8 1 1.2
(T'{] ifﬁ ) 2

physical values
A Ensembles

| Twisted mass quarks [N;= 2+1+1]
AR0.24s, A100.24s 1 .
B Ensembles | Extrapolate in a and m_:
iy D Fnsembles n: 551+8+6 MeV,
04 06 “-82 1 2L n’: 1006 + 54 + 38 *61 MeV
{roMx) o: 46+1+3°

[c.f. HadSpec 46(1)° @ m_ = 400 MeV]

Michael, Ottnad, Urbach (ETM), PRL 111, 181602 (2013)




Glueballs in pure gauge theory (SU(3) Yang-Mills)

* No fermion fields —
computationally much less
expensive

* QOperators are closed loops
of links, with different
spatial symmetries

Morningstar and Peardon, PR D60, 034509 (1999)
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N and A ba ryons [HadSpec, PR D84 074508, PR D85 054016]

' |
+ + 5+ + 1 1+ 3+ 5+ 7t ] 1~ 3= 57 77 1
& = §, =" [ 2 - |
. I | j - i
g . : N L | e == o g
- =
of BB g o B =
@ % — . :! :
e | | I
= 2| 4 5 3 1112 3 2 1 . - |
\_ J 1L Al= = |
I N |
5] | [3 22 1 |
Z | |
1= ’ :
10F | 4
N(1=1/2,1S]=0) ' A(1=3/2,|S5|=0) ] m_= 400 MeV

Counting in lowest bands as expected in non. rel. quark model,

SU(6) x O(3) (flavour x spin x space), no ‘freezing of d.o.f’




m [ GeV

N and A baryons

3.0r
25T

20r

15F

1.0F

1+ 3+ 5+ 7+
2 2 2 2
™
b |
o % a
oL
/.
| o
| “1m
4
LA

N(1=1/2,|S| =0)

[HadSpec, PR D84 074508, PR D85 054016]

1+ 3t 5t 7t 11— 3~
2 2 2 2 2 2

a1z
N ] Tea =

Hybrid baryons
Gluonic 17~ (8,) with qqq (8,),
scale~1.2-1.3 GeV

Counting in lowest bands as expected in non. rel. quark model,

SU(6) x O(3) (flavour x spin x space), no ‘freezing of d.o.f’

m,, = 400 MeV ]




Flavour structure of excited baryons

[HadSpec, PR D87,
054506 (2013)]

m,=m,=m, SU(3) flavour symmetry, M_~ 700 MeV,qqq — lp ®8p & 10p

Sp SU3) flavor octet

Again, multiplicities in
lowest bands as expected

in non. rel. quark model
SU(6) x O(3)

No ‘freezing’ of d.o.f.

55



. [HadSpec, PR D87,
Flavour structure of excited baryons 054506 (2013)]

m,=m,=m, SU(3) flavour symmetry, M_~ 700 MeV,qqq — lp ®8p & 10p

8p SU3) flavor octet * Again, mu|tip|icities in

lowest bands as expected

in non. rel. quark model
SU(6) x O(3)

* No ‘freezing’ of d.o.f.

Large overlap with ops ~ [D,, D;] ~ F;

Gluonic 17~ (8_) with qqq (8,), scale ~ 1.2 - 1.3 GeV
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Flavour structure of excited baryons

m,=m,=m, SU(3) flavour symmetry, M

10p SU(3) ﬂmm decuplet

T O
-~

DED ﬁﬂg

o
[]%

-

[HadSpec, PR D87,
054506 (2013)]

_~700MeV,qqq — 1p @& 8p & 10p

1y SU(3) flavor singlet

5 dﬂﬂ? '

DEE“




A(I=O,|5|=1) ,

=2)

S(1=1,15]=1) —

[HadSpec, PR D87,
054506 (2013)]

m,>m,=m,

Broken SU(3)
flav. sym.

m_~ 400 MeV




Excited charm (cc) baryons

Large overlap with ops ~ [D;, D]

[GeV]
[GeV]

n.
n.

mass - m

—
=
1
v
o
=
—
=

Rt 32t st oInt

non. rel. quark model
* Spectra don’t support quark-diquark picture
 Also triply-charmed (ccc) baryons

Padmanath et al (HadSpec),
PR D91, 094502 (2015)

