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Starting points

Die Mesonenausheute beim Beschuli von leichten
Kernen mit «-Teilchen
Von Heinz Koppe
Gittingen

(4. Naturiorschg, 33, 251252 [1M48]; am 21,

Max-Planck-Tnstitut file Plhysil

1048

Mittels des nenen Derkeley-Betairons ist es mig-
lich gewesen, durch Be ib von leichten Kernen
{insbesondere C) mit a-Teilchen von etwa 380 MeV
Mesonen zu erzeugen. Tin folgenden soll eine sinfache
Methode angegeben werden, nach der zich rie dabei
an erwartende Ausbeute abschitzen 140t

BEeim Stol eines Kernes mit der Massenzahl My wd
ler kinetischen Energie £ auf einen rulenden Kern
mit der Masse My entsteht zuniichst ein Zwiscl
mit der Masse M = M+ M, dem die An
anergie pro Nucleon

=

U=

sur Verfligung steht, Nach einer hekannien Berielung!
1at der Zwischenkern damn die Temperatur
m o aat T (@
T=88Y 1. @)

Jabei wird unter T das Prodult aus & und der ab
soluten Temperatur verstanden. GL {2) liefert 1" in
deV, wenn man I in MeV einsetzi.

Ludwik Turko (IFT, Wroctaw)

Thermal Models

Application of statistical physics to
elementary particles is usually
referred to Enrico Fermi (1950)

although it was Heinz
Koppe(1948)who proposed this idea
to production processes

Tie Ausbeute an Mesonen ist dann gegeben durch

- Gn .oh R VITTETER
.,J=/ p (T dt = ;g.;ﬁ-s--/ﬂe E .
i ]

[(1 28

Unter dem Integral kann man 1% als langsam ver-
anderlich durch Ty ersetzen und auferdem die Wurzel
nach t entwickeln. Es ergibt sich

p=0081 T, Me ¥ ety (]

Mit den oben angegebenen Werten liefert das Stob-
ausheuten » = 1,7-10-%
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Limiting temperature

EUFPLEMENTO AL ¥UOVO SIMENTO EXENRT
VoL m

Rolf Hagedorn was the first who
systematically analyzed high
energy phenomena using all tools R

of statistical physics. He s
introduced the concept of the pn—
limiting temperature ~ 140MeV i i et g R

wanezponentiol soluvions, % The solutivn of the selfconsisiensy con

Statistical Thermodynamics
of Strong Interactions al High Energies.

. . dition. 4. The highest temperature §,. The madel of distinguishable
el — 4. Physizal inte tation. 1.7The highest temperats Tyo 2T
based on the statistical bootstrap gt . O e i e
!P‘c\llal\nmi.
model.

1. — Introduction.

Recently, the statistical model of Fermi (%) hae been applied to large-sngle
elastic {*2 and exchange [*) senttering with & rather unexpeetod supecs.
Roughly, the regnlt esn b stared as fallows: if one calenlates with the (non-
invariant) statistieal model the probabilities P, for all channels j of the reaction
pebp—es channel §o, dhin ene finds for en. energios from 2 to 8 GeV the
numerical formuls

ay (z";)w = exp[—3.500E — ] [ in BeV)
:

= ) E E E 9ac¢e
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Density of states

(0.0 \/" n n
o(EV) =Y 8 / 5(m— > E) [ o(mi)dmicp;
n=1 i=1 i=1
The bootstrap equation
o8 m M M
)= Emne) o2ty (S F & oty &p;
o0 V” n n
o(m) = o6(m — mg) + Z n_(: /6(m — Z E) H o(m;)dm;d®p;
n=2 " i=1 =1
\ J \ Y \ \
ALfT,
o) = §(™)e HE
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Hagedorn spectrum fit

m @ ; ¢ ;
frer(m) = logio / 7P /Th) pm) = ————cap(m{Ty)
Jo o (g2 25/4 2 4 2y
(x2 + md) (m* + md)
Neap(m) =Y giO (m — m;)
i
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Figure 2: All mesons Ty = 203.315 , ¢ = 25132.674, range: 300 — 2200 MeV All hadrons Ty = 177.086 | ¢ = 18726.494, range: 300 — 2200 MeV

Done by M. Sobczak according to states in PDG2008
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Phase structure

cold hadrons gas

T<<T
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Statistical ensembles of high energy physics

The thermodynamic system of volume V and temperature T composed of
charged particles and their antiparticles carrying charge +1.

The partition functions of the canonical and grand canonical statistical
system

R o SN—+N,
ZE(V, T)=Trge M=}~ =

N Io(2Vz0),

Ny—N_=
ZOC(V, T) = Tre BH-1Q) — &xp (2vz0 cosh ﬂ) .

