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Quark vs. Parton Model Views of Hadrons

Quark model

Are they incompatible?

!
?

Parton picture

How can we tell?

Work in progress with Stan Brodsky

PH arXiv: 0909.3045

Consider QCD bound states at lowest order in !
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14. Quark model 5

Table 14.2: Suggested qq quark-model assignments for some of the observed light mesons. Mesons in bold face are included in the Meson
Summary Table. The wave functions f and f ′ are given in the text. The singlet-octet mixing angles from the quadratic and linear mass
formulae are also given for the well established nonets. The classification of the 0++ mesons is tentative and the mixing angle uncertain
due to large uncertainties in some of the masses. Also, the f0(1710) and f0(1370) are expected to mix with the f0(1500). The latter is
not in this table as it is hard to accommodate in the scalar nonet. The light scalars a0(980), f0(980), and f0(600) are often considered as
meson-meson resonances or four-quark states, and are therefore not included in the table. See the “Note on Scalar Mesons” in the Meson
Listings for details and alternative schemes.

n 2s+1!J JPC I = 1 I = 1
2

I = 0 I = 0 θquad θlin

ud, ud, 1√
2
(dd − uu) us, ds; ds, −us f ′ f [◦] [◦]

1 1S0 0−+ π K η η′(958) −11.5 −24.6

1 3S1 1−− ρ(770) K∗(892) φ(1020) ω(782) 38.7 36.0

1 1P1 1+− b1(1235) K1B
† h1(1380) h1(1170)

1 3P0 0++ a0(1450) K∗
0(1430) f0(1710) f0(1370)

1 3P1 1++ a1(1260) K1A
† f1(1420) f1(1285)

1 3P2 2++ a2(1320) K∗
2(1430) f ′

2(1525) f2(1270) 29.6 28.0

1 1D2 2−+ π2(1670) K2(1770)† η2(1870) η2(1645)

1 3D1 1−− ρ(1700) K∗(1680) ω(1650)

1 3D2 2−− K2(1820)

1 3D3 3−− ρ3(1690) K∗
3(1780) φ3(1850) ω3(1670) 32.0 31.0

1 3F4 4++ a4(2040) K∗
4(2045) f4(2050)

1 3G5 5−− ρ5(2350)

1 3H6 6++ a6(2450) f6(2510)

2 1S0 0−+ π(1300) K(1460) η(1475) η(1295)

2 3S1 1−− ρ(1450) K∗(1410) φ(1680) ω(1420)

† The 1+± and 2−± isospin 1
2

states mix. In particular, the K1A and K1B are nearly equal (45◦) mixtures of the K1(1270) and K1(1400).
The physical vector mesons listed under 13D1 and 23S1 may be mixtures of 13D1 and 23S1, or even have hybrid components.

July 24, 2008 18:04

The Quark Model gets the dof’s right
From the 2008 PDG Review of Particle Physics.

Mesons
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14. Quark model 13

Table 14.6: Quark-model assignments for some of the known baryons in terms of a
flavor-spin SU(6) basis. Only the dominant representation is listed. Assignments for several
states, especially for the Λ(1810), Λ(2350), Ξ(1820), and Ξ(2030), are merely educated
guesses. For assignments of the charmed baryons, see the “Note on Charmed Baryons” in
the Particle Listings.

JP (D,LP
N ) S Octet members Singlets

1/2+ (56,0+
0 ) 1/2 N(939) Λ(1116) Σ(1193) Ξ(1318)

1/2+ (56,0+
2 ) 1/2 N(1440) Λ(1600) Σ(1660) Ξ(?)