:::::

m,_~ 400 MeV

+

7/2

Again, pattern in lowest bands consistent with
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Excited bottom (bbb) baryons

* NRQCD action for b quark

* Dynamical domain-wall u,d and s quarks

* Two different lattice spacings

* A number of m_— extrapolate to physical m_

Meinel, PR D85, 114510 (2012)
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Excited bottom (bbb) baryons

700

600

/)

]

o1
=
—
HES
S
“—
—

P

S

 NRQCD action for b quar

* Dynamical domain-wall u,d and s quarks

* Two different lattice spacings

* A number of m_— extrapolate to physical m_

Meinel, PR D85, 114510 (2012)

B g~ 003fm
e o ~011fm
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Excited bottom (bbb) baryons Meinel, PR D85, 114510 (2012)

* NRQCD action for b quark

* Dynamical domain-wall u,d and s quarks

* Two different lattice spacings

* A number of m_— extrapolate to physical m_
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Hadron Spectroscopy

3000 —

>
)
=)
..E"u

3 FrEatt|j4 |4 5 57 5" 6+

Based on Klempt & Zaitsev, Phys Rep 454, 1 (2007)




Hadron Spectroscopy

3000 —

>
)
=)
..E"u

* Many states are resonances
* Most of the puzzling states are
close to or above threshold(s)

‘3' Frr]att

Based on Klempt & Zaitsev, Phys Rep 454, 1 (2007)




Scattering in LQCD

Maiani & Testa (1990): scattering matrix elements cannot be
extracted from infinite-volume Euclidean-space correlation
functions (except at threshold).
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Scattering in LQCD

Two hadrons: non-interacting FE p = \/m% - 1531 - \/sz -+ IE%
Infinite volume Continuous spectrum

Finite volume

: - 2T
Discrete spectrum kap= f(n:c; Ny, Nz)

periodic b.c.s (torus)
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Scattering in LQCD

Two hadrons: interacting

Infinite volume Continuous spectrum

Finite volume

Discrete spectrum

—~ 27
kop # f(n;ﬂ, Ny, Nz )

periodic b.c.s (torus)

o 2
cf 1-dim: k= %n 0

|

scattering phase shift
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Scattering in an infinite volume — reminder

Scattering amplitude, f

@S —1)|p) =

1

J(E' - E)f(E,0)

2mTm
do

— 2
= 11(E,0)

Partial-wave expansion: f(E,0) = Y (21 + 1)P(cos0) f;(E)
=0

op = 47 (21 + 1) ;]2
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Scattering in an infinite volume — reminder

Scattering amplitude, f

WI(S = D)lp) = 5

1

J(E' - E)f(E,0)

Tm

do . 2
e =15(8,0)l

Partial-wave expansion: f(E,0) = Y (21 + 1)P(cos0) f;(E)
=0

o; = 4n(2l + 1)|f)|?

Elastic scattering and the phase shift, 0,(E)

(E', U, m|S|E,l,m)= §(E — E)&;,5, 1, e20(F)
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Lischer, NP B354, 531 (1991);
extended by many others

Scattering — ‘Lischer method’

Infinite-volume SO — : (0 Here
scattering t-matrix Sij 5” T 2i\/pipy t’ij +(0) £, -

/
!+ zMgn (@ 2))]

effect of finite vol.

Integrals over momenta in loops Reduced symmetry = € mix
—> sums over momenta

Difference ~ 1/L3 effects [all € that subduce to a given
lattice irrep (A) mix]

Ignore ~ ¢

P = overall mom.
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Elastic scattering 10 = Loideging,

P

: . P
det (9yp0yy 1 1p; t (536’5?1%’ + ?’Mg;;f’n’(qg))] =0

E.g. Relativistic Breit-Wigner param. (m,, g;) for an isolated resonance

1 V3T o(s) 2 20+l
14 {4 _ 2

p(s) Mm% — 5 — ir/T (5)




Elastic scattering 10 = Loideging,

P

: . P
det (9yp0yy 1 1p; t (536’5?1%’ + ?’Mg;;f’n’(qg))] =0

E.g. Relativistic Breit-Wigner param. (m,, g;) for an isolated resonance

1 N 2 20+1
() — : \/5 e.(S) (s = 9B _hem s= B2
p(s) mp — s —iy/sy(s) 67 g m2(é-1)

(r/2)2
(E — ER)?+ (I/2)?