Vzy is the sum over all one-particle partition functions

i 1 74 —Br/D2+m? 1 mj
Z(())(T):V(2ﬂ.)3gl/d3pe Pypirm; — ﬁTglm?K2 (7) )

gi — the spin degeneracy factor.
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Power of XIX century mathematics

The universal formula
y(at+2) — E mi= & vV
® t ( ) In(2yvab)

allows to write a concise expression for the generating function.
Nucleons - pions:

Z(,9)
=exp Zfrlq exp [ZT(rl) (ei9 +e*"9)}

X exp Z,\,l) (efwe/z) n e—f(w+9/2))} exp [ ZI(\Il) (ei(so—@/?) i e—f(so—e/z)”

o

—oxp [Z0] 0 W(ZP)(2ZP)i(22() et eflo/2k/20)8

n,k,r=—o0

Ludwik Turko (IFT, Wroctaw) Thermal Models Zakopane, 17/06/2010 9 /27



Thermal models calculations - in priciple

/ o0
1 P2 B;
N ? 2(25' + 1) / dp E;—uil ’
i=1 0 eXp{ T } T & Supplemented by
1 < 7 p2S; -Van derWaals type interaction via
— , d g .
ns = 2 (2si +1) / P E excluded volume correction
i=1 0 exp{ } + & - Finite volume corrections
| 00 - Width of all resonances included by
p?Qi

integrating over BreitWigner
exp {E%“} + g; distributions

where

Wi = bjup + sipis + +qjpg
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Place for statistical physics

More particles (degrees of freedom) in the process: kinematics tends to
dominate the behavior of the system

R =, i
3 pip A E/E QU min KK KIr piw KM M Al S Q/x | STAR + PHENIX @ 130 GeV
U e e T A S o0 \ most central
= 2 K
= - 10 = g, A
I - s Ri’(l’
= 1 _ ¥,
) % STAR L = = 4
RN PHENIX S s 0.1
= O PHOBOS B - 3 Ne
= A BRAHMS ’ & o SN 0.01
o B 0.01 [(K+K*)/2 (x0. 1) *
L [511:=130 Gev g \
—%‘— _+_ = aenh N X 001
m? i = 605 1 15 2 25 3 35 0 05 1 15 2 25 3 35
E T =176 MeV, u_ =41 MeV . p . [GeV]

Braun-Munzinger et &l PLB 518 (2001) 41 D. Magesto (updated July 22, 2002)

We cannot solve pre-equilibrium HIC dynamics, we have no good
description of hadronization processes. .. Nevertheless, the thermal

statistical models work quite well.
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Place for statistical physics
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A.Andronic,P.BraunMunzinger,J.Stachel: Phys.Lett.B673,142(2009), ActaPhys.Polon.B40,1005(2009)
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Direct variables

The chemical potential i determines the average charge in the grand
canonical ensemble
(Q) = 79 1n z6€.
O
This allows to eliminate the chemical potential from further formulae for
the grand canonical probabilities distributions

H _ arcsinh (@ _ In (Q) + V(Q)2 +4(Vz)? _

T 2Vzy 2Vz,
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Probabilities in ensembles

To have N_ negative particles in the canonical ensemble

(VZ())2N*+Q 1

PS(N_, V) = N_I(N- + Q)! g(2Vzo)

To have N_ negative particles in the grand canonical ensemble

GC
Pigy(N-, V) =

N_
1 2(Vzg)?

N-T Q) + V(@2 + 4(Vz)2

exp [— 2(\/20)2
(Q) +v(Q)? +4(V)?

Technical details

Cleymans J., Redlich K., and Turko L. Phys. Rev. C 71 047902 (2005)
Cleymans J., Redlich K., and Turko L. J. Phys. G 31 1421 (2005)
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The thermodynamic limit

The thermodynamic limit is understood as a limit V' — oo such that
densities of the system remain constant.
The canonical ensemble

QN
Q,N_—>OO, V—q, 7—n_
The grand canonical ensemble.
(@) N
(Q), N — o0, T = (q); - =n-

To formulate correctly the thermodynamic limit of quantities involving
densities, one defines probabilities for densities

PS(n_,V) = VPG(Vn_,V),
P(S(a, V) = VPIL,(Va, V).
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(n-)oo =

\@?+4z5 —q
Joo = L —
q9=(q)
Probability distribution of the canonical ensemble
1 (n—)oo(q + (n—)oo)
PS(n_;V)=06(n_ — (n_ Vo) + — 5 n_)oo
Sn V) = 6 (e — (n)eo) + g TSR (e — ()
1 (n)oo(q+ (n-)oo) cn 2
4 2V 2q+ (n)m 0" (n- — (n_)so) + O(1/V7),
- v -
Probability distribution of the grand canonical ensemble
PES(n_, V) =6(n- — (n)oo) + 5> UDES & (n_
’ 2V
Ludwik Turko (IFT, Wroctaw)
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n_)eo) + O(1/V?)

