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Motivation

Applicability of relativistic viscous hydrodynamics

@ relativistic hydrodynamics plays an important role in the SM of HIC

@ strongly-coupled N = 4 SYM theory impose lower bound of the n/S, dissipative
corrections important  (Kovtun, Son, and Starinets, Phys.Rev.Lett. 94, 111601 (2005))

@ relativistic viscous hydrodynamics describes experimental data very well
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@ strongly-coupled N = 4 SYM theory impose lower bound of the n/S, dissipative
corrections important  (Kovtun, Son, and Starinets, Phys.Rev.Lett. 94, 111601 (2005))

@ relativistic viscous hydrodynamics describes experimental data very well

@ canonical freatment based on an expansion of the general distribution function

around local equilibrium state (corrections give rise to dissipative currents)

H )
f0,P) = fiso (St ) + 57(x. P)
= early thermalization required

@ large anisofropy at early times predicted by microscopic models (CGC, AdS/CFT, ...)
@ studied systems are subject to rapid longitudinal expansion

= large viscous corrections to the ideal energy-momentum tensor

= canonical expansion breaks down
= may cause unphysical results

Radoslaw Ryblewski (KSU, IFJ PAN) June 12,2014 2/19



Motivation

Applicability of relativistic viscous hydrodynamics

relativistic hydrodynamics plays an important role in the SM of HIC
strongly-coupled N = 4 SYM theory impose lower bound of the /8, dissipative
corrections important  (Kovtun, Son, and Starinets, Phys.Rev.Lett. 94, 111601 (2005))
relativistic viscous hydrodynamics describes experimental data very well

canonical freatment based on an expansion of the general distribution function
around local equilibrium state (corrections give rise to dissipative currents)
H )
f0,P) = fiso (St ) + 57(x. P)

= early thermalization required
large anisotropy at early times predicted by microscopic models (CGC, AdS/CFT, ...)
studied systems are subject to rapid longitudinal expansion
= large viscous corrections to the ideal energy-momentum tensor

= canonical expansion breaks down
= may cause unphysical results

form of relaxation-type equations of motion for the shear-stress tensor and bulk
viscous pressure must be derived within a certain framework

large uncertainties concerning fransport coefficients that appear in the equations of
motion, many of them not known yet

at large T the coupling is weak, theory is nearly conformal, the bulk viscosity is
expected to be small

near T it can be large enough to affect the time evolution of the matter
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Motivation

Recent improvements

@ methods to improve early-time dynamics:
» complete second-order treatments (Denicol, Niemi, Molnar, Rischke)
» third-order tfreatments (&l, xu, Greiner, Jaiswal)
» anisotropic hydrodynamics (Florkowski, Martinez, Nopoush, Ryblewski, Strickland, Tinti, Bazow, Heinz)
W. Florkowski, R. Ryblewski, Phys.Rev. C83, 034907 (2011)
M. Martinez, M. Strickland, Nucl. Phys. A848, 183 (2010)
note/warning: still most commonly used Israel-Stewart formulation
W. Florkowski, R. Ryblewski, M. Strickland, Nucl.Phys. A916 (2013) 249-259
W. Florkowski, R. Ryblewski, M. Strickland Phys.Rev. C88 (2013) 024903
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@ anisotropic hydrodynamics — one expands around an anisotropic background,
momentum-space anisotfropies are built into the LO

N[CE -
(x,P) = fiso [TX‘)]W(MD)
- S——
Lo NLO

spheroidal ansatz for =,,, give (LRF) pHZ,,p" = pZ + P2 + (1 + &)p? (RS form)

@ dynamical equations derived from an underlying classical kinetic theory framework
by taking moments of Boltzmann equation

@ anisotropic hydrodynamics has various appealing features (no negative pressures,
reproduced free-streaming limit, kinetic coefficients included implicitly ...)
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Motivation

Quantifying efficacy of various approximation schemes

@ one wants to assess how well these various dissipative relativistic hydrodynamics
approaches describe the non-equilibrium evolution of the system

@ some exactly solvable cases necessary

@ one possibility for doing this is to compare predictions of hydrodynamic models with
exact solutions of the underlying kinetic theory

@ in general not possible, there are some cases in which this can be done
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Exact solution of the kinetic equation for a massive gas

Bulk viscous pressure evolution within viscous hydrodynamics
Bulk viscous pressure evolution in anisotropic hydrodynamics
Results

A N~
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Exact solution of the kinetic equation for a massive gas
General setup

