ORI B et OGN ST RN SN Pt NP NGB RS inT  eP bt ety

Kolmogorov Spectrum
in the Glasma

ORIt B R T RGP s P G R SRR S SN

Kenj1 Fukushima
(Department of Physics, Keio University)

based on the works with Francois Gelis

June 17, 18, 2011 @ Zakopane 1



Talk Contents
Nt g IO SRR SRR, SN NP , O g SN R gt N g e
Lecture Part 1

Introduction to the Color Glass Condensate and
the McLerran-Venugopalan (MV) model

0 Kinematics 1n the high-energy QCD processes
0 Gluon saturation and the MV model
0 MV model setup for the heavy-1on collisions

Lecture Part 11

Introduction to the Glasma and its instability
and the resulting spectrum

0 Notion of the Glasma and its instability
0 Fluctuations, Cascade, and Kolmogorov spectrum

June 17, 18, 2011 @ Zakopane 2



Part 1l

Introduction to the Color Glass Condensate
and the McLerran-Venugopalan model

June 17, 18, 2011 @ Zakopane



Kinematics in the high-energy QCD processes

SRt O ihgh S ihot Bt Beginyge gt ey, 0Oy, e, RO 0N, S0

Common Kinematic Variables

Virtuality Q Q2=—c§2 2
Bjorken's x =g 0

2P-q s+Q°—M*
s=(P+qg) iny" p system

small-x x << 1

|

high energy s >> (O?
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Kinematics in the high-energy QCD processes

St SN OGNyt RGNt Rt SR NI, NP, R Bt R AN
Elastic Parton Scatterlng
2
~(EP+q)'=2EP-q—0

— .0 _
§_2P-q_x

Momentum Fraction

\

= 1
Light-cone Variables ~* Zﬁ(fiz), p _Jz(E p)

x* : time x - : longitudinal coordinate
p :energy  p*:longitudinal momentum

June 17, 18, 2011 @ Zakopane 5



Infinite Momentum Frames (IMF)

SRt O ihgh S ihot Bt Beginyge gt ey, 0Oy, e, RO 0N, S0

Frames with infinite P* p+
X~ ——

E~P? and P are infinite )2

x : Lorentz contract
x "+ time dilation

\ f’ smaller x \
P 2 or smaller p*

P
_ P
ANE~p =
P 2xP"

Partons live long in the IMFs = Parton Picture
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Breit Frame
SR, T SO bt N, BReh N N, RNy NPT N N
Physical Meaning of Two Variables
Transverse Momentum Q
Transverse size of partons (quark-antiquark ~ gluon)
Bjorken x
Longitudinal fraction of parton momentum

Breit frame (IMF)
¢"=(q"~0,q, ,0)
- 0°~q1
~x ' P =L (pipe

V2
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Parton Distribution Function

SRt O ihgh S ihot Bt Beginyge gt ey, 0Oy, e, RO 0N, S0

Valence and Sea Quarks and Gluons

@ proton
@ @ valence quark constituent

xqvalence(x)

sea-quarks
gluons 777 «

\
N\

~1/3

June 17, 18, 2011 @ Zakopane 8



BFKL — Smaller x with Fixed (3

SRt O ihgh S ihot Bt Beginyge gt ey, 0Oy, e, RO 0N, S0

Gluon increases with (nearly) fixed transverse area:

pt F‘+ 1
P 2
].:"' e ' 3
l'.'.+

Graphical representation:

DR

small-x = Dense Gluon Matter
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DGLAP — Larger Q? with Fixed x

Nt g IO SRR SRR, SN NP , O g SN R gt N g e

Gluon slowly increases with decreasing area:

Graphical representation:

&G

large Q0 - Dilute Gluon Matter
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Data from HERA

R gt SRR R T R P R RO R P e

Quantum Evolution of PDFs at fixed (?

Ha: :
Zuwf  E== mPDF2000 As x goes smaller
= 0 - Q=10 GeV” ]

0s ||  E===9 ZEUS-SPDF Q ) than ~ 102

gluon 1s dominant.

X 20!

d

High energy (large s
and small #) processes

"
s |-

04 | .

: are dominated by
s abundant gluons.
02 F
0.1 E

0 -+ - =i -2 -1 ]
10 1@ 1@ 10
X
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Data from HERA

Wit N N ST NG e NN g RN N g BN N

Quantum Evolution of PDFs at various 0"

& T QCD Fits
G20 Bl (H1+BCDMS) total uncertainty As Q2 goes ]arger
> [ B (H1+BCDMS) exp. + «, uncert.
= CI(H1+BCDMS) exp. uncertainty gluon grows slowly.
o — (H1)
15 -
Q=20 GeV* \ Dilute!
! Q=200 GeV?
10 |
i =
i o
5 g
L}
3
N R L T
107" 1077 107° 10 1){
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Saturation

SRt O ihgh S ihot Bt Beginyge gt ey, 0Oy, e, RO 0N, S0

Gluons eventually cover the transverse area:

Area ~m R’~75 GeV’ (proton)

. ( N i B 1) 0 i 2
Crammed density ~ N T R"~600
Q.