An average limiting density of (negatively) charged particles
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k—1
2V <n—>oo :
"~ Ludwik Turko (IFT, Wroctaw)

s 1"
2V

(n_)k
k(k — 1) q+ (n—>oo

T 20 s G Jiss
()¢ = (n_)§

(koD

The canonical ensemble
k q+(n-)
k\C k )
n ~ () -
(nZ) (n-)oo Vgt 2(n )
—
The grand canonical ensemble

Thermal Models
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GC =

(q)

Canonical suppression factor for densities
(M)S | 1 K(k+1)(g) +2K2(n o
DS =TV T 22 ) + @)
—
Canonical suppression factor for particles
(N)S
(NX)

L k(k+1){(q) + 2k*(n_) oo
Y

2(2(n-)oe +(9))

Thermal Models
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Canonical suppression factor

Finite volume corrections

Figure: 1/V corrections to canonical Figure: 1/V corrections to canonical
suppression factors for the first moment  suppression factors for the second
moment
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Abelian and nonabelian

Example
Perform and compare results of the statistical system: nucleons (n, p) and
pions (7%, %) with an exact isospin SU(2) and U(1)g symmetry.
@ Abelian approach based on U(1),, x U(1)g symmetry. Abelian
canonical partition function is given as

(a) _ —BH
ZB’,3 = Tr37/3 e p
with the trace-sum over all states with the given value /3 of the third

component of the isospin.

@ Nonabelian approach based SU(2) x U(1)g symmetry. Nonabelian
canonical partition function is given as

Zg:i) = TFBJ e_ﬁH

with the trace-sum over all states with the given value [/ of the total
isospin.
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General projective approach

A generating function is given as

Z(g) =Tr{U(g)e "'} = Z

Z\") =Trpe P .

dlm

Then
Z{"™ = dim(A) / du(g) xn(8) Z(g) -

Technical details

Redlich K., and T.L.: Z. Phys. C 5 (1980) 201
T.L.: Phys. Lett. B 104 (1981) 153
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SU(2) case

One can compare analytically abelian and nonabelian approach
Characters if irreducible representation are given as

sin (J + f
S\ T2y § ij3y
XJ(7) sin v €
J3=—J
with the measure
1
du(y) = sin® % dy = % dvy

and the integration domain {0, 27}.
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Projections

A generating function is given as

So we have

2

2
- 2J+1 - .
Zj )= W/dVXJ('V)Z('V) sin® L.
0

The abelian canonical partition function

() _ Ty o BH 1 5 () e—ibr — L :
Z;  =Trje = 27T/d72(7)e W = o dy Z(7y) cosjzy.
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Projections from trigonometry

For the abelian canonical partition function Zj(:)

2w 21
(@) _ 7y, oBH _ L =0 N iy _ L 5 :
27 =Tre 7 = zﬂ/dvz(v)e BT = 27T/de(w) cos j37 -
0 0
But
: 1
oy _sin(J+3)y .,y 1
- L == = 1 .
xJ(7) sin 5 =T sin 2(cosz cos (J+1)y)

This allows to express a nonabelian SU(2) partition function by means of
abelian partition functions

Zi™ = (2s+1) (27 - Z2) -
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Canonical functions

For the pion gas

N\ B2
2, = exp [0 2] (;) 1,220 /3n) W

For the m — N system

00 n/2 (B—n)/2 (B/2+13—n)/2
sl £ (7))

n=—0o0o

x 1n(2Z /225 V- RZS N A Mg 2y n(2Z/ATAD)
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Conclusions

@ In the thermodynamic limit relevant probabilities are density
distributions.

@ Density probability distributions obtained from different statistical
ensembles have the same thermodynamical limit.

e Finite volume effect more relevant for higher moments.
@ Canonical suppression factor for particles depends on densities.

@ Canonical ensembles based on the nonabelian symmetries are different
from ensembles based on the direct product of abelian subgroups.

@ Quantitative results are also different.

@ There is a hope to calculate canonical " nonabelian” partition function
without using poorly defined oscilating integrals - also for higher
internal symmetries, beyond SU(2).

@ ...work in progress.
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