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Motivation

Relativistic viscous hydrodynamical modeling for heavy ion collisions at
RHIC and LHC is ubiquitous

Application is justified a priori by the smallness of the shear viscosity of
the plasma (relative to the entropy density)

The canonical way to derive viscous hydrodynamics relies on a
linearization around an isotropic equilibrium state (local rest frame = LRF)

However, the QGP is not isotropic in LRF = there are large corrections to
ideal hydrodynamics primarily due to strong longitudinal expansion

Alternative approach: Anisotropic hydrodynamics builds in momentum-
space anisotropies in the LRF from the beginning

The goal is to create a quantitatively reliable viscous-hydro-like code that
more accurately describes:

o Early time dynamics
o Dynamics near the transverse edges of the overlap region

o Temperature-dependent (and potentially large) n/S
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QGP momentum anisotropy cartoon

0.1-0.3 fm/c 1-3 fm/c ~ 5-9 fm/c
CGC Glasma Boltzmann-Viasov Transport Viscous Hydrodynamics

v

Anisotropic Hydrodynamics

—

Expansion rate is much faster
than the interaction time scale
e >> 1/t

Decreasing
shear viscosity

(Longitudinal Pressure)/(Transverse Pressure)

o
v

Expansion rate and isotropization r\'
via interactions become comparable ]

T,~ Q" Thyero logT
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Estimating Early-time Pressure Anisotropy

* CGC @ leading order predicts negative =2
approximately zero longitudinal pressure

* QGP scattering + plasma instabilities work to
drive the system towards isotropy on the fm/c
timescale, but don’t seem to fully restore it

* Viscous hydrodynamics predicts early-time
anisotropies < 0.35 =2 0.5 (see next slide)

* AdS-CFT dynamical calculations in the strong
coupling limit predict anisotropies of < 0.3
(discussion in three slides from now)



Estimating Anisotropy — Viscous hydro

* To get a feeling for the magnitude of pressure anisotropies to expect,
let’s consider the Navier-Stokes limit

P\  Peqt+mis 37T — 167
Pr P+l 31T+ 87

i
I
IES

nis = —2mEh = —2ml = —dn/3r

« P,/P;decreases with increasing n/S
* P, /P;decreases with decreasing T
* Assume1/S =1/4min order to get an upper bound on the anisotropy

* Using RHIC initial conditions (T, = 400 MeV @ t, = 0.5 fm/c) we obtain
P/P;<0.5

* Using LHC initial conditions (T, = 600 MeV @ t, = 0.25 fm/c) we obtain
P/P; £0.35

* Negative P, at large /S or low temperatures!?



Estimating Anisotropy — Viscous hydro

Navier-Stokes solution is “attractor” for the 2" order solution
T, sets timescale to approach Navier-Stokes evolution

T, ~ 51/(7TS) ~ 0.1 fm/c at LHC temperatures

Assume isotropic LHC initial conditions T,= 600 MeV @ T, =
0.25 fm/c and solve for the 0+1d viscous hydro dynamics

4nn=1
O+1d
o — 2nd Order Viscous Hydro |
n=-=
S Ist Order Viscous Hydro
05 10 50 10.0

T [fm/c]

—— 2nd Order Viscous Hydro |

------ Ist Order Viscous Hydro

50 100
T [fm/c]




Estimating Anisotropy — AdS/CFT

* InO+ldcasetherearenow |, _. . _w.3e.p ||w="Te 7

numerical solutions of 8

Einstein’s equations to - d Fhydro(w) Flgdmgnorv]vr;upto
compare with. — W= , || 3" order hydro
[HeIIer,Japnik, and Witaszczyk, 1103.3452] w dr w analytically
* They studied a wide variety F (w) Red — 1 Order Hydro
f initi I dl'l d —_— Blue — 2" Order Hydro
of Inttia C_0n I On.S an w Green — 3 Order Hydro
found a kind of universal 3.5¢i Grey — GR solution

lower bound for the
thermalization time

RHIC 200 GeV/nucleon:
T, =350 MeV, T,>0.35 fm/c

LHC 2.76 TeV/nucleon:
T, =600 MeV, t,>0.2 fm/c
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N=4 SUSY using AdS/CFT

However, at that time the
system is not isotropic and
remains anisotropic for the
entirety of the evolution

3pL Red — 1%t Order Hydro
1- € Blue — 2"d Order Hydro
1.4 Green — 3" Order Hydro
' Grey — GR solution
1.2
1.0 13 _19FW) g
e w
0.8 “:I:.'
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04 /
od | PLPr=031

0 ............................
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Another AdS/CFT numerical GR paper
which includes transverse expansion

reaches a similar conclusion
[van der Schee et al. 1307.2539]

Pressure Anisotropy
Pb+Pb @ Vs =2.76 TeV

T T 1 b 1
lot_— no hydro matching ‘1

—_ E 3
o o5k 3
o E = = = = analytic 7<<I 3
= -lf A start AdS/CFT code | =3
& E — AJS/CFT E
Q..—] -1S5p® = = = = = s & . \v/ start hydro code =

= hydro

-2 start cascade code
> 5E- * m = = perfect isotropy 3
: el A A I | MNP |
-3
0.1 1 10
T [fm/c]

See also J. Casalderrey-Solana et al. arXiv:
1305.4919
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Temperature dependence of n/S

approximate range of by LHC
maximal initial temperatures
probed by RHIC
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Physics 101
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Cows are spheres?
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Cows are spheres?
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Cows are not spheres
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Cows are more like ellipsoids!
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Anisotropic Hydrodynamics Basics

M. Martinez and MS, 1007.0889
W. Florkowski and R. Ryblewski, 1007.0130

Viscous Hydrodynamics Expansion

f(1,%,P) = fea(P, T(7,%)) + 0f

A

—— |sotropic in momentum space

Anisotropic Hydrodynamics Expansion

f(Ta X, p) — faniso(py A(T, X), 5(7', X) ) + 5f

\ . s \u 4
~ ~~

T,  anisotropy

- “Romatschke-Strickland” form in LRF

LRF __ <\/p2+f(x,7')p§>

prolate 1— AT oblate A

aniso — Jiso

A(x,T) ““\ - "’f

\ /

\ J

_ ) |
$= 20
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- Transport Theory Primer -



Transport Theory Primer |

dN

f(t,x,p) x

d3pd3x

Liouville’s Theorem (phase space volume conserved)

f =one-particle distribution function
= # of on-shell particles per unit phase space

af _

df dtof dx Of

0

=0
dr

d7_55+d7.ax_

Y TV

Multiply by m : Useym=Eandp=ymv —> EO;f+p-Vf =0

—>

p'uﬁuf =0

Including the possibility of collisions we have

Boltzmann Equation

Prouf =—=Clf]s——

Collisional
Kernel

19



The Kinetic Energy-Momentum Tensor

Starting from QFT and ot 1 A (1 1
a'(kla(k)) = — . = i
evaluating statistical (@' (k)a(k)) efE—n) — 1 I8
<[H"V>, 1 o A
averages <! (b1 (K)bs(K)) = <y = JE (BT
Write in terms of the |
one-particle distribution  (d}(k)ds(k)) = G 1 = F (BT,

functions

Energy momentum tensor can be expressed as invariant phase
space integral

T (1) = / AP p"p f (. p)