@ Boltzmann equation in the relaxation time approximation
fed—f

€q

praf(x,p) = Clf(x,p)]  CIfl = pu,

Bhatnagar, Gross, Krook, Phys. Rev. 94, 511 (1954)
background distribution (Boltzmann statistics)

s P Uy )
fed = exp |-
(2n)? p( T
@ boost-invariant variables (Bialas, Czyz)

W:fp“—ZE V:fE—Zp”
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praf(x,p) = Clf(x,p)]  CIfl = pu,

Bhatnagar, Gross, Krook, Phys. Rev. 94, 511 (1954)
background distribution (Boltzmann statistics)

s P Uy )
fed = exp |-
(2n)? p( T
@ boost-invariant variables (Bialas, Czyz)

W:fp“—ZE V:fE—Zp”

@ for fransversely homogeneous boost-invariant system

of _ fea—f
ot Teq
Os ’W2+(m2 +pi),-[2
Yt w,pL) = 207 exp|- =
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Exact solution of the kinetic equation for a massive gas

Thermodynamic variables

@ particle density, energy density, transverse and longitudinal pressure

n(t)

(1)

Pr(1)

Pi(1)
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Exact solution of the kinetic equation for a massive gas
Landau matching

T = (4P - P + (P - Pr)Z 2
Tea (Eeq + Peq)UHU" = Peq ™"

T ke = diag(&,Pr,Pr, 7))
T:(;;LRF = diag(seq/ Peq/ Peq/ Peq)

@ determination of effective temperature

U = uTly
&(r) = &%(r)
V2
= o [P i wp)
T
goTm? m

= B e(F) i (F)
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Exact solution of the kinetic equation for a massive gas
Formal solufion

@ formal solution

T

d ’
f(, w,pr) = D(t,70)fo(wW,pL)+ 1751’) D(z, ") fY", w, py)
0 eq
)
d,.L.//
D(t2,71) = exp —fm

T

@ inifial condition (Romatschke-Strickland form)

VO + oyw? 4 (P + p2 )12
Ao 7o

fo(w,p1) = (zis)sexp—

&g = &(1p) - initial value of the anisotropy parameter
Ao = A(7p) - initial transverse-momentum scale
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Exact solution of the kinetic equation for a massive gas
Numerical method

T [3TK2(?)+ mk; (?)] " [D(T 7 /\4H2(

\/] —0—:,0 /\OJ

9D, r )T"‘fHQ(— ;—”)]

" J meal®)
@ numerical (iterative) method
1) use a trial function T’ = T(t") on the RHS of the dynamic equation
2) the LHS of the dynamic equation determines the new T = T(7)
3) use the new T(t) as the tfrial one
4) repeat steps 1-3 until the stable T(t) is found

effective bulk pressure in the kinetic theory

1 t ]
T - M= [P1(7) + 2P (1) = 3Peq(7)]

uLRF — "uvisc,LRF
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Bulk viscous pressure evolution within viscous hydrodynamics

T = eUbu’ — AF(P 4 M) + b

VIsC

Tecire = diag(e, P+ M+ 7/2,P+ N+ 7/2,P+ 1N -n)

energy and momentum continuity equation (zero net charge, no charge diffusion)

v e+ P+MN-m
lpee =0 = Ore=-———
@ af first order (Fourier-Navier-Stokes, acausal)
4n C
T = § n= —;
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Bulk viscous pressure evolution within viscous hydrodynamics
Bulk C viscosity

correct bulk viscosity coefficient in the relaxation time approximation

MZ
C( T) = Tequq ?

L +E(ﬁ_@)
3K +uke) 3K K

Redlich, Sasaki, Phys.Rev.C 79 055207 (2009);  Bozek, Phys.Rev.C 81 034909 (2010)

Anderson, Witting, Physica 74, 466 (1974);  Cercignani, Kremer, The Relativistic Boltzmann Equation: Theory and
Applications)

@ at second order different methods employed:
— Grad'’s 14-moment approximation and second moment of Boltzmmann equation
— Chapman-Enskog like expansion for distribution function close to equilibrium

@ transport coefficients should be extracted by matching fluid dynamics to the
underlying microscopic theory, most of them sfill not written in a convenient form to
be implemented

Radoslaw Ryblewski (KSU, IFJ PAN) June 12,2014 12/19



Bulk viscous pressure evolution within viscous hydrodynamics

@ shear-stress evolution (no tferms o« A,q coupling)

A LR
TrTl 77—3,1_7[ 3T7m i

Ve

T

%Trm + Onn =4/37,

W. Israel, J. M. Stewart, Ann. Phys. (N.Y.) 118, 341 (1979)

3 Trn + O = 38/2114

G. S. Denicol, H. Niemi, E. Molnar, and D. H. Rischke, Phys. Rev. D 85, 114047 (2012)
A. Jaiswal, Phys. Rev. C87, 051901 (2013)