S c

(for 0’=1 GeV?)

Naive condition for saturation:

xg (x, Q) R S
(N:~1)0°nR*  o,N.

Overlapping Factor

No need to achieve such complete saturation
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Scaling Behavior

St SN OGNyt RGNt Rt SR NI, NP, R Bt R AN

Dipole Cross Section in a Saturation Model

10 |

10 |

[ i “'--- m ]

ZEUS BPT 97
ZEUS BPC 95
H1 low Q95

ZEUS+HI1 high Q* 94-95

E665
x<0.01
all Q*

 x<001

0.045<0*450 Ge V]

1 10 10° 10?

T
June 17, 18, 2011 @ Zakopane

0. (x.0%)>0 . (0°10;(x))
0;(x)=0q(x/x,) "

Golec-Biernat-Wuesthoff
Stasto-Golec-Biernat-Kwiecinski Plot
Geometric Scaling
Q. as a function of x 1s fixed

Q,=1 GeV
x,=3.04x10""
A=0.288

Saturation is sufficient for scaling,
but not necessary to it.

14



Saturation?

SRR inagt B OGN e P R R BRI R S0

Let us put some numbers: -+ 0’ =138GeV’

Y

2 2 - p? : : ’ Don't have to realize saturati
(NC—1>QS;-[R 8:-1.38:75 on't have 01:ealzesa.uralon
for the saturation physics!

xglx,0,) N 10 001 Noneed to take it seriously

Scaling is consistent with pQCD:
CGC = saturation + pQCD

BFKL (dilute regime) can fix the parameters:

Traveling wave with smaller x
Dipole — Munier-Peschanski

Amplitude ) This part is still dilute
Q >
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Effective Theory of Saturation

Rt R g o R Ryt 0GR Rt BB e R Ryt N e N

Effective Theory at x
Integrate faster (larger x) degrees of freedom

fast Integration over a
0P, =P,
p> Classical Weight
Wx[p] — Wx’[p]

soft A

x'P I I . Evolution (RG) eq.
"=xP"  OW
0Xx

~=H[4,p]W, = O,(x)
Kovner, McLerran, Weigert,

Iancu, Jalilian-Marian, Leonidoyv, ... JIMWLK (BFKL) Equation
June 17, 18, 2011 @ Zakopane 16



Scattering Problem

S ibe, RNt SR, it g e Mg, i, ROt NPy, RNt e

Scattering Amplitude in the Eikonal Approx.

_ x+ |
S~(P . :
,:::‘ W(xL)zexp[igfdz A (z ,xl)]

V(xL)zexp[igf dz_A+(z_,xL)]

X

In case of Dipole-CGC scattering

Dense Target Light Projectile 5~ < < v ( X1 ) V}L (y 1 ) > >pt
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Stationary-Point Approximation

o BT g, R Ry N o R e IO g N R e N I R

Dipole Scattering Amplitude
SN<Z w.lo.] H W V xL) VT(.)/L»

(p,]
_Z /8 f | DA V(XL) VT(yJ_)eXp[iSYM[A]_I_iSsource[pt)W]]

p <xP’

—<<V(xL) Vv,

Ssource gN [pt InWw ] ~— f d X pt A Easily Si)lvable

| | LRI
Large enough p, = Stationary-point approx. 5A4" A=A P:

June 17, 18, 2011 @ Zakopane 18



Color Glass Condensate

P ihot, W RGN ihoh Nt RGP Y NP Nt i BRGNS e

As a result of the stationary-point approx.

<<V(x¢> VT(J/L)»
_Z W pz f DA] V<x¢> VT(yJ_>eXp[iSYM[A]_I_iSsource[pt’W”

p <xP

NZW pt xi VT(J’LHA A[pt]

General expression:
Quantum corrections

(O[4]),~] Dp,W.[p] O[A[p]] leadtow,— W,

i.e. small-x evolution

June 17, 18, 2011 @ Zakopane 19



Dense-Dense Scattering (HIC)

SRt O ihgh S ihot Bt Beginyge gt ey, 0Oy, e, RO 0N, S0

Stationary-point is shifted:
S~ w el w2 w el V)
o (p,) (p,) )

= Z Wx[pt] w ’xr[pp]f [DA]eXp[iSYM_I_iSsource[pt’pp’ W’ V”

(p.p,

~ 2 WlodW ' lp,)f [Dalexp|iSy—i [ d*x(p; 4, +p54;)

(0.0,

6S — a a
6/;?;4 ‘AzA :6M\pt +6M+ pp

\

Not solvable analytically
June 17, 18, 2011 @ Zakopane 20
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McLerran-Venugopalan (MV) Model

g W g Wt g SN, ST ST iR SR SR R, R, SR

GaUSSlan App roximation: McLerran-Venugopalan (1993)

. -
W _|p|=exp —f d’ x |2p(§)|2 . 1s related to Q (x)
g

X

larger u = larger p = dense gluons = larger Q.