20



Transport Theory Primer li

In equilibrium the phase space distribution is stationary
—> collision kernel vanishes for equilibrium distribution

P"Opfeq =0 [ p"Ouf = —C[f] | > Clfeq] =0

o
f — F U, p F can be Boltzmann distribution (classical eq)
eq T or Bose-Einstein/Fermi-Dirac distribution (quantum eq)

* Inthe local rest frame (LRF) u =(1,0,0,0) and we have
u,p* = Ej g 2 particle energy in LRF.
* Since u, p* is Lorentz invariant, it will be E| g in all frames

21



- Hydro From Transport -



Hydro from Transport

e Describe evolution of the system using the Boltzmann equation

p0af = ~Cl/]

e One can extract hydro equations from the Boltzmann equation by
taking “moments’ of the equation using the following integral
operator

jy,l/...g[F] _ /dpp,upy o 'pUF

Jor= aown - [ -]

23



0th Moment

Take the zeroth moment and rearrange a bit

/deo‘@af _ —/dPC[f]

d. /pvaf :—/dPC[f]

G J
'

(0%
N : Particle Number and Current

if number
conserving - o
8@Na — — /dP C[f] collisional ] aO{N o O
kernel
Number conservation

If particle number changing processes in
kernel, eg 2 — 3, RHS is nonzero



15t Moment

Take the first moment and rearrange a bit

/dP PP (p®Ouf) = — /deﬁC[f]

Oa (/deo‘pﬁf> = —/deBC[f]

I
TQB : Energy-Momentum Tensor

if energy

collisional

aaTozB _ _/deBC[f] conserving 804Ta5 — 0

kernel

Energy-momentum
conservation!

25



- Tensor Basis -

26



General Tensor Basis |

e Can span (flat) space-time with 4 four-vectors

These vectors are
— I h | in all
X{fLRF = uf'np = (1,0,0,0) ;:\:;ueas'y orthogonal in a
X{rr = 2rry = (0,1,0,0)
L utu, =1
X51rr = Yrre = (0,0,1,0) 9
ux, =0
XF e =2l = (0,0,0,1
3 LRF trr = ( ) X’U’X,u _ 1

e The first four-vector (u*) will be identified as the fluid
four-velocity

* Lab frame quantities are obtained using Lorentz boost
corresponding to u#



Metric Tensor and Transverse Projector

e (Can construct metric tensor with these vectors

3
g = X(Xy -y XIXY

=1

* Transverse projector: projects out four-vector components
perpendicular to u*

3 0 0 0 O

uv o ur ok v o__ o 1% v 0O -1 O 0
A =g Xy Xg = §:Xz’Xi AY=119 0 -1 o0
i=1 0 0 0 -1

U AP =y, AP = 0 X, AR = XV




General Tensor Basis Il

TV is a symmetric rank-2 tensor ( 7#v=7"*)

A general symmetric rank-2 tensor can be written as

Cag — Cﬁa

!

$

10 independent components

3 3
AP (t,x) = coog"” + Z di; XFX7 + Z Cap (XéfX’é + Xl;XZ) :

i=1 a,B=0
a>f3

!

3 3
T (8,%) = toog" + 3t XPXY + Y tas(XEXY + XEXY).

1=1 a,3=0
a>pf3

29



- Ideal Hydrodynamics -



Number Conservation

In ideal hydrodynamics there can be a conserved (net) particle number/charge, e.g.
baryon number = # of baryons - # of antibaryons.

nut + Z c; X1

aMNu:O + NFL

n = net charge density N——
v = A¥ NV = diffusion current v
nut + ﬂ}}&”

Diffusion current measures net flow

Assume v¥=0 for ideal hydro

of charge transverse to u“ l

O, N" =u"0,n+nd,u"
~—~— ~ s | Dn+nd=0

Convective Derivative 4-divergence

— Dn + nb

(Eq 1)
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Ideal Energy Momentum Tensor

In the LRF the ideal energy momentum tensor satisfies

™=¢
V=2
=0

local energy density
local isotropic pressure
momentum flux in i!" direction

3 3
T (t,%) = toog™ + Y tuiXI'X! + D tap(XEXE + XEXY) .

1=1 a,3=0
a>p3

[ZJZRF —_— P = —too +tii — tag — OfOI' d,lla?éﬁe

FTB?{F =& = too [

3
T (t,x) = Eg* + (P + ) ZX;LX: , —>| TH = (€ + P)uru’ — Pg*”

=1

= Eg™ + (p + 5)(X6‘X6’ _ gw) s

= (5 + P)X(‘)LX[S/ —Pg"”, Conformal systems obey T, =




Ideal Hydrodynamics Equations

T = (€ + P)utu” — Pg*” + | 9,T" =0

i

0, (€ +P)uru” + (€ +P)(uw0,u” + uo,u”) — g0, P =0

Four equations (v =0, 1, 2, and 3). Standard way to proceed is to project out
components along direction of ¥ using u,, and perpendicular to u¥ using A%,

u,:

w0, (E+P)+ (£ +P)Ou" +uu,0,u”) —utd, P =0
— D — ¢ = SOuu"u,) = 0

> DEF(E+P)I =0 a2

33



Ideal Hydrodynamics Equations

Second Ideal Hydro EQ

0,(E + P)utu” + (€ +P)(u" o, ut +u"0,u”) — g0, P =0

3
Spatial Gradient V< = A®, 0" = — ZXE;X,,BaV,

a .
A P
Dn -+ nb = 0 (Eq 1)
DE+(E+P)O =0 (Eq2)
> (E+P)Du* — VP =0  (Eq3)
Degrees of Freedom Equations
D = ?,L'uﬁlu 1 : Particle number 1:(Eq1)
1: Energy Density 1:(Eq2)
6 — 8 ulu 1: Pressure 3:(Eq3)i=123
K 3 : Independent components of u* 1:EQUATION OF STATE 7" =#
6 : Total 6 : Total




Boost Invariance

* High-energy > approximate boost-invariance of the particle

production

* Introduce proper time (t) and rapidity (c)

“Milne Coordinates”

t:TCOShg’ Iline Loorainate
22 2

z = Tsinhg, | ¢ = arctanh(z/?)

(t,x,y,2) = (1, 2,¥,5)

M. Strickland

E(t,x,y,z) = E(T,x,y)
Pt,xz,y,z) = P(1,x,y)

u* = (ug cosh, uy, u,, ug sinh¢)

2 _ 2 2
u0—1+ux+uy

35



O+1d Boost Invariant 2 Bjorken Model

Additionally assume that the system is homogeneous in the x,y directions

=1
P(r,z,y) — P(7) ’
uc =0
E(r,m,y) — E(T)
t . D:u“ﬁuzan
u? = (cosh¢,0,0,sinh¢) = (;70707;> Q:auu“:;
Hydro Eqgs g
P
DE+ (E+P)I=0 >875 | il =0
(€ +P)Du' — VP =0 4

l

0=20




O+1d Boost Invariant 2 Bjorken Model

T,u,u — 0 v £ = 3P | ldeal Equation of State

E+P 1€

To 4/3
5,6 + 0> 0 —28 g (D)
T 3T T
09 ¢/
0.8 N 7-0 1/3
1 (2)
< 0.7 N\ T
~ NC
N
0.6
N\ For P — ng
N\
To 1+C§
0.5 E = 50 (_)
T
1.0 1.5 20 30 50 70 100

/70
M. Strickland
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Lecture 1 - Conclusions

0t and 1t moments of Boltzmann equation 2
conservation laws

Used a general tensor basis that can be
extended to more general cases (next lecture)

Used symmetries of system to restrict form of
energy-momentum tensor

For ideal hydro energy conservation equations
are enough

In the next lecture we allow deviations from the
ideal form

38
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Kinetic theory vs Hydro

A. Jaiswal, 1305.3480
U LA LI LI L L LI I

Kinetic theory can be pushed
beyond it’s range of applicability
and still has good agreement
with hydrodynamic evolution!