1/2− (70,1−1 ) 1/2 N(1535) Λ(1670) Σ(1620) Ξ(?) Λ(1405)
3/2− (70,1−1 ) 1/2 N(1520) Λ(1690) Σ(1670) Ξ(1820) Λ(1520)
1/2− (70,1−1 ) 3/2 N(1650) Λ(1800) Σ(1750) Ξ(?)
3/2− (70,1−1 ) 3/2 N(1700) Λ(?) Σ(?) Ξ(?)
5/2− (70,1−1 ) 3/2 N(1675) Λ(1830) Σ(1775) Ξ(?)
1/2+ (70,0+

2 ) 1/2 N(1710) Λ(1810) Σ(1880) Ξ(?) Λ(?)
3/2+ (56,2+

2 ) 1/2 N(1720) Λ(1890) Σ(?) Ξ(?)
5/2+ (56,2+

2 ) 1/2 N(1680) Λ(1820) Σ(1915) Ξ(2030)
7/2− (70,3−3 ) 1/2 N(2190) Λ(?) Σ(?) Ξ(?) Λ(2100)
9/2− (70,3−3 ) 3/2 N(2250) Λ(?) Σ(?) Ξ(?)
9/2+ (56,4+

4 ) 1/2 N(2220) Λ(2350) Σ(?) Ξ(?)

Decuplet members

3/2+ (56,0+
0 ) 3/2 ∆(1232) Σ(1385) Ξ(1530) Ω(1672)

3/2+ (56,0+
2 ) 3/2 ∆(1600) Σ(?) Ξ(?) Ω(?)

1/2− (70,1−1 ) 1/2 ∆(1620) Σ(?) Ξ(?) Ω(?)
3/2− (70,1−1 ) 1/2 ∆(1700) Σ(?) Ξ(?) Ω(?)
5/2+ (56,2+

2 ) 3/2 ∆(1905) Σ(?) Ξ(?) Ω(?)
7/2+ (56,2+

2 ) 3/2 ∆(1950) Σ(2030) Ξ(?) Ω(?)
11/2+ (56,4+

4 ) 3/2 ∆(2420) Σ(?) Ξ(?) Ω(?)

for their positions. An example are the lowest lying (70, 1−1 ) states with JP =1/2− and 3/2−. The
physical states are:

|S11(1535)〉 = cos(ΘS)|N2PM1/2−〉 − sin(ΘS)|N4PM1/2−〉 (14.26)

|D13(1520)〉 = cos(ΘD)|N2PM3/2−〉 − sin(Θ)D|N4PM3/2−〉 (14.27)

and the orthogonal combinations for S11(1650) and D13(1700). The mixing is large for the
JP =1/2− states (ΘS ≈ -32o), but small for the JP =3/2− states (ΘD ≈ +6o) [26,29].

All baryons of the ground state multiplets are known. Many of their properties (masses,
magnetic moments etc.) are in good agreement with the most basic versions of the quark model,
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July 24, 2008 18:04

Baryons

From the 2008 PDG Review of Particle Physics.

V (r) = c r − CF
αs

r

The QM describes hadrons 
qualitatively as non-relativistic 
states of “constituent” quarks 
bound by a linear plus Coulomb 
potential:
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Hadrons are ultra-relativistic

2mu + md

mp
! 10 MeV

938 MeV
! 1%

99% of the proton 
mass is dynamical

(Mass)2 increases 
linearly with spin
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Figure 1: Chew-Frautschi plot for the fully exchange-degen erate f , ω, ρ and a2 trajectories.
The solid line denotes the trajectory with the parameters obtained in our !t; the dashed line
is the trajectory α(m  ) = 0.48 + 0.88m    (m in GeV).2 2

P.Desgrolard, M.Giffon, E.Martynov, E.Predazzi,  hep-ph/0006244
J
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Non-relativistic 
uud state

DIS reveals the relativistic internal motion

... as well as the 
prominence of 
gluons and sea 
quarks.

Could gluons
and sea quarks
be generated 
perturbatively,
via evolution?
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A M Cooper-Sarkar arXiv:0901.4001ZEUS
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Fig. 1: Left plot: F2 vs x for various lowQ2 values. Right plot: Sea and gluon PDF distributions extracted from a global PDF

fit including these data.

jets with P 2
t ∼ Q2 and low-x, because LO DGLAP evolution has strong kt ordering, from the target

to the probe, and thus it cannot produce such events. The rate is also suppressed for NLO DGLAP.