o1(E) « sin®§;(E) =

68



69



69



70



The p resonance in twt scattering BR(p — nw) ~ 100%

P-wave 1t

Feng, Jansen, Renner (ETMC), (JPC=1-",1=1)
[PR D83 094505 (2011)] Nf= 2,
M, = 480, 420, 330, 290 MeV

my = 410 MeV

Aoki et al (PACS-CS),
[PR D84 094505 (2011)]
N;=2+1, m_ = 410, 300 MeV

Lang, Mohler, Prelovsek, Vidmar,
[PR D84 054503 (2011)]
Ni=2, m_ =266 MeV




The p resonance in twt scattering

Ci;(t) =< 0]0;(£)21(0)]0 >
Use many  ‘single-meson’ ops. ~ ¢ D...%

andnmops. O(P)~ > CA(P,p1,02) Ox(p1) Ox(p>)
P1, P2
for various different P and A

M_~ 400 MeV,
3volumes(L=2-3fm, m_L=4-6),
a,~0.12 fm, a,/a, = 3.5

Dudek, Edwards, CT (HadSpec), PR D87, 034505 (2013)
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The p resonance in twt scattering

Ci;(t) =< 0]0;(£)21(0)]0 >
Use many  ‘single-meson’ ops. ~ ¢ D...%

andnmops. O(P)~ > CA(P,p1,02) Ox(p1) Ox(p>)
P1, P2
for various different P and A

M_~ 400 MeV,
3volumes(L=2-3fm, m_L=4-6),
a,~0.12 fm, a,/a, = 3.5

The | = 1 partial wave can mix with | = 3 and higher.

Find no significant signal for 9,_ ;and so assume 9, . 3 = 0 in this energy range.

Dudek, Edwards, CT (HadSpec), PR D87, 034505 (2013)
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nrt I=1 — diagrams

[PR D87, 034505]

+ similar diagrams
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ntrt I=1 — spectra

[PR D87, 034505]

K K thresh.

m(1)m(-1)

1t T thresh.




ntrt =1 — spectra [PR D87, 034505]

II; . ) / P

16

P = [011]| B




The p resonance in twt scattering

o L/as =16
0 L/as =20

a Ljagy =24

[PR D87, 034505]

M_~ 400 MeV

019 o, E..,




The p resonance in twt scattering [PR D87, 034505]

o 245
1 [Ngos. = 575 = 0.84

1000 1050 ... / MeV




The p resonance in twt scattering [PR D87, 034505]

M, =854.1+1.1MeV
['=12.4+0.6 MeV
g=5.80+0.11

[M_~ 400 MeV]

c.f. experimentally
M, =775.49 + 0.34 MeV
['=149.1+£0.8 MeV
g=5.9
24.5

P Ngos, = 575 = 084

1

1000 1050 F5,,, / MeV




The p resonance — other calcs.

effective range

—— unitarized yPT

050 055 0.60 0.65

M. Doéring

0.70

Pelissier, Alexandru,
[PR D87 014503 (2013)]
N;=2, M, =300 MeV
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nK, nK (I=1/2) coupled-channel scattering

K, K,*(1430), ...

lsospin=1/2
Strangeness =1
K,*(1430), ...
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nK, nK (I=1/2) coupled-channel scattering

K, K,*(1430), ...

Isospin =1/2

K*(892), ... Strangeness =1

K,*(1430), ...

Ci(t) =< 0]0;(£)21(0)]0 >
‘single-meson’” ~ Yl D...9Y

+ K + nK ops.

M, =391 MeV, M = 549 MeV, M =589 MeV; 3 volumes as before

Wilson, Dudek, Edwards, CT (HadSpec), PRL 113, 182001; PR D91, 054008
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K, nK (1=1/2) -
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nK, nK (I1=1/2) spectra P=1[0,0,0] A,*

Neglect € > 4: only € = 0 contributes
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nK, nK (I1=1/2) spectra P=1[0,0,0] A,*

Neglect € > 4: only € = 0 contributes




nK, nK (I1=1/2) spectra P=1[0,0,0] A,*

Neglect € > 4: only € = 0 contributes




2) spectra
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K (I=1/2): P-wave near threshold  (well below nK threshold)

67/s

k® cot §; = (m% — ) 5
9Ir

XQ/NdOf = —199%32 = (0.54

0.162 0.164 0.166 0168 atFcm




K (I=1/2): P-wave near threshold  (well below nK threshold)

X2 /Naot =

9.23 __

19—-2

Bound state just
below 1K threshold

Breit-Wigner param.