This is typical of a “good theory”
in that, although it has some

a priori limits, it can actually be
applied further into the
“forbidden zone” than one
would naively guess.

Right plot shows comparison of
3"d order viscous hydro results
with a kinetic transport code
with a tuned cross section.

EA 0.4

0.8

0.6

0.2

e BAMPS T]/S:3.0
— — Third-order entropy
— Third-order kinetic theory

_ IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII
02 05 1 15 2 25 3 35

T (fm/c)

BAMPS: A. El, Z. Xu and C. Greiner, Nucl. Phys. A 806, 287 (2008).

N T



Come ye of little faith ...

L
!_"‘
4
l ‘_! ! ﬂ

M. Strickland

* For along time it was

taken as “gospel” that
agreement with HIC
experimental data for
elliptic flow requires
early isotropization at
times on the order of
0.5 fm/c.

Is this true?
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Radial and elliptic flow in Pb+Pb collisions at the Large Hadron Collider

1000

0.1

0.20+

0.15

0.10+

0.05-

0.00

M. Strickland

from viscous hydrodynamics

Chun Shen,!'* Ulrich Heinz,!'T Pasi Huovinen,

20~30% dN_/dy =770 1
s, =2.76 ATeV
charged hadrons

+ ALICE data
-------- n/s = 0.20 NS
n/s = 0.20 Zero
--8-- n/s(T), NS

—=—n/s(T), Zero

--4-- n/s(T), NS -4
—&—n/s(T), Zero a
--o-- n/s(T), NS s el

—e—n/s(T), Zero

70 = 0.6fm/c

00 05 10 15 20 25 30

p, (GeV)

2.1

arXiv:1105.3226v2 [nucl-th] 9 Sep 2011

and Huichao Song?:®

n/s model whY sp (fm~3) To (MeV)
ysmoz 0 35
(n/s)1(T) \Og 322 ié;
(n/s)2(T) \Og i:g ié‘zi
(n/s)s(T) \Og iéé iég(l)

Considered two different initial
conditions for the shear tensor
Isotropic and Navier-Stokes (NS)
For NS at the initial time shown,
the longitudinal pressure is

negative!
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Radial and elliptic flow in Pb+PDb collisions at the Large Hadron Collider

from viscous hydrodynamics . 105320602 nuckth] 9 5ep 2011

Chun_Shen 1 * Ulrich Hejnz. 1: 1 IP'aqi Huovinen.2:* and Huichao Sone3: 8

0-1 v I v 1 M I v ] M I
1900 |4 - n/s(T), NS A R (MeV)
-~ —_A = 427.9
T 0 50] —= /s(T), Zero d [ams
_; --©-- n/s(T)3 NS ;22
2 10 1 [ 36 7
S +  ALICE dat s—n/s(T), Zero 119.2
L n/s = 0.20 0.15- 365.1
O 4l——n/s=020 (1160
—g-- T]/S(T)1 NS| ~ 416.0
—e—/s(T), Ze| = | 3661
0.1 T T _ -
--4-- y/s(T), NS 0.10 o
020] > Ws(1), 28 itial
--o-- 1/s(T), N§
| e s, Ze 0.05- ya | 1 NSOr
>N g 1st Order Viscous Hydro . ; (NS)
0.104 . ' T[fm/j]o e
own
0.00 ey : : . . . . . ’
0.05- 0.0 0.5 1.0 1.5 2.0 2.5 3.0
Tq
0.00 ' , pT (GeV)
0.0 0.5 1.0

p, (GeV)

M. Strickland



General Tensor Basis I

* We need an expression for 7%V
* A general rank-2 tensor can be written as

3 3
} L § : . H E .
— (OOXO X(I)/ —I— (-"i'i-Xri_ XIV _I_ Caj’Xng )

1=1 a,B=0
a#f

3 3
- . LV . . H v , L v
= co0g"” + E (cii + coo) Xi Xi + E CapXh X5,
= a,=0 |
= =ds B

3 3
77 7 2 v yz v
APt x) = Y capXEXY, g = XXY - D NI
' ' g i=1
o, 3=0

M. Strickland
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Lecture 2

15t and 2"9 Order Viscous Hydro

Limitations of Viscous Hydro

Spheroidal Distribution

Anisotropic T*

Anisotropic Hydro (aHydro) Equations

0+1d Limit and connection to Viscous Hydro
2+1d LO spheroidal aHydro

46



Ideal Hydrodynamics Equations

Second Ideal Hydro EQ

0,(E + P)utu” + (€ +P)(u" o, ut +u"0,u”) — g0, P =0

3
Spatial Gradient V< = A®, 0" = — ZXE;X,,BaV,

a .
A P
Dn -+ nb = 0 (Eq 1)
DE+(E+P)O =0 (Eq2)
> (E+P)Du* — VP =0  (Eq3)
Degrees of Freedom Equations
D = ?,L'uﬁlu 1 : Particle number 1:(Eq1)
1: Energy Density 1:(Eq2)
6 — 8 ulu 1: Pressure 3:(Eq3)i=123
K 3 : Independent components of u* 1:EQUATION OF STATE 7" =#
6 : Total 6 : Total




The Stress Tensor |

__ v
T =T Y™ | ab, -+ a8)  Gives four
" equations
DE + (€ +P)o —1I V() =0 which depend

(E+P)Du" —V'"P+ A"O, " =0 | onII¥

Can decompose I1"into a traceless part (7V) and a remainder (®)

Approximation: 1t order in gradients of ¥V - Relativistic Navier-Stokes
[I*Y = 7 + AH*Y W”u — 0 n-= S.hear. E
Viscosity e
THY = nv<“u’/> O = (Vou®| | ¢=Bulk
Viscosity
2 A
Vit = ovty?) — ZARYY 4@ <ts
3 ]
Angle brackets project out traceless symmetric part

48



The Stress Tensor |l

TH"

T ideal + I

DE + (5 + 73)9 — H’MVV(MUV) =0

(£ +P)Du' — V'P + A",9,IT" =0

’LLILLT'L“/ — g’LLV — ’LLMH’MV = 0 Landau frame
( 0 0 0
5 H:I::I: [1xy IJ**
11" TTvY  TIY?
X ey

How many unknowns?