However BFKL evolution has no kt ordering and thus a larger cross-section for such events at both LO

and NLO. The data do indeed show an enhancement of forward jet cross-sections wrt conventional NLO

DGLAP calculations. However this cannot be regarded as a definitive indication of the need for BFKL

resummation because conventional calculations at higher order, O(α3
s), do describe the data.

However, as we have already mentioned, even though conventional calculations do give reasonable

fits to data, the peculiar behaviour of the low-x, low-Q2 gluon gives us cause for some concern. Thorne

and White have performed an NLL BFKL resummation and matched it to NLO DGLAP at high-x in
order to perform a global PDF fit. When this is done the gluon shape deduced from the scaling violations

of F2 is a lot more reasonable and a good fit is found to global DIS data, see the talk of C.White in these

proceedings. A similar improvement to the gluon shape is got by introducing a non-linear term into the

evolution equations, as done by Eskola et al [1]- but although this work has been widely used to give

non-linear PDFs one must remember that it is limited to leading order.

These analyses make us suspect that the conventional formalism could be extended, but they are

still not definitive. A different perspective comes from considering the low-x structure function data
in terms of the virtual-photon proton cross-section: at low-x, σ(γ∗p) ∼ 4πα2F2/Q2. The data are pre-

sented in this way in Fig. 2 left-hand-side. A rise ofF2(x) ∼ x−λ, implies a rising cross-section withW 2,

the centre-of mass energy of the photon-proton system,σ(W 2) ∼ (W 2)λ (since x = Q2/W 2 at low-x).
However, the real-photon proton cross-section (and all high energy hadron-hadron cross-sections) rises

slowly as (W 2)α−1, where, α = 1.08, is the intercept of the soft-Pomeron Regge trajectory. Thus the
data on virtual-photon proton scattering are showing something new - a faster rise of cross-section than

predicted by the soft-Pomeron which has served us well for many years. In Fig. 2 right-hand-side we

show the slope of this rise, λ = (α− 1), as calculated from the data, λ = ∂lnF2/∂ln(1/x). One can see
a change in behaviour atQ2

∼ 0.8GeV2 as we move out of the non-perturbative region -where the soft

pomeron intercept gives a reasonable description of the data -to larger Q2. Does this imply that we need

a hard Pomeron as well?

Dipole models have given us a way to look at virtual-photon proton scattering which can model

x
110–110–210–310–4

Sea Quarks come before gluons!

A M Cooper-Sarkar:

“...at Q " 1 GeV the sea input is 

indeed steep, but the gluon input 
is valence-like, with a tendency to 
be negative at low x! 

(Essentially the gluon evolution must be fast 

in order that upward evolution can produce 

the extreme steepness of high Q2 data, 

however this also implies that downward 

evolution is fast and this results in the 

valence-like gluon at low Q2).”

Since the proton mass is 
dynamical, quarks are relativistic
and antiquarks must be present.

http://www-library.desy.de/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Cooper%2DSarkar%2C%20A%20M%22
http://www-library.desy.de/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Cooper%2DSarkar%2C%20A%20M%22
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But how to treat relativistic bound states? (I)

Bag model

• •
•

In the Bag Model, the relativistic quarks are
confined by a spherical boundary condition.

– The bag boundary condition is arbitrarily
imposed

– Unclear how to describe hadrons 
with pCM # 0 (Lorentz covariance)

One can impose a boundary condition in a different way, which is consistent 
with the equations of motion and maintains boost invariance.

Condensate

Perturbative vacuum



Paul Hoyer Zakopane 12 June 2010

9

Phys.Rev. D29 (1984) 1279

But how to treat relativistic bound states? (II)

Frequently, relativistic bound state equations are simply postulated,
and their properties studied phenomenologically.

This may be instructive, but the lack of theoretical understanding 
limits further progress. 