Once A is known, observables such as the energy
density are calculable in the unit of £ (scaling)

(o4, ~] Dp.w . [p] O[Alp,]]
(O[AD), ., ~] Dp, Dppr[pt]Wx'[pp] O[A[p,.p,]]
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One Source Problem

Nt g IO SRR SRR, SN NP , O g SN R gt N g e

One-source problem is solvable:

1
A"=4"=0 (gauge choice) OL(i)(xL> x"
Ai:a(il):_.iV(xJ_)aiVT(xL)
ig |
. -1 -
V' (x,)=Pexp —zgde 6—2@(?&)6(2 )
L
c.f. in EM st

(time dilation)

" d(x7) pt(‘xj_)

thin
(Lorentz contract)

8i¢=—p (Poisson eq)

—¢'=0 (Gauge trans)

%A’i:-ieieq)aie_ie(p (=—0,9)
ie

First solved by Kovchegov
June 17, 18, 2011 @ Zakopane 22



Relation between u and Q,

RN g OGN OOt N 0N P , WP, WSt BT BRIt R

Rough Relationship (dipole amplitude)
0;~(g"w)’In[Q;a]

It 1s extremely difficult to fix u directly from this...

(a : infrared regulator)

Gluon Density
< Vi’ (XL) VLCb<yL)>: 6abM2 Cadj(xL_yL)

i P . ﬂzllg _ 0
351 7T N a0 e a m g Ha
s | A N 10 0.64Q. | 1.65Q.
STl I S N - 25 || 0.36Q. | 1.46Q,
< f o 100 || 0.140. 1.130.
= 157} S Ssol el o
N S 500 || 0.050Q. 0.90Q.
0.5 | ”-f;‘! 3 L
V- . . Peak position fixes O
0 0.5 1 1.5 2 S
k ma'?
Lappi (2007) :
Fujii-KF-Hidaka (2008) June 17, 18, 2011 (@ Zakopane 23



Heavy-Ion Collisions

RN g OGN OOt N 0N P , WP, WSt BT BRIt R

Space-Time Evolution of the Little Bang

v Perfect Fluid
Quark Gluon Plasma — Hadronization
T~ 1- 10 fim/c

Instability
= thermalization

Topological Excitations
Glasma — Density Fluctuations, Thermalization
T~ 0.1-1fm/c

Quantum Fluctuations
after collision

Event Horizon
__— Initial Singularity — Quantum Fluctuations
= T~ 0- 0.1 fm/c

Ap

-

Quantum Fluctuations
before collision

Initial Nuclei as CGC — Coherent, High-density Gluons

Fluctuations (seeds) = Instability = Thermalization
Lecture Part 11
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Bjorken (Expanding) Coordinates

Rt R g o R Ryt 0GR Rt BB e R Ryt N e N

Proper Time and (space-time) Rapic

2

1 [f+z_
T =\t — 2z, U:‘_ll—lf_ -

g i

1ty

N~ +oo

June 17, 18, 2011 @ Zakopane
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Fields from the Other Source

o BT g, R Ry N o R e IO g N R e N I R
Similar to tl%e)one source problem
_ 2
O (x 1 )

June 17, 18, 2011 @ Zakopane 26




Two Source Problem

OB, OB SRR, WEPE, P, OB WP WP PR g, WD O
Two-source problem is not solvable analytically

Initial condition is
known on the light-cone

A=a —I—oc”
A,=0
T'=0

. 1 2
t'= g [OL(Z ) ) ()L(l- )] Before the collision this is
just the one-source problem

Kovner-McLerran-Weigert (1995) / \

June 17, 18, 2011 @ Zakopane 27




Equations of Motion to be Solved

SRt O ihgh S ihot Bt Beginyge gt ey, 0Oy, e, RO 0N, S0

Coordinates 9 n

proper time T =\ — 7
1

rapidity nzzln[(t—l—z)/(t—z)]
Equations to be solved (in 4 =0 gauge)
E'=10.4,, E"=t 0.4,
i -1
o.kE=t D F, +1D,F;
n__ _—1
o.E'=t D, F,,

June 17, 18, 2011 @ Zakopane 28



Initial Condition

SO G OGN OGN RN SN AR i, NGt RNt BNt R iy

Chromo-Electric and Magnetic fields
E(o)=0.
1 2 1 2
E?ﬂ) — J([ﬂg ) Elg )} + [m:é )ga-é )])
By =0, By = Fiz)
(1) A L ,@ @
Fij(o) = —U([ aj |+ o5 D

et

After the collision only the longitudinal fields dominate.