6 DOF in ITw (5 v + 1 @)

3 DOF in number flow v

6 DOF in Ideal Hydro
contribution (n, E, P, and u!)

15 DOF Total
5 ideal equations + 1 EOS
Need 9 more equations!

Only6ifvi=0.©

Can use the 2" moment of the
kinetic equations

49



The Kinetic Energy-Momentum Tensor

Starting from QFT and ot 1 A (1 1
a'(kla(k)) = — . = i
evaluating statistical (@' (k)a(k)) efE—n) — 1 I8
<[H"V>, 1 o A
averages <! (b1 (K)bs(K)) = <y = JE (BT
Write in terms of the |
one-particle distribution  (d}(k)ds(k)) = G 1 = F (BT,

functions

Energy momentum tensor can be expressed as invariant phase
space integral

T (1) = / AP p"p f (. p)

50



Connection to Viscous Hydro

For small departures from equilibrium we can linearize

T

) = foa ) (L4850,

vy [P s

— | I = /dP P'p” feq O f
= ﬂgle/al + I

For viscous hydro one expands df in a gradient expansion: nt" order in gradients
= nth-order viscous Hydro

* 1%torder Hydro : Relativistic Navier-Stokes (parabolic diff eqs = acausal)
[e.g. Eckart and Landau-Lifshitz]

« 2" order Hydro : Including quadratic gradients fixes causality problem;
hyperbolic diff eqgs
[e.g. Israel-Stewart]
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15t Order Hydro

* Expand kinetic equations to first order in gradients.

Approximation: 1%t order in gradients of u¥ - Relativistic Navier-Stokes

[T*Y = 71" &+ AR P Wuu —0 M =S.hear_
Viscosity
e 77V<“uy> O = (Vau™ || ¢=Bulk
Viscosity
Vit = ovieyY) — %A“’/Vauo‘

* For now, | will ignore the bulk viscosity (it will come back later!)

* If fo,is @ Boltzmann distribution one finds

pruy,

eﬂ$40=aﬁq( T

1 4+ papﬁﬂ_aﬁ
2(E + P)T?
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15t Order Hydro — 0+1d

t
ut = (cosh¢,0,0,sinh¢) = (—,070, -
-

> T = V)

2
Vi) = oy kyy) — gA‘“/Vauo‘

T

)

M. Strickland

2 2
Tt = 77<2 VEy®) — 2 AT @/LL“) — 2wy
~—— 3 vv 37’
0 —1 1/7
4n
2z __ TT Yy o
T (m** + 7¥Y) -
PT—Peq+ﬂ- :Peq+_ T# L
3T
P, =P i T — D 477 Longitudinal pressure
L = Teq e Ry can become negative!
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15t Order Hydro — 0+1d

Additionally one finds for the first order distribution function

I o o E
e =122 [+ 227505 — 1 (2)

1+

n Pz + P, — 2p;
S 313

e Distribution function becomes anisotropic in momentum space

* There are also regions where f(x,p) <0

* Anisotropy and regions of negativity increase as Tor T decrease OR /S

increases

1/S = 0 (isotropic)

f(pr=0,p1)

®

0.0

1.0RH

0.8}

0.6+

0.4[

02t

T =1GeV
7 = 0.1GeV! |
Nn/S=1/4n

10 05 00 05 10 10 -05 00 05 1.0
pPL PL

M. Strickland

-0.2F

10
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15t Order Hydro — 0+1d

Additionally one finds for the first order distribution function

I o o E
e =122 [+ 227505 — 1 (2)

e Distribution function becomes anisotropic in momentum space

* There are also regions where f(x,p) <0
* Anisotropy and regions of negativity increase as Tor T decrease OR /S

increases

P2+ po — 2p?

n
1+ L
+S 37713

1/S = 0 (isotropic)

0.,p1)
|
=
DO
~~

@ IL _1.0-
5
R
a —1.5¢
| —20}
10 —05 00 05 10 10 —05 00 05 10 0 3 4 6 3 10
pL pL L

M. Strickland
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2"d Order Hydro

Expand 2" moment of the Boltzmann Eq to 2" order in gradients

4 7.(_¢<M7.r1/>
™ + T, [AQAEDWO‘B + = Vau® — 27r¢(“QV()ﬁ + o

3 ¢ ] — nv<uuu>

1
New structure called “vorticity” appears Qap = 5(Vaup = Vpua)

New time scale called the shear relaxation time, T, appears
Equations are now causal!

T, sets timescale to approach Navier-Stokes evolution

T, ~ 5n/(7S) ~ 0.1 - 0.4 fm/c at RHIC/LHC temperatures

If we set T_=0 above, we recover the Navier-Stokes limit
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2"d Order Hydro Results - Strong Coupling

Martinez and Strickland, arXiv:0907.3893

Produced using code of Luzum and Romatschke, arXiv:0804.4015
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2"d Order Hydro Results - Strong Coupling

Martinez and Strickland, arXiv:0907.3893 Produced using code of Luzum and Romatschke, arXiv:0804.4015
1 ! I ! | ' | ' | ' | ' |
—_
)
i I e TR TS =
% . .\~ e ———— e ~. =~ ~.
8 O 5 — e S o ~. ]
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2"d Order Hydro Results - Weak Coupling

Martinez and Strickland, arXiv:0907.3893 Produced using code of Luzum and Romatschke, arXiv:0804.4015
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Anisotropic Hydrodynamics Basics

M. Martinez and MS, 1007.0889
W. Florkowski and R. Ryblewski, 1007.0130

Viscous Hydrodynamics Expansion

f(1,%,P) = fea(P, T(7,%)) + 0f

A

—— |sotropic in momentum space

Anisotropic Hydrodynamics Expansion

f(Ta X, p) — faniso(py A(T, X), 5(7', X) ) + 5f

\ . s \u 4
~ ~~

T,  anisotropy

- “Romatschke-Strickland” form in LRF

LRF _ £ (\/p2 —}—f(X,T)pg)

aniso — A(X, 7_)

prola tg P

oblate

M. Strickland 60



- Leading Order (LO)
Anisotropic Hydrodynamics -



Anisotropic Hydrodynamics Basics

M. Martinez and MS, 1007.0889
W. Florkowski and R. Ryblewski, 1007.0130

Viscous Hydrodynamics Expansion

f(1,%,P) = fea(P, T(7,%)) + 0f

A

—— |sotropic in momentum space
First, let’s
consider what
/ happens when
we ignore this

~
r

Anisotropic Hydrodynamics Expansion

f(7,%,P) = faniso(P, A(7, %), £(7,%) ) +5f

\ . s \u 4
~ ~~

T,  anisotropy

term...