Covariant-looking equations may not actually have boost invariance:
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But how to treat relativistic bound states? (III)
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New method of precise measurement of positronium hyperfine splitting

A. Ishidaa,∗, G. Akimotoa, Y. Sasakia, T. Sueharab, T. Nambab, S. Asaia, T. Kobayashib, H. Saitoc, M. Yoshidad, K. Tanakad, and

A. Yamamotod

aDepartment of Physics, Graduate School of Science, The University of Tokyo, 7-3-1 Hongo, Bunkyo-ku, Tokyo 113-0033, Japan
bInternational Center for Elementary Particle Physics (ICEPP), The University of Tokyo, 7-3-1 Hongo, Bunkyo-ku, Tokyo 113-0033, Japan

cDepartment of General Systems Studies, Graduate School of Arts and Sciences, The University of Tokyo, 3-8-1 Komaba, Meguro-ku, Tokyo 153-8902, Japan
dHigh Energy Accelerator Research Organization (KEK), 1-1 Oho, Tsukuba, Ibaraki 305-0801, Japan

The ground state hyperfine splitting of positronium, ∆HFS, is sensitive to high order corrections of QED. A new calculation up

to O(α3 lnα) has revealed a 3.9σ discrepancy between the QED prediction and the experimental results. This discrepancy might

either be due to systematic problems in the previous experiments or to contributions beyond the Standard Model. We propose

an experiment to measure ∆HFS employing new methods designed to remedy the systematic errors which may have affected the

previous experiments. Our experiment will provide an independent check of the discrepancy. The prototype run has been finished

and a result of ∆HFS = 203.380 4±0.008 4 GHz(41 ppm) has been obtained. A measurement with a precision of O(ppm) is expected

within a few years.

Keywords: quantum electrodynamics (QED), positronium, hyperfine splitting (HFS)

Positronium (Ps), a bound state of an electron and a positron,

is a purely leptonic system which allows for very sensitive

tests of Quantum ElectroDynamics (QED). The precise mea-

surement of the hyperfine splitting between orthopositronium

(o-Ps, 13S 1) and parapositronium (p-Ps, 11S 0) (Ps-HFS) pro-

vides a good test of bound state QED. Ps-HFS is expected to

be relatively large (for example compared to hydrogen HFS)

due to a relatively large spin-spin interaction, and also due to

the contribution from vacuum oscillation (o-Ps→ γ∗ → o-Ps).

The contribution from vacuum oscillation is sensitive to new

physics beyond the Standard Model.

Figure 1 shows the measured and theoretical values of Ps-

HFS. The combined value from the results of the previous 2

experiments is ∆
exp

HFS
= 203.388 65(67) GHz(3.3 ppm) [1, 2].

Recent developments in NonRelativistic QED (NRQED) have

added O(α3 lnα) corrections to the theoretical prediction which

now stands at ∆th
HFS
= 203.391 69(41) GHz(2.0 ppm) [3]. The

discrepancy of 3.04(79) MHz (15 ppm, 3.9σ) between ∆
exp

HFS
and

∆th
HFS

might either be due to the common systematic uncertain-

ties in the previous experiments or to new physics beyond the

Standard Model.

There are two possible common systematic uncertainties

in the previous experiments. One is the unthermalized o-Ps

contribution which results in an underestimation of the mate-

rial effect. This effect has already been shown to be signifi-

cant [4, 5, 6] in the o-Ps lifetime puzzle. The other is the uncer-

∗Corresponding author (TEL:+81-3-3815-8384 / FAX:+81-3-3814-8806)

Email address: ishida@icepp.s.u-tokyo.ac.jp (A. Ishida)

HFS [GHz]
203.385 203.387 203.389 203.391 203.393 203.395

Experimental
average

Theory
(Kniehl et al., 2000)

Mills et al., 1983

Ritter et al., 1984

Figure 1: Measured and theoretical values of Ps-HFS.

tainty in the magnetic field uniformity which was cited as the

most significant systematic error by previous experimenters.

2.1. Measurement using Zeeman effect

The energy levels of the ground state of Ps are shown as a

function of static magnetic field in Figure 2. Due to techni-

cal difficulties in directly stimulating ∆HFS, we make an indi-

rect measurement by stimulating the transition ∆mix. This is the

same approach as previous experiments. The relationship be-

tween ∆HFS and ∆mix is approximately given by the Breit-Rabi

equation

∆mix #
1

2
∆HFS

(√
1 + 4x2 − 1

)

, (1)

May 3, 2010

Hyperfine splitting in positronium atoms

A. Ishida et al.  

arXiv:1004.5555

Relativistic corrections to the Schrödinger equation for atoms
are calculated reliably and with high accuracy.