0.54

gr = 5.93(26)
c.f. K* exp. =5.52(16)

M, =933(1) MeV
c.f. K* exp. = 892 MeV

0.162

0.164

0.166 0168 atLicm




Tk, I’]K (|=1/2)Z S & P-waves (73 energy levels)

n e21% _1 ; )
2ip; = J

/1_n2 t(8i+35) ) )
zn\/;i—pj (i #7)

%*/Ngos = 49.1/(61 - 6) = 0.89 7T y2/Ny,=15.0/(19-5)=1.0




nK, nK (1=1/2): D-wave

Assume € > 3 negligible

Up to K threshold;
neglect coupling to K

(¢ Ecm

0.20

0.22

0.24

1 |
026 028 030
vE e 2

e ° @®° ° 20-5_3\

o 16 =
0.26 0.28 0.30




nK, nK (1=1/2): t-matrix poles

m = Rey/sg / MeV
1400 1600

=

:n.;:-
—
~
"'—-.._‘_H‘-

_

o

w

-

=

—
—
e

[' =

- Circle = on physical sheet
Square = on unphysical sheet(s)




2 - Im/sg / MeV

[' =

nK, nK (1=1/2): t-matrix poles

=

m = Rey/sg / MeV
1400 1600

Narrow resonance
c.f. K,7(1430)
(exp. B.R. to mntK ~ 50%)

Broad resonance
c.f. KO*(143O)

Circle = on physical sheet
Square = on unphysical sheet(s) K
0
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o
—
=
—
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o

[' =

nK, nK (1=1/2): t-matrix poles

=

1000 1200

m = Rey/sg / MeV
1400 1600

o>
K~ ;‘%7

£ "5!'

Bound state just below
threshold c.f. K’(892)

Circle = on physical sheet
Square = on unphysical sheet(s)

Narrow resonance
c.f. K,7(1430)
(exp. B.R. to mntK ~ 50%)

Broad resonance
c.f. KO*(1430)
hﬁ




nK, nK (1=1/2): t-matrix poles

m = Rey/s / MeV
800 1000 1200 1400 1600

Bound state just below
threshold c.f. K’(892) Narrow resonance
c.f. K,"(1430)

Virtual bound state 2. [l o st = SU07%)

[pole below threshold

on unphysical sheet(s)] Broad resonance
c.f. unitarised ypt c.f. Ko'(1430)

[Nebreda & Pelaez,
PR D81, 034035 (2010)] K

.""1.
-
L
-
“H“H.._
I"-"I
o
o
—
=
—
-
o

[' =
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Some other recent lattice calculations  (not complete list)

First go at including multi-hadron operators in the open-charm sector:

* Mohler et al [PR D87, 034501 (2012)] — 0* D w and 1* D* & resonances

* Mohler et al [PRL 111, 222001 (2013)] — 0* D(2317) below D K threshold

* Lang et al [PRD 90, 034510 (2014)] - 0* D(2317) and 1* D_,(2460), D,(2536)

... charmonium:

 Ozaki, Sasaki [PR D87, 014506 (2013)] — no sign of Y(4140) in J/y ¢

* Prelovsek & Leskovec [PRL 111, 192001 (2013)] — 1** near/below DD* — X(3872)?
* Prelovsek et al [PLB727,172 ; PR D91, 014504 (2015)] — no sign of Z*(3900) in 1*-
* Chen et al [PR D89, 094506 (2014)] —find 1** I=1 D D* is weakly repulsive

... light and strange meson:
* Lang et al [PR D86, 054508 (2012), PR D88, 054508 (2013)]
— K m in s-wave (0") and p-wave (17) including K* resonances
* Lang et al [JHEP 04 (2014) 162] — channels relevant for a,(1260) & b,(1235)

... baryons:
* Lang & Verduci [PR D87, 054502 (2013)] = N © with JP=1/2" 1=1/2
* Alexandrou et al [PR D88, 031501 (2013)] — different approach for A (3/2* 1=3/2)

* Also see reviews e.g. from Lattice 2014 or 2013
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Lang et al [PRD 90, 034510 (2014)]
D. mesons