This is “very” non-trivial initial condition...

June 17, 18, 2011 @ Zakopane
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Before Collision

P ihot, W RGN ihoh Nt RGP Y NP Nt i BRGNS e

Two sources do not talk to each other
Just one-source problem

No longitudinal fields but only transverse fields
attached on the nucleus sheet

E’
Lorentz boost

At rest Moving very fast

June 17, 18, 2011 @ Zakopane 30



After Collision

Bt BGR g  R R e ER g N SR, B0 e AN R R B g

Longitudinal Fields between Nucleus Sheets

Transverse Fields

Boost Invariant Expansion

* Initial CGC Fields —  Ridge = Initial Fluctuation
maybe originates from CGC

June 17, 18,2011 @ Zakopane ~ DUmitru et al. 31
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Numerical Method

SR, T SO bt N, BReh N N, RNy NPT N N

Lattice Discretization
A(x) » U= e &5 (Link Variable)

Why link variables than naive discretization?

Formal Answer:
Gauss law 1s not compatible with the time evolution.
It becomes more and more violated at later time.

Practical Answer:

Keeping numerical stability is very important.

It 1s very sensitive to the order of the discretization.

The correct ordering is guaranteed 1n the lattice formulation.

June 17, 18, 2011 @ Zakopane 32



EoM on the Lattice

SRt O ihgh S ihot Bt Beginyge gt ey, 0Oy, e, RO 0N, S0

Canonical Momenta Leap-frog Method
r . T =17+AT
U;(T") = exp|—2AT - igEE(fr")/'rﬂ U (T) . ™ =14+ 2AT

U, (") = exp AT igan’r’E”(T’)] U, (T)
) Krasnitz, Venugopalan

. 1 Nara, Lappi, Romatschk
Equations of Motion ara, Lappi, Romatschke

Ei(+) = E'(r — A7) + 207 {Um (2) + U_yi() — (h.c_)}
2ga,T T
LOAT > [Uﬂ(;r) +U_ji(x) — (h.c..)]
29 ‘bl L T
l ! l ¢ 1
B'(7) = B(r = A7) + 2875 j;y {UN(I) LU () — (h.C,)L
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Initial Configurations

P P R gt R T SR WP WO R PO

One Conﬁguration Flux-tube missing
MYV should be improved by JIMWLK

60 -60 50 60
Spatial distribution of the Spatial distribution of the
solution of the Poisson eq. gauge field
O1A™(x1) = —p") (2 1) eTIoM@ L)o@ L) = exp[—iga;(z )

June 17, 18, 2011 @ Zakopane 34



Parameter Fixing

St T SRSt BNt SN S NG NG, SR, SRR R, S
Model Parameters
0 Saturation Scale Parameter
g?ul = 120 =— g°pRy = 67.7 with 7R = L?

\ g’ ~ 2 GeV with Ry ~ 7 fm
0 Transverse Size g = 2

Physics should not depend on the transverse size N
Check the robustness with various N's

0 Longitudinal Size
Physics should not depend on the longitudinal size NV,

When the boost 1nv. 1s not broken, the continnum limit
is easily taken (a, — 0)

June 17, 18, 2011 @ Zakopane 35



Merit and Demerit of HIC

St SN OGNyt RGNt Rt SR NI, NP, R Bt R AN

Merit

The largest merit 1s that O_1s multiplied by 4
In the Au-Aucase A ~2.4

c.f. RHIC (200GeV) — LHC (5.5TeV)
Energy 1s 27 times bigger, but O only 2.6 times.

Demerit
Bjorken x 1s not fixed uniquely

Dirty environment unlike ep or eH

June 17, 18, 2011 @ Zakopane 36



Chromo-Electric and Magnetic Fields

S, PO g R e R 0N N R, WSy ST BN,

Longitudinal and Transverse Fields

0.4 . . . . —
':I'E E % -
5 _, B%
- 03 \ Ep e 1
|\ B

~
-2
T
1

4

gE p/ (g 1),
o

A

Lappi-McLerran (2006)
Fukushima-Gelis (2011)

)

2

(a2

gur
Time evolution of fields after averaging over 30 configurations
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Ultra-violet Stability

Bt BGR g  R R e ER g N SR, B0 e AN R R B g

Numerical results for different site-number N

0.4 . , , | |
N=700 ——
N=300
N=100  sweesrssessas
03 r Y Y R — .
N=16

gzt‘-f’ (gz,u )

g Ut

Results stabilized quickly at finite 7 by Lappi (2007)
June 17, 18, 2011 @ Zakopane 38

First discussed



Longitudinal and Transverse Pressure

S hoh b S ihoh Rt bt e R, g, 0N, RGN, BN e

0.1

W

L

TPr/ (g

o

e

g

L

g uy,

L

-0.05

2R

T

P

0.05 r

(e

<.T;r.g: n _T.y‘y> — <t1' [Ei + Bi]> :
, = (7T™) = («[E2 + B! - E} - B?])