As we shall see, this is consistent with an expansion in !

http://www-library.desy.de/spires/find/hep/wwwauthors?key=8636940
http://www-library.desy.de/spires/find/hep/wwwauthors?key=8636940
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as an expansion parameter for bound states!

!     is a fundamental constant related to quantum effects. Each order in an     
expansion must obey all symmetries of the theory.

!

!The    expansion is relevant for both relativistic and nonrelativistic, 
scattering and bound state dynamics.

Born terms are defined as being of lowest order in    .!

Is there a Born term for relativistic bound states?

At Born level, Quantum Field Theory reduces to Relativistic Quantum 
Mechanics.
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Bound states from the perturbative expansion

+ + + ...+

+ + + ...

$

Bound state poles appear through a
divergence of the perturbative series

The Schrödinger and Dirac equations
describe bound states through interactions
with an external, classical potential.

The ladder (loop) sum turns 
into a sum of tree diagrams 
as one mass tends to infinity.

!The    expansion is not trivially related to the number of loops.$

Need to identify the contribution of lowest order in     which causes the 
ladder sum to diverge at the bound state energies.

!
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in the Harmonic Oscillator

Z =
∫

[dx] exp
[

i

!

∫
dt( 1

2mẋ2 − 1
2mω2x2)

]

∝
∫

[dx̃] exp
[
i

∫
dt( 1

2m ˙̃x
2 − 1

2mω2x̃2)
]

The     can be completely absorbed in  ! x̃ ≡ x/
√

!

Bound states with En = !ω(n + 1
2 ) have small 

!

The classical path xi(ti)→ xf (tf ) is obtained when the

boundary positions xi,f are held fixed as  !→ 0 , hence  n ∝ 1/!
ensuring a classical limit.

x ∝
√

! n

does not always imply classical physics. For the harmonic oscillator

(with fixed n).

!→ 0 as

!→ 0
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Dimensions: Requiring c = ε0 = 1[S] ≡ [
∫

d4xL] = [!] = E · L

[ψ] = E1/2 L−1 {ψ†(t,x),ψ(t, y)} = ! δ3(x− y)also from:

[Aµ] = E1/2 L−1/2

[m̃] = L−1 wave number! m̃ = m/!

!

(e is the classical charge)

α =
e2

4π! =
ẽ2!
4π

! 1
137

ẽ
We shall define the             limit by keeping the
quantities    ,      of the “classical” action fixedm̃

!→ 0

ẽ = e/!

LQED = ψ̄(i/∂ − ẽ /A− m̃)ψ − 1
4FµνFµν

!

[ẽ] = E−1/2 L−1/2

[e] = E+1/2 L+1/2
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Rescaling the fields with

Z =
∫

[DψDψ̄DA] exp
[

i

!

∫
d4xL

]
∝

∫
[Dψ̃D ¯̃ψDÃ] exp

[
i

∫
d4xL̃

]

The rescalings
 
introduce an    dependence in the interaction term:!

now appears only in the coupling:!

and the perturbative (loop) expansion is equivalent to the      expansion.!

ψ̃ ≡ ψ/
√

!, Ãµ ≡ Aµ/
√

!

α =
ẽ2!
4π

= O (!)

!

L̃ = ¯̃ψ(i/∂ − ẽ
√

! /̃A− m̃)ψ̃ − 1
4 (∂µÃν − ∂νÃµ)2
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A comment on:

!

This paper appears to use a different definition of the limit !→ 0
where m and e are held fixed, hence m̃ = m/!→∞, ẽ = e/!→∞

Then also α = e2/4π!→∞ hence the     and loop expansions are not 
equivalent.
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Much ado about nothing?

So     only appears via the fine structure constant % and the     expansion is 

equivalent to the standard perturbative expansion. What else is new?

Well, consider bound states: What is the Born term for bound states?

Ladder diagrams can contribute at lowest order in     (and %) when 

the loop momentum vanishes with     .

! !