JP = 0% [relevant for D,(2317)]: 4 D, + 3 DK ops

(1) Clover [N, = 2] (Hasenfratz et al), m, = 266 MeV, m L~ 2.7, a ~ 0.12 fm [small volume]
(2) Clover [N, = 2+1] (PACS-CS), m, = 156 MeV, M, L ~ 2.3, a ~ 0.09 fm [small volume]
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Lang et al [PRD 90, 034510 (2014)]
D, mesons
JP = 0% [relevant for D,(2317)]: 4 D, + 3 DK ops

(1) a,=-0.756(25)
ro=-0.056(31)
m—(m,+mp)
= -78.9(5.4)(0.8) MeV

(2) a,=-1.33(20)
ry=0.27(17)
m—(m,+mp)
=-36.6(16.6)(0.5) MeV

c.f. D,4(2317) exp.
= -45.1 MeV

(1) Clover [N, = 2] (Hasenfratz et al), m, = 266 MeV, m L~ 2.7, a ~ 0.12 fm [small volume]
(2) Clover [N, = 2+1] (PACS-CS), m, = 156 MeV, M, L ~ 2.3, a ~ 0.09 fm [small volume]
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Lang et al [PRD 90, 034510 (2014)]
D. mesons

JP = 1% [relevant for D,(2460), D,(2536)]: 8 D, + 3 D*K ops

(1) Clover [N, = 2] (Hasenfratz et al), m, = 266 MeV, m L~ 2.7, a ~ 0.12 fm [small volume]
(2) Clover [N, = 2+1] (PACS-CS), m, = 156 MeV, M, L ~ 2.3, a ~ 0.09 fm [small volume]
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Lang et al [PRD 90, 034510 (2014)]
D, mesons

JP = 1% [relevant for D,(2460), D,(2536)]: 8 D, + 3 D*K ops

(1) a,=-0.665(25)
ry=-0.106(37)
m—(m,+ mp.)
=-93.2(4.7)(1.0) MeV

(2) a,=-1.15(19)
ry=0.13(22)
m — (mK + mD*) [Use two goints per ensemble]
= -43.2(13.8)(0.6) MeV

c.f. D,,(2460) exp.
= -44.7 MeV

(1) Clover [N, = 2] (Hasenfratz et al), m, = 266 MeV, m L~ 2.7, a ~ 0.12 fm [small volume]
(2) Clover [N, = 2+1] (PACS-CS), m, = 156 MeV, M, L ~ 2.3, a ~ 0.09 fm [small volume]
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Lang et al [PRD 90, 034510 (2014)]
D, mesons
JP = 1% [relevant for D,(2460), D,(2536)]: 8 D, + 3 D*K ops

(1) a,=-0.665(25)
r,=-0.106(37)

m —(my+my.) Also “D_,(2536)”

=-93.2(4.7)(1.0) MeV [see no coupling to D*K]
(2) a,=-1.15(19) (1) m—(m,+m,.)

ro = 013(22) - _53(12) MeV

m—(m,+mp.)

= -43.2(13.8)(0.6) MeV (2) m—(mg+mp)

=56(11) or 50(8) MeV

c.f. D,,(2460) exp.
=~ -44.7 MeV c.f. D51(2536) exp.
m—(m,+mp) =31 MeV

(1) Clover [N, = 2] (Hasenfratz et al), m, = 266 MeV, m L~ 2.7, a ~ 0.12 fm [small volume]
(2) Clover [N, = 2+1] (PACS-CS), m, = 156 MeV, M, L ~ 2.3, a ~ 0.09 fm [small volume]
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Cha rmoniu m Prelovsek, Leskovec [PRL 111, 192001 (2013)]

X(3872) [JP€ = 17 "] near/below D D* threshold Look in 1=0

(one vol, one P_,,)

dahed-lines: cc, DD*, J/?,b w OPS

1100 non-interacting

1000

900 ] T | TAp(0y0(0)
_ . A
800 T - D(0)D*(0)

L

700
600
500
400

>
¥ )
=}
~—
=
o
+
=a
——
—
=
—
=
i
aa

Clover [N, = 2] (Hasenfratz et al), m, =266 MeV, m, L~ 2.7, a~ 0.12 fm [small volume]



Cha rmoniu m Prelovsek, Leskovec [PRL 111, 192001 (2013)]