(Almost)

S~ free-streaming

If thermalized
P =P,

Fukushima-Gelis (2011)
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Summary of Part I

St SN OGNyt RGNt Rt SR NI, NP, R Bt R AN

The 1dea and the formalism of the Color Glass
Condensate (CGC) was introduced.

Gaussian approximation for the CGC weight 1s the
McLerran-Venugopalan model.

The 1nitial condition right after the heavy-ion
collision 1s given by the CGC which describes
boost-invariant longitudinal fields.

How to reach thermalization??? — Lecture II
Answer 1s not known yet, but some progresses

June 17, 18, 2011 @ Zakopane 40



Part 11

Introduction to the Glasma and its instability
and the resulting spectrum

June 17, 18, 2011 @ Zakopane 41



Glasma

Nt g IO SRR SRR, SN NP , O g SN R gt N g e

Glasma = (Color) Glass (Condensate) + Plasma

Initial State ~0.1fm/c

Color Glass Condensate
Coherent (pure) state far from thermal equilibrium

Transient State — CGC decaying to Plasma

Microscopic mechanism for thermalization
Final State ~0.6fm/c still lacks a clear understanding
Plasma
Local thermal equilibrium (mixed state) realized

June 17, 18, 2011 @ Zakopane 42



Larry's Picture

BP0, SR, SR, SR, SR, B0 SR, SR, SR, SR, SR, B0

Melting Colored Glass = Glasma

10 __).-Ieltiug Colored Glass

Energy Density at Formation Energy Density

€ ~20-30 Gev/Fm ° =— ~20-30 times
' that inside a

proton

Quark Gluon Matter

Quark Gluon Plasma

(GeV/Fm 3) Bjorken
Energy Density
€ ~2-3GeV/Fm 3

—_—

Energy Density
100 T =— in Cores
of Neutron Stars

Energy Density of

! ™o ! = Nuclear
t (Fm/c) Matter
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Glasma Characteristics

FEPgT P, HP H HSD R0 FRGE R g WP P W

Very Strong Longltudlnal Fields

Negative longitudinal pressure
Topological charge density — Chiral magnetic effect

KF-Kharzeev-Warringa B
¥

\/ 44



Chiral Magnetic Effect (CME)

LN O S I R T R T T T T

Topological Charge Density

1 AV, 1 T=uv
0l0)> Sop = ——StF F" +(0— aF,  F"
2g 167

— |
Fo.tWm = 2E-B This 6 term effectively
P and CP odd arises in the Glasma

(QED) Magnetic Field  *Tv-m ——

ol s =130 GeV|

B

2 18 ) 5
eB~m. (B~10"G) t, fmc
(Skokov-Illarionev-Toneev)
June 17, 18, 2011 @ Zakopane 45




CME-nduced Current

Rt R g o R Ryt 0GR Rt BB e R Ryt N e N

Classical Picture
Left-handed Quark

= momentum
A\ anti-parallel to
SpIn =

B 1§ T
Right-handed Quark

= momentum I:>

parallel to

SpIn ==
Kharzeev-McLerran-Warringa (2007) [ J = O lf N 5 — N R N L 7= O ]

Fukushima-Kharzeev-Warringa (2008)
June 17, 18, 2011 @ Zakopane 46




Anomaly Relations

SRt O ihgh S ihot Bt Beginyge gt ey, 0Oy, e, RO 0N, S0

Induced N, by Topological Effects

dN
2 = — f f d’ x tr F, F o QCD Anomaly Relation
dt 8 T’

Introduce u; to describe induced N

Induced J by the presence of NV, and B

2
: e M .
J = 5 25 B QED Anomaly Relation
T

j = Z QH5B in QCD

i=flavor 2Tl'

Metlitski-Zhitnitsky (2005)
Fukushima-Kharzeev-Warringa (2008)
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Charge Separation

P P R gt R T SR WP WO R PO

No experimental evidence
has been found so far. 2

(Once 1t was claimed that
the STAR data suggested
the CME, but now...)

|
1
1
]
1
i “Looking for parity violation
Y2f in heavy-ion collisions”
by Berndt Miiller
Physics 2, 104 (2009)

June 17, 18, 2011 @ Zakopane 48



“Former” Evidence

Pt R WP R R, AR PN WS R RS Wy, P

No longer a clear evidence...