!
!
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q = (0,q)

Extracting the O(    ) contribution in ladders (I)!0

k q–k

In CM elastic scattering the exchanged q0 = 0
and the Born term A1 is 

part of the loop integral 

  in A2

p1

p2

p1+k

p2–k

A1:

A2 :The

∝ !0

ẽ

ẽ
∝ ẽ2!

k0 ∝ ẽ2!|k|

O
(
ẽ2!

)

A2 ∼ ẽ2!
∫

dk0 ẽ2![
p0
1 + k0 −

√
(p1 + k)2 + m2 + iε

] [
p0
2 − k0 −

√
(p2 − k)2 + m2 + iε

]

O
(
ẽ2!

)

O
(
ẽ2!

)
O

(
ẽ2!

)
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The loop contributions which are 
reduce to scattering from a classical potential 

∑

n

An∝ !0

+ + + ...+

+ + + ...

$

=

Crossed ladder diagrams do not contribute
in the relevant                           region:

& 0  (no contribution          )∝ !0

$ The wave function satisfies a BSE with

a single photon kernel when 
=k

Extracting the O(    ) contribution in ladders (II)!0

k0 ∝ ẽ2!|k|

k0 ∝ ẽ2!|k|

Furthermore: 

standard scaling                                              of the non-relativistic

Schrödinger equation. No relativistic bound states at lowest order in     ! 

dominates (in the CM). Thus we have the|k| ∝ ẽ2!m

|k| ∝ αm, k0 ∝ α2m
!
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Recap (I)

We considered the hbar expansion in QED. The coupling     in the lagrangian 
has a different dimension than the classical charge e : ẽ = e/!

ẽ

ẽKeeping    fixed and rescaling the fields we found that hbar can be made to 
appear only in the coupling                    . 
Then lowest order in hbar is equivalent to lowest order in %.

α = ẽ2!

En,j = m



1 +
Z2α2

n− j − 1
2 +

√
(j + 1

2 )2 − Z2α2




−1/2

(j + 1
2 ≤ n)

Bound states derived from ladder diagrams at lowest order in % are non-

relativistic and described by the Schrödinger equation.

In particular, the Dirac Coulomb equation is not of lowest order in hbar. 
It has some, but not all (Lamb shift,...) higher order corrections.

Indeed, the Dirac energy levels are unphysical (complex) for Z % > 1 :
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Recap (II)

The hbar expansion has apparently led us into an impasse:

It appears not to yield the relativistic dynamics that is required to describe
hadrons from first principles, yet it is in the spirit of the Quark Model.

Then again, a strong principle is needed to organize the confusing status
of relativistic bound states.

The way out is to impose novel boundary conditions, different from those 
used in deriving the standard perturbative rules.

This will also allow us to introduce the scale 'QCD required for hadrons.

One opportunity presents itself: 
Allowing a homogeneous solution of the equations of motion, which gives a 
linear potential that survives in the               limit.

It gives a relativistic and potentially relevant description of hadrons.

!→ 0
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EOM for a non-relativistic bound state

We usually describe atoms (Hydrogen, Positronium) by solving the 
Schrödinger eq. for a particle with reduced mass µ in a Coulomb potential, 

V(r) = – %/r. Although V(r) appears as a fixed, external potential, 

r = |x1 – x2| is actually the distance between the two constituents.

 An equivalent view: For each constituent configuration (x1, x2) the gauge 
field A0(x;x1, x2) is determined by the field equation (Gauss’ law)

−∇2
xA0(x;x1,x2) = e

[
δ3(x− x1)− δ3(x− x2)

]

A0(x;x1,x2) =
e

4π

(
1

|x− x1| −
1

|x− x2|

)giving

Note that this field depends on the configuration, i.e., on the positions (x1, x2) 
of the constituents. The lagrangian has no time derivative            , hence 
A0 is instantaneous (does not depend on time in Coulomb gauge).

∂0A
0

•x1

•x2

•A0(x)

t
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Potential from the A0 field

The Coulomb potential V(r) of a given Fock state is obtained from the 
potential energies of the two constituents and the energy of the field:

V (r) = eA0(x = x1;x1,x2)− eA0(x = x2;x1,x2) + 1
4

∫
d3xFµνFµν

1
4

∫
d3xFµνFµν =

e2

4π

1
|x1 − x2|where was evaluated using A0(x;x1, x2).