X(3872) [JP€ = 17 "] near/below D D* threshold Look in =0
(one vol, one P_,,)

dahed-lines: CE, DD*, J/’Lb w OPS

non-interacting

pcot5(p)=i+lrop2
a, 2

0

a, =—1.7+0.4fm

[

Thp(0)w(0)
D(0)D*(0)

L=0.5+£0.1fm
[2 points]

X-(M.+3J/y)/4=815(7) MeV
exp = 803.1(2) MeV

X-(D+D*)=-11(7) MeV
exp =-8.2(3) MeV [D* D*"]
=-0.2(3) MeV [D° D*9]

E- 1/4(m[JA]+3m[n]) [MeV]

Clover [N, = 2] (Hasenfratz et al), m, =266 MeV, m, L~ 2.7, a~ 0.12 fm [small volume]
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Cha rmoniu m Prelovsek, Leskovec [PRL 111, 192001 (2013)]

X(3872) [JP€ = 1" %] near/below D D* threshold Look in 1=0

(one vol, one P, )

dahed-lines: CE, DD*, J/’Lb w OPS

non-interacting

pcot 5(p) =i+lrop2
a, 2

a, =—1.7+0.4fm

L=0.5+£0.1fm

[2 points]

X-(M.+3J/y)/4=815(7) MeV
exp = 803.1(2) MeV

X-(D+D*)=-11(7) MeV
exp =-8.2(3) MeV [D* D*"]
=-0.2(3) MeV [D° D*9]

Clover [N, = 2] (Hasenfratz et al), m, =266 MeV, m, L~ 2.7, a~ 0.12 fm [small volume]
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Cha rmon | um Prelovsek et al [PR D91, 014504 (2015)]

: : D*(1) D*(-1)
Various Z_* structures in exp. TW(2) T(=2)
e.g. Z.*(3900), Z_*(4020), Z_*(4200), Y,

JPC =27~ -=-- D(1) D*(-1)
2 T I v, T
D* D*

: U [ S — N (Dp(-1)
Look in JP¢ =177 I=1. Many two- \:f _f( |
meson and some ‘4-quark’ ops [ ieie b D*

- - (1) m(-1)
DD*aJ/lb’?Ta"?cpaD*D*ﬂ/Jl’” P
Jym

—_ —y -

iCue — epCride e ysCue )

without 4Q

Clover [N = 2] (Hasenfratz et al), m =266 MeV, m, L~ 2.7, a ~ 0.12 fm [small volume]
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Cha rmon | um Prelovsek et al [PR D91, 014504 (2015)]

D(2) D*(-2)

: : D*(1) D*(-1)
Various Z_* structures in exp. Th(2) T(=2)
e.g. Z.*(3900), Z_*(4020), Z_*(4200), Y,

JPC =27 -—-- D(1) D*(-1)
: Vip™
D* D=‘.=

: _ ol
Look in JP¢= 17~ |=1. Many two- e P
meson and some ‘4-quark’ ops D D*
- = (1) n(-1)
DD*aJ/lb’?Ta"?CPaD*D*ﬂ/J,W P

Jym

ydg _ F — ¥ —~
L)J_ 1 o EﬂbC‘t ab’ e [._ C AR Chr 7Y Upr

yda
L)-: X EaberCab’ e [._ CpL iy Cl '-: WA

No sign of any Z_* up to ~ 4.2 GeV

Only see non-interacting energies. without 40

Clover [N;= 2] (Hasenfratz et al), m, =266 MeV, m, L~ 2.7, a ~ 0.12 fm [small volume]
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Scattering channels with 3 or more hadrons?

*  Much more complicated than 2-hadron scattering.

* No straightforward analogue of the determinant equation.

* Theoretical work is ongoing, e.g.
* Polejaeva, Rusetsky [EPJA 48, 67 (2012)]
* Kreuzer, Griesshammer [EPJA 48, 93 (2012)]
 Roca, Oset [PR D85, 054507 (2012) ]
* Briceno, Davoudi [PR D87, 094507 (2013)]
 Hansen, Sharpe [PR D90, 116003 (2014)]
* Meissner, Rios, Rusetsky [PRL 114, 091602 (2015)]
 Hansen, Sharpe [1504.04248]

* No real applications yet.

 Another reason why calculating at physical
m . is challenging (particularly for light
mesons): more >2 hadron channels open
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