- “Romatschke-Strickland” form in LRF

oblate

LRF __ <\/p2+f(x,7')p§>

aniso — Jiso A(X, 7.) /
\\ “‘}
\ J
_wr) \
§= 53
2(p L>

M. Strickland
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Why spheroidal form at LO?

What is special about this form at leading order? Can | choose any
background distribution | like as the expansion point?

fLRF _ fiso<\/p2 —l—f(X, T)p%)

aniso A(X, 7_)

Obviously can describe the ideal hydro limit when E=0 (A 2 T)
For longitudinal (0+1d) free streaming, the Boltzmann equation can be
solved analytically = LRF distribution function is of spheroidal form with

Ers(7) = (1+&o) <l>2 —1

70

Could also use ellipsoidal form etc (more discussion on this point later),
but the spheroidal form is the simplest form that captures the largest
components of the energy-momentum tensor (see next slide)

Since f, ., 2 0, the one-particle distribution function and pressures are
guaranteed to be > 0 (not true in viscous hydro)



Hints from Viscous Hydro

H. Song, PhD Dissertation, 0908.3656

0.1

—_ TCXX + nyy

' I
Au+Au, b=7 fm
SM-EOS Q

/Q 004 TIX ] ' |
a / > \
L +
(D) . TT
= (K= <
M
‘cznnn gﬁ s \\\_/
0.1+ ~
-0.004
i A |
— initialized by n""=2n0™ | s 10
— initialized by " =0 | -1, (fm/c),
0 5 10
r—ro(fnﬂc)

M. Strickland
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LO Spheroidal Distribution

e Consider a conformal

system to start with

* |nthe conformal

(massless) limit all bulk
observables factorize
into a product of two
functions

L d3p - . niso(A)
n(Aaf) - /Wfamso - ﬁ

EN,E) =T =R(£) &iso(A)
1

P_L(Aa é-) — 5 (Txm + Tyy) — R_L(g)Piso(A)

2
PL(Aa 6) — _ng — RL(f)PiSO(A)

1 1 arctan\/g 100!
R(f):§<1+§+ VE ) -
3 /1+(&2-1R g |
3 ((E+DRE) - 1) 0.1}
R = —
(§) ¢ ( £+ 1 0001001 01 1 10 100 1000
3
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Azimuthally symmetric 7%

T (t,%) = toog"” + Zz‘uX“X” - Z top(XEXE + X5XY).

i=1 a,=0
a>f3
Tire = € = too. Assume, at
. -~ /
~too 4111, Ieadlpg order, n\l |
rotational \ “

Ttpp = PL =
= —too + o2, symmetry around
p,-axis in LRF

—Tloo + 133,

RF =PL

LRF =PL =

(€ +P)u"u” —Prg" + (Pp —Pr)tz
M. Martinez, R. Ryblewski, and MS, 1204.1473

R. Ryblewski and W. Florkowski, 1103.1260

THY —

L. Satarov et al, hep-ph/0611099

M. Strickland
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0+1d case — new Bjorken eqs

Oth Moment Of BOItzmann EQ M. Martinez and MS, 1007.0889 8aNa ;é 0

LY P _ 34
1+£8T§ . 68TlogA—2F[1 R (5)\/1+§]

1* Moment of Boltzmann EQ 8, T8 =0
R (&) 1 [ 1 1 }
0:& +40;log A = — S
Rig) Tt TR L e oRE €

Where (original M-S prescription)

1
L 20(r) _ 2RYAQA 2




Linearized Equations

If we expand the energy-momentum tensor to linear order in the
anisotropy parameter and match to 2"%-order viscous hydro, we find

11
= = 6+ 0(E)

If we similarly expand the coupled nonlinear differential equations to
lowest order in the anisotropy parameter and rewrite in terms of the
shear using the relation above, we obtain

E 11 2
pe—=_£rP I i
T T T

II 4 n 411 SN0
oll=—+ - — — —— — !
Tﬂ+377r7' 3T T 4P

- Reproduces 2"-order viscous hydro in the small anisotropy limit!
- Also correctly describes the free streaming limit! (not shown here)

M. Strickland



Pressure Anisotropy

1

maTg -

% — 68, logA =2r [1 — R3/4(§)M] Z(%) 8-€ +40-log A = % [M - 2 —1

1.0}
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| f
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Viscous Hydro vs LO AHYDRO

M. Martinez and MS, 1007.0889

1.0

LO AHYDRO

0.8
L e Israel-Stewart Theory

0.6

~ , 7 10
Q& — =
S , To = 0.2 fm/c
0.2 To = 350 MeV
’ §o =10
1
_0.2* . . i ‘l\lleg~a.h'.v~e-L:):1;i-t.L-J;i;;I_Pr.essurtle o . . . o 7
0.5 1.0 50 10.0 50.0 100.0

T [fm/c]

M. Strickland



Including Transverse Dynamics

W. Florkowski and R. Ryblewski, 1103.1260
M. Martinez, R. Ryblewski, and MS, 1204.1473

* Allowing variables to depend on x and y while still assuming boost-
invariance, we obtain the “2+1d” dimensional AHYDRO equations

* Conformal system —> four equations for four variables u_, U, g and A.

0th moment
D =u"0,,
Dn +nb = Jy. wo = [T+ + 2
9 = 6/1/(]“'u y
1S moment
DE + (€ +PL)f + (P — PL)— =0,
T
(E+PL)Duy + 0, P, +u,DP, + (P, —Pr) Uollz _ o

(8 + PL)DU’y — apr_ -+ UsyDP_[_ + (p_L - PL)

T

U Uy

= 0.

T
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2+1d Numerical Methods

* Fixed 2d lattice, centered differences in space

* For smooth initial conditions and finite n, standard 4t order
Runge-Kutta evolution suffices

* For fluctuating initial conditions two evolution algorithms:

(1) Weighted LAX (small fraction of spatial average admixed)

(2) Kurganov-Tadmor (MUSCL) Algorithm

MUSCL = Monotone Upstream-centered Schemes for Conservation Laws

e.g. advective equation

Naive centered difference scheme

(O + Oz)u(zx,t) =0

MUSCL (Kurganov-Tadmor)

Weighted LAX (Strickland)

Lop— ( A 1.0F
1.0} 0.8} \ 08
205 ) e
= = 04 F 04l
00} 02 } \ 02
““““““ \I 0t 0.0}, ‘ 4 ‘
0 2 4 6 10 0 2 4 6 8 10 0 2 4 6 10
position position position
M. Strickland
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Transverse Dynamics

M. Martinez, R. Ryblewski, and MS, 1204.1473

Tiso [GeV] at T =0.50 fm/c

Tiso [GeV] at T =1.50 fm/c

Pb-Pb @ 2.76 TeV n 1
T, = 600 MeV L

T, =0.25 fm/c 8 T 4_71-
b=7fm

Tiso [GeV] at T =2.50 fm/c

8 0.6 8 ~ 0.6
6 05 6 L 05
4 4
2 04 - 04
E o 03 £ o 03 £
i 02 2 {02
-4 -4
. 0.1 " 0.1
-8 0 -8 0
8-6-4-20 2 46 8 8-6-4-20 2 46 8 8-6-4-2 02 46 8
x [fm] x [fm] x [fm]
P /P; at T=0.50 fm/c P/P; at T=1.50 fm/c P /P, at T=2.50fm/c
8
6
4
—_— 2 — —
E o E E
> 5 - -
-4
6
-8 )
8-6-4-20 2 46 8 8-6-4-20 2 46 8 8-6-4-20 2 46 8
x [fm] x [fm] x [fm]
M. Strickland
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Spatiotemporal Evolution

y [fm]

10

-10

"Temperature' [GeV]

-10

x [fm]

10

= 0.25 fi E:
t=0. m/c S

y [fm]

Pressure Anisotropy (P /P 1)

10 2
5 15
0 1
-5 0.5
-10 0
-10 -5 0 5 10

x [fm]

M. Strickland

Pb-Pb, b = 7 fm collision with Monte-Carlo Glauber initial conditions

T,=600 MeV @ t,=0.25fm/c

Left panel shows temperature and right shows pressure anisotropy




Lecture 2 - Conclusions

oth, 15t and 2" moments of Boltzmann equation
—> viscous hydrodynamics

15t order in gradients = Relativistic Navier-Stokes
Anisotropies in momentum space appear

aHydro introduces momentum-space
anisotropies from the beginning

aHydro reproduces 2" order viscous hydro
equations for small 1/S, but can better describe
large /S case