Irrelevant infinities of the form 1/|x1 – x1| were discarded in V(r).

This view of the interaction energy is equivalent to the standard 
“central potential” one, but adds some insight.

= − e2

4π

1
|x1 − x2|

In particular, it allows us to consider a homogenous solution to Gauss’ law.
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Gauss’ law with a non-vanishing boundary condition

−∇2
xA0(x;x1,x2) = e

[
δ3(x− x1)− δ3(x− x2)

]

A0(x;x1,x2) = Λ2 !̂ · x +
e

4π

(
1

|x− x1| −
1

|x− x2|

)

Consider adding a homogeneous solution to Gauss’ law:

where ' and l are x-independent, but may depend on  x1, x2 

The action for the (x1, x2) configuration becomes

−
1

4

Z
d3x FµνF µν = 1

2Λ4
Z

d3x +
1

3
eΛ2!̂ · (x1 − x2)−

e2

4π

1

|x1 − x2|

The first (divergent) term must not depend on (x1, x2), hence ' # '(x1, x2)

Stationarity of the second term requires !̂ = !̂(x1,x2) ‖ x1 − x2
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The linear potential

With ' and l thus determined the A0 field gives the potential

The linear term involves the non-perturbative scale e'2 set by the non-

vanishing boundary condition on Fµ( Fµ(  for | x | & ) for each configuration.

Stationarity of the action ensured rotational invariance. Also boost 
covariance is fulfilled, in a non-trivial way as we shall see later.

Each Fock state (x1, x2) has a constant electric field extending to | x | = ).

A distant observer sees the coherent field summed over Fock states which 
vanishes for neutral states.  

V (x1,x2) =
2
3
eΛ2|x1 − x2|− e2

4π|x1 − x2|

The coefficient of the linear potential may be taken to be  independent of    , 
allowing relativistic bound states at lowest order in    .!

!
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Using retarded propagators at    !0

The bound state energies ER of a fermion in an instantaneous potential

=
R(ER,p)
p0 − ER

+ . . .+ + + ...+ k1 k2

p0,0 p0, p

p

p0
p0 p0

p0,0
G(p0,p) =

may be evaluated using retarded propagators (since p0  # – Ep)

SR(p0,p) = i
/p + me

(p0 − Ep + iε)(p0 + Ep+iε)

which only propagate forward in time,

SR(t,p) =
θ(t)
2Ep

[
(Epγ

0 − p · γ + me)e−iEpt + (Epγ
0 + p · γ −me)eiEpt

]

thus allowing a hamiltonian description.

Tree diagrams are independent of the i* prescription.
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k1 k2=

t2t1E E

Ei > 0

Retarded (t, p)

k1 k2

p0

Covariant (p0, p)

p0
p0

k1 k2

k1k2

= +

t2t1

t1

t2p0
p0 p0

p0

Feynman (t, p)

Wave function dependence on i* 

The time-ordered diagrams, and hence also the equal-time wave functions of 
bound states, depend on the i* prescription,

Ei > 0

Ei < 0

Ei < 0

The Dirac “single particle” states
with E > 0 and E < 0 are obtained
with retarded propagators.

The E < 0 states correspond to 
intermediate states with extra 
particle pairs using the causal 
(Feynman) prescription.

Bound state energies are independent of i* only at lowest order in    ! !

Text
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which is local in x.
In the operator formalism the “retarded vacuum” state |0〉R is expressed in terms of

the standard Dirac vacuum |0〉 as

|0〉R = N−1
∏

p,λ

d†
p,λ|0〉 (2.24)

with the (infinite) normalization factor N fixed by R〈0|0〉R = 1. The retarded vacuum
satisfies

bp,λ|0〉R = d†
p,λ|0〉R = 0 and hence ψ(x)|0〉R = 0 (2.25)

where ψ(x) is the free (interaction picture) fermion field. Consequently the retarded prop-
agator (2.15) is given by the standard operator matrix element in the retarded vacuum,

SR(x − y) = R〈0| T [ψ(x)ψ̄(y)] |0〉R (2.26)

The negative energy contribution to the propagator in (2.15) arises from the d†d term,
which represents the removal of a positive energy antifermion from |0〉R.