@ bulk pressure evolution (no terms « Ap,; coupling)

]

Tnﬁ -|— n = - - —"L'|'||-|
T 2
Muronga, Phys.Rev.C 69, 034903 (2004); Heinz, Song, Chaudhuri, Phys.Rev.C 73, 034904 (2006)

. o 4
owmmh+n = —;—ngn; (B)

Jaiswal, Bhalerao, Pal, Phys.Rev.C 87, 021901 (2013)

mi+n = -% (©)

Heinz, Song. Chaudhuri, Phys.Rev.C 73, 034904 (2006)
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Bulk viscous pressure evolution within anisotropic hydrodynamics

M. Nopoush, R. Ryblewski, M.Strickland, arXiv:1405.1355

anisotropic one-particle distribution function

VP E P
f(X/p) = fiso [T;ﬂ/]
anisotropy tfensor decomposition

UL 4 & - AV
u[ué,uv -0 UHA[JV =0 é,‘: =0 Aﬁ =3
& =diag(0,&) &= (&x &y, &2)

Radoslaw Ryblewski (KSU, IFJ PAN) June 12,2014 14/19



Bulk viscous pressure evolution in anisotropic hydrodynamics

L. Tinti, W. Florkowski, Phys. Rev. C89 034907 (2014)
M. Nopoush, R. Ryblewski, M.Strickland, arXiv:1405.1355

equations of motion for &, ®, A, T for (0+1)d case are obtained by taking moments of
the Boltzmann equation in the relaxation time approximation

y,
P, f = puT_“(feq -1 - Ay fdef” wPH = Uy, fdppm _"pun%(feq -f)
eq eq

Oth moment (1 eq.) duNH = _,“(Np ~NH)
Teq
ud, T = uvi(T*”' - T
1st moment (2 eq.) L Teq ' 4
Uy Tég = T
i yi ) iyi YN (oA oA
2nd moment (1 eq.) X\ XM = X,ﬁxéé (@ y -t )
i = 0123
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Results

Bulk viscous pressure evolution within viscous hydrodynamics

W. Florkowski, E. Maksymiuk, R. Ryblewski, M.Strickland, Phys.Rev. C 89 (2014) 054908
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exact solution and all 2nd order viscous hydrodynamics variations tend toward the 1st
order solution at late fimes

none of the 2nd order viscous hydrodynamics variations seems to qualitatively
describe the early-fime evolution of the bulk viscous pressure in all cases

there is something incomplete in the manner in which 2nd order viscous
hydrodynamics treats the bulk pressure (neglected shear-bulk coupling)
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Results

Bulk viscous pressure evolution within LO anisofropic hydrodynamics

M. Nopoush, R. Ryblewski, M.Strickland, arXiv:1405.1355
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allowing for the bulk degree of freedom significantly improves agreement between
anisotfropic hydrodynamics and the exact solution

kinetic coefficients implicitly included
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Results

Bulk viscous pressure evolution within full viscous anisotropic hydrodynamics

G. Denicol, S. Jeon, C. Gale, arXiv:1403:0962
G.Denicol, R. Ryblewski, W. Florkowski, M.Strickland, forthcoming

PRELIMINARY
small mass limit, shear—bulk coupling included

1o

08 — exact
0.9t — exact : --- aHydro £,=100
--- aHydro —- DNMR '
- 08l 0.6
S —- DNMR <
b S
& 07 T¢=600 MeV < 04 To=600 MeV/
— 0~
06t m=300 I%/Iev 0.2 m=300.MeV
Teq=0.5 fm/c Teq=0.5 fm/c

Il [fm™3)

T [fm/c] 7 [fm/c]

the shear-bulk couplings are extreemly important for correct description of the bulk

viscous correction
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Conclusions

@ exact solution of kinetic equation allows for testing various approximation schemes

@ commonly used 2nd order viscous hydrodynamics equations do not describe
early-tfime evolution of bulk viscous pressure correctly (shear-bulk coupling missing!)

@ shear-bulk coupling is crucial for understanding the bulk viscous pressure evolution in
2nd order viscous hydrodynamics

@ forms and values of the kinetic coefficients entering hydrodynamic equations are
extreemly important

@ caution: some references provide incorrect formulas for bulk viscosity

@ explicit inclusion of parameter accounting for bulk viscous correction within
anisotropic hydrodynamics helps to improve aggreement with exact solution
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Thank you for your attention!
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