Pressures and distribution function guaranteed to
be >= 0 using LO aHydro!
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Collective Flow

M. Martinez, R. Ryblewski, and MS, arXiv:1204.1473
| |

0.2 — ! ! ! ! T T]
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o
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£ 005} <T** — T > |

€ —
§ P < Tox 4 Tvy >
=
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Anisotropic Hydrodynamics
Lecture 3

Michael Strickland
Kent State University
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Lecture 3

e Exact solution of RTA Boltzmann EQ

« 2nd order spheroidal anisotropic hydrodynamics

* Ellipsoidal anisotropic hydrodynamics for a system
of massive particles

 Phenomenology (General)

* Heavy quarkonium suppression



How can we test the model?

t =0.25 fm/ U L
=0. m/c - = —
S  A4r
'‘Temperature' [GeV] Pressure Anisotropy (P /P 1)
10 10 2
0.6
. 0.5 5 15
0.4
£ o £ o 1
> 0.3 >
0.2
5 5 0.5
0.1
-10 0 -10 0
-10 5 0 5 10 -10 5 0 5 10
x [fm] x [fm]

-

Experimental data will most likely never be able to
discern the difference due to statistical and systematic
errors etc, so I’'m happy to continue with my model
until you prove_that your model is better.

M. Strickland




0+1d Exact Solution

* Simple model: Boost-invariant transversally homogeneous
Boltzmann equation in relaxation time approximation (RTA)

* Many results in this model, so we can compare with the literature

* Can be used to test different approximation schemes

Boltzmann EQ p“(?,uf(:l?, p) — O[f(ﬂ?, p)] Massless Particles
W. Florkowski, R. Ryblewski, and MS,
1304.0665 and 1305.7234
RTA C[f] - 7—— feq (p“u ,T(:L')) o f(:I?,p) Massive Particles
€q

W. Florkowski, E. Maksymiuk,
R. Ryblewski, and MS, 1402.7348

Solution for the energy density (massless particle case)

E(r) = D(7,70) R%Fég)) + /T ' Tei(i,) D(r, T’)E(T')R((l)Q - 1)

Time-dependent . On Damping [ /72 —1 ]
Teq\T) = = D(1a,T1) =exp|— dr T,
relaxation time ca(7) T(7) | Function (72,71) = exp L e )

See talk by R. Ryblewksi for more details




0+1d Exact Solution

W. Florkowski, R. Ryblewski, and MS, 1304.0665 and 1305.7234

(1)'3 £=0,To=300MeV, 19 =025 fm/c 100 4 -0, Ty =600 MeV, 7o = 025 fmc
al 0.9
7 0.8
] 0.7 \ -~
4 06/ .7
3t 050 .
-
S
N
02 0.0L . T 4TS =10,
0.25 0.5 1 2 345 7 10
7 [fm/c]
BE = Exact Solution AH = aHydro IS = Israel Stewart DNMR = Denicol et al, Phys. Rev. D 85, 114047 (2012)

M. Strickland 82



Tf/‘CO n(‘Ef)/n(‘Co) -1

0+1d Exact Solution

W. Florkowski, R. Ryblewski, and MS, 1304.0665 and 1305.7234

10— e
r o BE /"_,- -
t/‘
_____ AH ‘//
7
——————— 7’
IS ‘/‘ ------------------------------------
,,,,,,,,,,,,,,,, DNMR ,“
/./“‘;.‘;/ S
1 b /w2 @ 9 N i
L Leve . 1
- RERes PY .
./.‘5‘ N
./.s) ° \\
A T 600 Mev N
. \
/‘9 & = 0 (isotropic) ® .
44{)’ 70 = 0.25 fm/c \\
Ried Ty = 150 MeV ° .
./J \\
o1 V., ... n
1 2 4
10° 10 10 10° 10

drn/S

Particle (entropy)
production vanishes in
two limits: ideal hydro
and free streaming
limits

For conformal
(massless) systems, the
number density

is proportional to
entropy density

NLO spheroidal
aHydro does even
better! (comparison
coming in a few slides)



NLO
Anisotropic
Hydrodynamics



NLO (spheroidal) aHydro

Viscous Hydrodynamics Expansion

f(1,%,P) = fea(P, T(7,%)) + 0f

A

—— |sotropic in momentum space
Now let’s treat

Anisotropic Hydrodynamics Expansion s R

“perturbatively

fF(7.%,P) = faniso (P, A7, %), €(7.%) ) +0f B

\ . s \u 4
~ ~~

T,  anisotropy

- “Romatschke-Strickland” form in LRF

LRF __ <\/p2+f(x,7')p§>

prolate 1— AT oblate A

aniso — Jiso

A(x,T) ““\ - "’f

\ /

\ J

_ ) |
$= 20

M. Strickland



NLO Anisotropic Hydrodynamics

Treat LO term “non-perturbatively” assuming spheroidal “RS”
form but couple it to the dissipative currents

Treat corrections Bf “perturbatively” = viscous aHydro
(vaHydro)

Use the very impressive method of Denicol et al [1202.4551]
adapted to an anisotropic background

Complete and orthogonal relativistic polynomial basis +
systematic expansion in Knudsen number and (modified)
inverse Reynolds number

For the results | show today, we used the “Grad 14-moment”
approximation.

This corresponds to a particular finite-element polynomial
basis for the linearized corrections in momentum space.

This basis can be extended to higher orders with some work.



Resulting Equations

Skipping over the gory details the final 14-moment approximation result is

N =-Nb6—9,V*+C.

[D. Bazow, U. Heinz, and MS, 1311.6720]

E+ (E+PLHI)O + (Pr— PL) +u,, 0,7 = 0,

= < : ] u0u$ 1 -
(5—|—PL+H)u$ + 8$(7D_L+’H) -+ ux(PL—FH) + ('PL—'PL) —A ”8/‘@,, = 0,
T
~1 = . 3 uouy 2 A~
(E+P L)ty + 0y (PLHIL) + uy (PLHI) + (PL—PL) — A%, = 0,
. A 1 * Orange-boxed terms
II = —TH + ~IIC7 1+ Wr +Uﬁ“jvﬂuy are new
- 1 - = . indi
Xy 0+ 7V — 2V (V) — Gl T6 Potindicatesa
Vr convective derivative
T W Te g 1 ow bEE T S T — AR 1 v, (577 « Complicated bits in last
~ v or—1 Vv Vr—1 .
Y Tr ryY two equations
T T, + Ao Vi, ot 4 TqHHu” + E;HV“H + 110", correspond to
. S dissipative “forces”
<y e~ (wy/v) i (v) (2 pv BV prAa P, o
T WW TV WCT_l TR LT HTA A &Vt + ATV Z and anisotropic

O\ & )oa + 277_)\(;;(’01/;\ + 2)\;1—[].:[0'/“/ + 2)\;Vv(,u ‘71/) + 27_;‘/‘7(;;,&1/) . 25;7r7~r,w/9' transport coefficients

7T7TOé



(2+1)-dimensional Equations

For conformal boost-invariant systems assuming no gradients in the chemical
potential and using an RTA collisional kernel, the equations reduce to