1 Na Jﬁ"r.!'i
((cos(Ada + Adg))) = ( 77 2o 2 cos(Adai + Adp)
Hailf i1 j=1

ir

= ((cos A, cos Adg)) — ((sin Ad, sin Agg))

n out
= ((vrav18) + BE3) — ((aaas) + B2Y) .

x10° x10°
ﬂ _""I | [T T T T 2 _'"'I'"'I""I""I""I"''I"'I
& 1~ STAR, 200 GeV _ & 1 STAR, 62 Go'lulf_l Auu _
= —a— same charge, Aufu |- 3 —a— same charge,
?I; L —=— opp charge, Aufu || ?I; B ; —a— opp cheln_lrge.ﬂ.:.:l.ﬁ.l.é ]
L B , “— game charge, CuCu |+ = 3 —— same charge, CuCu |4
§ 05[ a, «— opp charge,CuCu || |+ 0.5 1 —=— opp charge, CuCu__ |7
_E_ﬂ Vi _ _5_5 . |11:| ]
— [ ] i — i
0 B B g, i T 2 i
el I —— W - = T 3 EERY -8 a . | — 4 ' e = [
s % . - %% g ° e
™ t_l L . L 4 ¥ i o _
05 &=t e . 0.5 y s .
i ) ] L .
STAR ; : -k :
A — A : —
1 _I 1.1 1 I L1 L1 I 11 ] 1 I | I | I 1.1 4.1 I 1.1 1.1 I 111 I_ _I 1.1 1 I | I I | I £ L] 1 I | | I 1.1 1.1 I 2 1.1 'l I 111 I_
alSoO 70 60 50 40 30 20 10 O 70 60 50 40 30 20 10 O
ALICE % Most Central % Most Central
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Glasma — Stable or Unstable?

SRt O ihgh S ihot Bt Beginyge gt ey, 0Oy, e, RO 0N, S0

Boost invariant solution is stable
c.f. Classical YM eq.
1s unstable (chaotic)

Bolte-Muller-Schafer (1999)
Kunihiro-Muller-et al. (2010)

Something missing

(Anisotropic) Plasma is unstable

electron motion current density MrowczynsKi

- Rebhan, Berges, etc

R @B :: A '\
R i
ew J> BZ P > ‘ @/\E>

e . o V

A ©B — <%]

Fluctuations in B, 7 P -,
’ — ®p o b ol Tnstabili
Seed of Instability 2 Weibel Instability
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Unstable Glasma

Nt g IO SRR SRR, SN NP , O g SN R gt N g e

Important Hint — Glasma Instability

0.001 p——T——
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., -?Zf P e S Add n-dependent fluct.

= 1e-05 Holl 50 AL g d d d

E ) LA L __ n-dependent modes
T4 le-06 * o/ [ A | D> 64x64. =107 tiall
""Ej _ E . ﬂ_l.l"!*.',.-, i A4 32x64. _‘1=]U_m:{“m gI’OW eXpOneIl 14 y.

';: le-07 .’..*.,.?Jfl %k".r,]'li f N 101

g g, L e ®-® 16x256.A=10 a_ 5
~— 1e-08 P 28x128.A=10"2_ " ~
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ﬁ e- "_: LEDG, A= I{“ .

= L A mm 16x256A=10"3, 1 (nOn_eXpandlng)

le-10 ..é-' g 16%256 A= u"‘an” - C 2
le-11f g =+ 3e05 exp|CVg uTt

le-12 . wdiF R N TR TR TR (eXpandlng)
- 500 1000 1500 2000 2500 3000
e

Instability time-scale is too slow
System size dep. not under control
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Boost Inv. Violation

SRR inagt B OGN e P R R BRI R S0

Boost-invariant Glasma sits on the top of the
potential maximum (seemingly stable without any
perturbation)

Toward 1sotropization

boost
Invariant
system

What 1s the “seed”?
How 1t spreads?

-

n-dependent fluctuations

[sotropization does not necessarily mean thermalization.
If thermalized, the system must be 1sotropic.
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Cosmology Analogue

St SN OGNyt RGNt Rt SR NI, NP, R Bt R AN

Dark Energy
Accelerated Expansion
Afterglow Light

Pattern Dark Ages Development of
Quantum 400,000 yrs. Galaxies, Planets, etc.
Fluctuations g
nflation

Inflation
(Instability)

Quantunm
Rehea‘[ing Fluctuations
(Thermalization)

1st Stars
about 400 million yrs.