: [D. Bazow, U. Heinz, and MS, 1311.6720]

S 6d gp_or (1 — V14 R3/4(€))

14+& A

: A 1 1 wy o
RéEFAR— = — [ R+=R,. )0, — | R+=R. | — =

SHARY <+3 L)L (+3 L)T+50(A)’

o1 A : A
[3R+RJ_] ), = —Rlaj_f — 47?4_% — U (le—|—4RJ_K)
Uo 3 u A+ u, A? .
- R _R - 1% 14 a }Ll/
: DA 3 Uy O, T — 1,0, 7TH2

3IR+R w=—R D —-4R — yr s .
[BR+RLJuire D¢ L=y EolA) ( m )

%MV - _Zuaﬁ_a(uuy) — T |:(7D(A7 g)_P_L (A7 5))AMV =+ (PL(A7 g)_P_L (An g))Z/LZV + ﬁ-HVi|
I+ L8+ HE iy + QAT gug + XMV 2 — 200 7MY 4 27 M, — 262 7,

A prime indicates a derivative with respect to &.
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00
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7 - y /
4 s .
_/” Exact Solution
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-------- 3"_order hydro
~ -~ -
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[D. Bazow, U. Heinz, and MS, 1311.6720]

Panels show ratio of longitudinal
to transverse pressure

T,= 600 MeV @ t,=0.25 fm/c

Left to right is increasing initial
momentum-space anisotropy
Top to bottom is increasing n/S

Black line is the exact solution

Red dashed line is the NLO
aHydro approximation (vaHydro)
Blue dot-dashed line is the aHydro
approximation

Green dashed line is a third-order
Chapman-Enskog-like viscous

hydrodynamics approximation
[A. Jaiswal, 1305.3480]

As we can see from these plots
NLO aHydro does quite well even
in extreme conditions!
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Entropy Generation

[D. Bazow, U. Heinz, and MS, 1311.6720]
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Number (entropy)
production vanishes
in two limits: ideal
hydrodynamic and
free streaming limits

In the conformal
model which we are
testing with, number
density is
proportional to
entropy density



Reynolds Number Comparison
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LO Ellipsoidal aHydro

Conformal System: W. Florkowski and L. Tinti, 1312.6614
Non-Conformal System: M. Nopoush, R. Ryblewski, and MS, 1405.1355

An alternative approach to expanding perturbatively is to try to include
as much of the physics as possible in the LO distribution function ansatz.

To start with, one might consider having two anisotropy parameters

T = Eul'u” 4+ Pyxtx” + Pyyty” 4+ Pyt2”

For conformal systems, only two are needed since the third can be
absorbed by a rescaling (three are needed for non-conformal case)

The new starting point for the distribution function is then a kind of
generalized Romatschke-Strickland form

) = f VPP (T)pY () .
f( ,p)flso< o) ,)\(x)> + of (z, p)




LO Ellipsoidal aHydro (Massive)

M. Nopoush, R. Ryblewski, and MS, 1405.1355

* |In order to have a non-ideal EoS in the kinetic approach one way to
proceed is to use a phenomenological massive quasiparticle model.
* This complicates life a bit, because finite mass breaks the conformal

invariance
* In what | show today, | will assume that mass is a constant (will be
allowed to depend on the temperature soon...)

2
f<$7p) — fiso(% V p,uE'quu) — fiso (% Z % + m2>

o; = (1 +£z —|—q))_1/2

(o _ Y 4 E — AP A
The field @ is the analog of the

& = diag(0, &) bulk pressure correction in
second-order viscous hydro.

flu,u =0 — f:c—l'gy—'_gz:o
- /

M. Strickland



LO Ellipsoidal aHydro (Massive)

M. Nopoush, R. Ryblewski, and MS, 1405.1355

Traditional viscous hydrodynamics approaches like Israel-Stewart do not properly take into
account the coupling between shear and bulk corrections [see talk by R. Ryblewski]. When one
introduces a bulk degree of freedom into aHydro this is automatically taken into account.

0+1d Pressure Anisotropy 0+1d Bulk Pressure
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LO Ellipsoidal aHydro (Massive)

M. Nopoush, R. Ryblewski, and MS, 1405.1355

Traditional viscous hydrodynamics approaches like Israel-Stewart do not properly take
into account the coupling between shear and bulk corrections. When one introduces a
bulk degree of freedom into aHydro this is automatically taken into account.

O 5 F. Florkowski, E. Maksymiuk, R. Ryblewski, and MS, 1402.7348
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LO Ellipsoidal aHydro (Massive)

M. Nopoush, R. Ryblewski, and MS, 1405.1355
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Highly-anisotropic hydrodynamics in 3+1 space-time dimensions *
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arXiv:1204.2624v1
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of Physics, Jan Kochanowski University, PL-25406 Kielce, Poland
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Radial and elliptic flow in Pb+Pb collisions at the Large Hadron Collider
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M. Strickland

from viscous hydrodynamics

Chun Shen,!'* Ulrich Heinz,!'T Pasi Huovinen,

20~30% dN_/dy =770 -
Vs, =2.76 ATeV

charged hadrons

+ ALICE data
-------- n/s = 0.20 NS
n/s = 0.20 Zero
--8-- n/s(T), NS

—=—n/s(T), Zero

--4-- n/s(T), NS -4
—&—n/s(T), Zero a
--o-- n/s(T), NS s el

—e—n/s(T), Zero

70 = 0.6fm/c
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p, (GeV)

2.1

arXiv:1105.3226v2 [nucl-th] 9 Sep 2011

and Huichao Song?:®

n/s model whY so (fm=3) Ty (MeV)
ysmoz 0 35
(n/s)1(T) \Og 322 ié;
(n/s)2(T) \Og i:g ié‘zi
(n/s)s(T) \Og iéé iég(l)

 Considered two different initial
conditions for the shear tensor

* [sotropic and Navier-Stokes (NS)

 For NS at the initial time shown,
the longitudinal pressure is
negative!
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Radial and elliptic flow in Pb+PDb collisions at the Large Hadron Collider
from viscous hydrodynamics
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Some non-flow observables that are sensitive to anisotropies

Jet collisional and radiative energy loss
Romatschke & MS : hep-ph/0408275
Dumitru, MS, et al: 0710.1223

Schenke, MS, et al : 0810.1314

Photons

Schenke & MS: hep-ph/0611332
McLerran & Schenke: 1403.7462
Ipp et al: 0710.5700 (Polarization)

Dileptons
Martinez & MS: 0805.4552
Martinez & MS: 0808.3969

Quarkonium suppression
MS: arXiv:1106.2571, arXiv:1112.2761
Dumitru, Guo, & MS: 0711.4722

y [fm]

P /Pt at t=1.50 fm/c

8 6 4 -2 0 2 4 6 8
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M. Strickland

Dumitru, Guo, & MS: 0903.4703 X [fm]
/ \ 1.0F T T T
Viscous hydro (shear correction) sl T =1GeV ]
. T = 0.1 GeV?
Dileptons & Photons N n/S = 1/4n "

Dusling : 0803.1262

Dusling : 0903.1764

Dion et al : 1403.7462

Chen et al : 1403.7558, 1308.2111

o

/

f(pr=0,pL)

0.2}

0.0

-0.2L

0.4r
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Anisotropic Heavy Quark Potential

Using real-time formalism one can express potential in terms of static advanced,
retarded, and Feynman propagators

d3p
(2m)?