Big Bang Expansion

13.7 billion years
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Fluctuations and Instability

ROt G OGN RGN RGN 0N RGP inn Rt R SRt R ibgT

Time Evolution of Fluctuations under Instability

Stable c.f. Ordering process in continuous transition
Potential

Wavefunction [=1 ] [=1 F> [ I

A
1 <t v

Classical

Gaussian Evolution
Fluctuation oye
Instability Classical evolution is a good
approximation unless the instability
Singularity is weak (i.e. potential is flat).

depending on the problem
June 17, 18, 2011 @ Zakopane 54



Formulation

SRt O ihgh S ihot Bt Beginyge gt ey, 0Oy, e, RO 0N, S0

Computed Physical Observables

(O)r = / (da; da, de' de"| Wa,e] O|A[A; + ai,an, €', ET+ €";7]]

Fluctuation \ f
Spectrum Boost-inv. CGC Backgrounds

Microscopically derived

Time Evolu tion by Gelis-Lappi-Venugopalan
E' = 10, A, ENM=1"10. A,
MNTH 1
0.8 = — {;:4} = FI}T]F’-’F +7D;F;i
. 6(TH) 1 T 1 L 1 .
n_ _ — __D.F . | _— . o .+
- & 5A, TEI‘JF}” 5 |7+ d(x™) P &™)

Collision Singularity
KF-Gelis-McLerran (2006)
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Quantum Fluctuations before Singularity

S hoh b S ihoh Rt bt e R, g, 0N, RGN, BN e

Zero-Point Oscillation of Empty Steady State from Infinite Past

Linearized Schroedinger Equation

1 462 5% 1
dnd®z, tre —— —(Opai — Diay)?
/ na x| I'{ Tif!{lf'. 5{1% T{ nQ ﬂ'ﬁ')

+ % [{Piﬂj — Dja;)* — ?iﬂftj[ﬂuﬂjl} }‘I’—[A] = EV_[A]

Ground-state Wavefunction (without background A4=0)

5\ 8,0,
A N exp /d‘?}dEIltI[{liT\/— (—”) —* §;i — ——3 a-]
e { ?) oL G

1 | Zero-Point Oscillation Spectrum

n— __7T) FE*
Gauss Law E" = o, D;E KF-Gelis-McLerran (2006)
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Fluctuations and Instability
B B B B SO SO SO SO SO SO SO 908

Time Evolution of Fluctuations under Instability

5 nown This is what we want

[=1r>1;
/\
Gaussian 6
Fluctuation Instability Known

Known
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Quantum Fluctuations after Singularity

SRt O ihgh S ihot Bt Beginyge gt ey, 0Oy, e, RO 0N, S0

Collision singularity simply shifts the fields by the
CGC backgrounds

Wla, €]

_N / [dba] W' [a — 16a] U [a + Loa]e [ dndPeL 2ufetsa

=N exlj{—fd?} d*xz | 2tr [ﬂf T\/_(a"?f('r}IE -9 (6” N (0 aifj ik ) i
+d7

n/T)

+ €' 0ij +

T\/ (On/T)? 3 {SW/T

x day] 0 {”—EH—F/C[??DE} Gauss Law
o

) ef} } Uncertainty Principle

Continuous Spectrum — Ultraviolet Divergence  Rebhan et al...
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X (Field Energy Densities)

Fluctuation Spectrum Dependence

SRt O ihgh S ihot Bt Beginyge gt ey, 0Oy, e, RO 0N, S0

HLE Results by Rebhan-Strickland-Attems

—— Total

Transverse Magnetic
Longitudinal Magnetic

Transverse Electric
Longitudinal Electric

Random Noise

June 17, 18, 2011 @ Zakopane
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FGM Spectrum
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Glasma Simulation
SR, T SO bt N, BReh N N, RNy NPT N N
Rapidity-dependent fluctuation should fulfill the
Gauss law constraint:

Procedure (Romatschke-Venugopalan)
Generate random distributions on the transverse plane
((x ) (2)) = 096 (xy — )
Generate fluctuations of chromo-electric fields
SE'(x) = ay ! [f(n = ay) = f()] €' (1)
SE"(x) = —f(n) 3 [Ulta =)' (@L = Uile — 1) — ()]

Automatically satisfies the Gauss law

DZ.E"+an6E“:() Why not 6U ?
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Choice of the n-Fluctuations

S, Bt bR, bt iR et RGNt NN, RNy Rt e e
Zero-Point Spectrum KF-Gelis-McLerran

Suffering from UV divergences
White Noise Romatschke-Venugopalan

Adopted 1n many calculations — but why white noise?