: 1
Vi) = ~g*Cr [ S (e~ 13 (D + D%+ D)

Real part can be written as

dPp .. p2—|—m?x—|—m3

— 2 ¢ r
Re[V(r,£)] = —g CF/ erE ¢ R imE m3)(p? + mj) — mj

With direction-dependent masses, e.g.

N

m
D arctan

o = p,arctan
2 i\f( Ve V 2+§m VP2 +Ep?

Anisotropic potential calculation: Dumitru, Guo, and MS, 0711.4722 and 0903.4703
Gluon propagator in an anisotropic plasma: Romatschke and MS, hep-ph/0304092

7 p° VED, )

M. Strickland
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Full anisotropic potential

Debye-screened potential
with a Debye mass that
depends on the angle of
the line between the
qguark-antiquark pair and
the longitudinal direction

The potential also has an
imaginary part coming
from the Landau damping
of the exchanged gluon!

This imaginary part also
exists in the isotropic

case
[Laine et al hep-ph/0611300]

e_u(eagaphard)r

V(’I”, 07 gaphard) — _CFas

D Bazow and MS, 1112.2761; MS, 1106.2571.

r

Ve(r) = == (1+ pr) exp (—pr)

+ 27“ 1 — exp (—ur)

0.80
mé r

—orexp(—ur) —

Dumitru, Guo, Mocsy, and MS, 0901.1998

Vi(I') — _CFasphard ¢(72) - 5 (¢1 (f'a 9) + ¢2 ('Fa 0))

Dumitru, Guo, and MS, 0711.4722 and 0903.4703
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Solve the 3d Schrodinger EQ
with complex-valued potential

MS and Yager-Elorriaga, 1101.4651; Margotta, MS, et al, 1101.4651

Obtain real and imaginary parts of the binding
energies for the Y(1s), Y(2s), Y(3s), Xp1r Xy

!




Focus on Bottomonium — Why?

1.

Bottom quarks (m, = 4.2 GeV) are more massive than charm
quarks (m_= 1.3 GeV) and as a result the heavy quark effective
theories underpinning phenomenological applications are on
much surer footing.

Due to their higher mass, the effects of initial state nuclear
suppression are expected to be smaller than for the
charmonium states.

The masses of bottomonium states (m, = 10 GeV) are much
higher than the temperatures (T < 1 GeV) generated in
relativistic heavy ion collisions = bottomonia production will
be dominated by initial hard scatterings.

Since bottom quarks and anti-quarks are relatively rare within
the plasma, the probability for regeneration of bottomonium
states through recombination is much smaller than for charm
quarks.



Vacuum Quarkonia Spectra

J. Alford and MS, 1309.3003

M. Strickland

Bottomonia Charmonia
State | Name | Exp. [92] Model | Rel. Err. State | Name | Exp. [92] | Model |Rel. Error
1150 | m(18) | 9.398 GeV | 9.398 GeV | 0.001% 118y | 7e(1S) |2.984 GeV | 3.048 GeV 2.2%
138, | Y(18) | 9.461 GeV | 9.461 GeV | 0.004% 138, | J/(18) | 3.097 GeV | 3.100 GeV | 0.11%
3Py | xp0(1P) | 9.859 GeV 218y | 7e(2S) |3.639 GeV |3.721 GeV 2.3%
3P, | xp1(1P) | 9.893 GeV 2381 | J/4(2S) | 3.686 GeV | 3.748 GeV 1.7%
9.869 GeV | 0.21%
13P, | x32(1P) | 9.912 GeV
1'P, | hy(1P) | 9.899 GeV ) ) _
. * With a simple pNRQCD potential
2150 | mp(25) | 9.999 GeV | 9.977 GeV | 0.22% ]
model one can describe the

2381 | T(25) |10.002 GeV | 9.999 GeV | 0.03% known bottomonia state masses
23P, 2P) | 10.232 GeV . .

b x00(2P) with a maximum error of 0.22%
23P; | xp1(2P) | 10.255 GeV

; 10.246 GeV |  0.05%

23 P 2P) | 10.269 GeV . . . .

5 | xp2(2P) e * The situation with charmonia is
2P, | hy(2P - i

| hy(2P) a bit worse and one has to add
31S 3S - 10.344 GeV - e e . )

o | m(39) © lots of relativistic corrections
335 | T(35) |10.355 GeV | 10.358 GeV |  0.03% with additional parameters




Results for the Y(1s) binding energy

Margotta, MS, et al, 1101.4651

0.9 T T T T | T | T

o—o £ =0, (Real Part) |
Y = —-a £ =0, -(Imaginary Part) | —

> 0.7
3 0.6 o——= E =1, (Real Part) ’
- A----~ =1, -(Imaginary Part) | -
25 0.5 |
5 L _
S 04 ny(7) = (0p (T, X) 0 (T,X)) , .
| (6% (70, %) (0, %)) 23700
=03
vU -
E 021
M u
0. 1 —
O |
1 1.5 2 2.5 3 3.5 4

M. Strickland 108



Results for the ,; binding energy

! ! | !
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Inclusive Y(1s) Raa

M. Strickland

Inclusive Bottomonium Suppression

MS, arXiv:1207.5327; MS and D. Bazow, arXiv:1112.2761; MS arXiv:1106.2571

(a) (b)
1.2 ¢ | —e CIMS StatErrl__ 1.2 _ O<Iy|<|2.4 | — CIMS Stat Err |
1 —=— CMS Sys Err | :E 1L 0<pp<50GeV o . CMSSysErr |
: > _
08 | % 7
Qo
06 | >~
D)
04 | 2
02} O<lyl<24 e 2
0 < pp <50 GeV -
O S
0 100 200 300 400
Npart Npart
. . I ;—OY‘(IS) :
Compute inclusive Y(1s) and Y(2s) A T el
. . . ST sqri(sy) =276 Tev | ©7 P81
suppression including effects of feed- o 03fmfe |
. . LSOOtk Ty = 580 MeV
down, formation time, and aHydro AT
evolution with anisotropic complex- BRI ]
valued quarkonium potential. R s
% 100 200 300 400
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Lecture 3 - Conclusions

Anisotropic hydrodynamics builds upon prior advances in relativistic
hydrodynamics in an attempt to create an even more quantitatively
reliable tool

It incorporates some “facts of life” specific to the conditions
generated in relativistic heavy ion collisions and, in doing so,
optimizes the non-ideal hydrodynamics approach

Having second-order anisotropic hydrodynamics (NLO AHYDRO)
allows us to proceed to numerical modeling of heavy ion collisions
The evolution of the matter (particularly at early times, near the
transverse edges, or with large temperature-dependent

n/S) should now be more reliably described

Since we now know that the plasma is anisotropic, there needs to
be serious reconsideration of the calculation of QGP signatures
which traditionally have been computed assuming an isotropic
thermal state.
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Effective Temperature Comparisons
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But maybe I’'m cheating and
only showing you one measure?
Let’s check the temperature to
make sure all is good...

Panels show relative error in
the effective temperature

Same params as the previous
slide etc.

Once again, vaHydro
“outperforms” all competitors

That being said, one should
note the scale on the axes here.
All approximations considered
are quite accurate for the
effective temperature
evolution.