Single Mode  kr-Gelis

2Tl
f(n) = AL:{}.C;( o 37)
L,

Clean environment to see the instability

As long as 1n the linear-regime (small fluctuations)
any spectrum can be described by a superposition
of single-mode results with different v, 's
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Single-mode Analysis

SRt O ihgh S ihot Bt Beginyge gt ey, 0Oy, e, RO 0N, S0

n-dependent Longitudinal Pressure

P =~ [da, = ["dy P, (g.20)
V)= — | d"x] — clr n.xyp)e
: [E U R
This quantity does not correspond to any “physical” observable

but the same as adopted 1n the analysis by Romatschke-Venugopalan

i(27v/Ly)n
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1e-10 .'.5 165256 A= 10" 12 10 ' 32x128
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Romatschke-Venugopalan Fukushima-Gelis
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Mode Amplitudes

SRt O ihgh S ihot Bt Beginyge gt ey, 0Oy, e, RO 0N, S0

Instability spreads from lower to higher wave-
number modes (canonical to rapidity)

CGC background Seed put here
2 \
10 128x32
Sl 64x64
10" g ur= 1000 3I%]28
. 16x128
3 10 F 8x128
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= 107 0N
:‘:, ""1_:_
<ot 7 %
oy # | 3
13 | r 1
]0 -8 H—"'.'-fﬁ ::"—.—Ir -
107 ko .o " | | g covand
-15 -10 -5 0 J 10 15
v
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Longitudinal Size Dependence

o BT g OGS e PN R e BT gt W e NI, SRS

Completely free from artifacts

10
107 e R
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No dependence on the longitudinal size as it should not
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Seed Magnitude Dependence

SRt O ihgh S ihot Bt Beginyge gt ey, 0Oy, e, RO 0N, S0

n-fluctuations are in the linear regime

l 0_3 T T T T T T 1 Dz T _q T
A=107,
104 - P s 10" F g"ur= 1000 A=1073 1
rﬁ-‘:} e .-.-.‘-'-‘"""r"l‘ - A= l 0—2
f‘i; ID_S N _ N’a 10'4 e am s : :::z ™ T o ';.‘:"“3 :: :: L I S §
e EE poo-w @ R ‘ ‘ ...“‘--‘-'.""ﬂ
4 = / \
E 7 - M :':.] ) .:.Il ".__\
=~ 10 N W,,-v'" i _ = 10 10 | / \
‘ lbc . proter=t” e A= lU:; - N'-'"-oc \
10" A=10_, . 103t / \
A=10 ] b .
107 A 0716 fue e M
0 5 10 15 20 25 30 ' : : ' '
[gzﬂﬂwz -15 -10 -5 0 5 10 15

Simply proportional to the seed magnitude
How to fix it in principle? Ideally fixed by the thermalization time...
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Fluctuations with Multiple Wave-Numbers

R SR T SR SR N TR P S S

Indiv_idual simulations
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Kolmogorov Cascade Spectrum

S ibe, RNt SR, it g e Mg, i, ROt NPy, RNt e

Seen in the non-Abelian systems

" t~4000¢ 4
i p=p-|- —a—

F P =Py —e—

k=135% 0.02

CresE]

0.1

p/

E1!4-

Berges-Scheffler-Sexty (2008)
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“Classical” Explanation

ROt G OGN RGN RGN 0N RGP inn Rt R SRt R ibgT
Dimensional Analysis cf. [E]=Pt

Fourier component
wave-number  of the energy

k=" [E(k)]=rc"  [w]=r1
E(k)ck®y’ = a=-5/3, p=2/3

, | Energy 1njection

energy flow rate

E(k)
Inertial region ~ k-7

EHM

Flow

Dissipation to heat
- k

c.f. bottom-up thermalization June 17, 18,2011 @ Zakopane 68




Transverse Energy Spectrum

SRR inagt B OGN e P R R BRI R S0

Kolmogorov's scaling is not manifest

107 — '
1[}_5 L TR
“g 05 [T e, Y
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%L‘* o7 N s
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Small turbulence 1n the transverse flow

Energy source at small £ does not remain dominant
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Longitudinal Energy Spectrum

Rt R g o R Ryt 0GR Rt BB e R Ryt N e N

Kolmogorov's scaling is clearly seen

2 2
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As far as we know, this 1s the first indication
for Kolmogorov's scaling in the expanding system

Dimensional Analysis [v/c7|=1"".  [Vi(er)’e ()] =172 W] =0
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Summary of Part I1

St SN OGNyt RGNt Rt SR NI, NP, R Bt R AN

CGC simulation 1s supposed to give a right
description of the early-time dynamics in the heavy
1on collision.

So far 1t 1s not very successful... Glasma instability
too slow, no 1sotropization, no thermalization...

At least the Kolmogorov cascade spectrum is seen,
which 1s a promising indication.

Something missing — quantum fluctuations on top
of CGC backgrounds and JIMWLK-type evolution
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