3. Bound state equations in QED

3.1 The Dirac equation

Recognizing that stable fermion bound states in an external potential may (at lowest order
in !) be evaluated in the retarded vacuum (2.24) we may define the Bethe-Salpeter wave
function φ(t,x) (a c-numbered Dirac spinor) as

φ(t,x) = R〈0|ψ(t,x)|E, t〉 (3.1)

where ψ(t,x) is the Dirac field in the interaction picture,

ψ(x) =
∫

d3p

(2π)3 2Ep

∑

λ

[
u(p, λ)e−ip·xbp,λ + v(p, λ)eip·xd†

p,λ

]
(3.2)

The bound state at t = 0 is parametrized in terms of its Dirac wave function ϕ(x) as

|E, t = 0〉 =
∫

d3xψ†(t = 0,x)ϕ(x)|0〉R

=
∫

d3p

(2π)3 2Ep

∑

λ

[
u†(p, λ)ϕ(p)b†p,λ|0〉R + v†(−p, λ)ϕ(p)d−p,λ|0〉R

]
(3.3)

Hence the negative energy components of ϕ(p) describe a state where d−p,λ has removed
a positive energy antifermion from |0〉R. Using the canonical anticommutation relation

{
ψ(t, x), ψ†(t, x′)

}
= δ3(x − x′) (3.4)

we find φ(0,x) = ϕ(x). The time dependence of |E, t〉 is given by the interaction Hamil-
tonian

HI(t) = e

∫
d3x A0(x) ψ†(t,x)ψ(t,x) (3.5)

– 9 –

The retarded propagator:

where

which is local in x.
In the operator formalism the “retarded vacuum” state |0〉R is expressed in terms of

the standard Dirac vacuum |0〉 as

|0〉R = N−1
∏

p,λ

d†
p,λ|0〉 (2.24)

with the (infinite) normalization factor N fixed by R〈0|0〉R = 1. The retarded vacuum
satisfies

bp,λ|0〉R = d†
p,λ|0〉R = 0 and hence ψ(x)|0〉R = 0 (2.25)

where ψ(x) is the free (interaction picture) fermion field. Consequently the retarded prop-
agator (2.15) is given by the standard operator matrix element in the retarded vacuum,

SR(x − y) = R〈0| T [ψ(x)ψ̄(y)] |0〉R (2.26)

The negative energy contribution to the propagator in (2.15) arises from the d†d term,
which represents the removal of a positive energy antifermion from |0〉R.

3. Bound state equations in QED

3.1 The Dirac equation

Recognizing that stable fermion bound states in an external potential may (at lowest order
in !) be evaluated in the retarded vacuum (2.24) we may define the Bethe-Salpeter wave
function φ(t,x) (a c-numbered Dirac spinor) as

φ(t,x) = R〈0|ψ(t,x)|E, t〉 (3.1)

where ψ(t,x) is the Dirac field in the interaction picture,

ψ(x) =
∫

d3p

(2π)3 2Ep

∑

λ

[
u(p, λ)e−ip·xbp,λ + v(p, λ)eip·xd†

p,λ

]
(3.2)

The bound state at t = 0 is parametrized in terms of its Dirac wave function ϕ(x) as

|E, t = 0〉 =
∫

d3xψ†(t = 0,x)ϕ(x)|0〉R

=
∫

d3p

(2π)3 2Ep

∑

λ

[
u†(p, λ)ϕ(p)b†p,λ|0〉R + v†(−p, λ)ϕ(p)d−p,λ|0〉R

]
(3.3)

Hence the negative energy components of ϕ(p) describe a state where d−p,λ has removed
a positive energy antifermion from |0〉R. Using the canonical anticommutation relation

{
ψ(t, x), ψ†(t, x′)

}
= δ3(x − x′) (3.4)

we find φ(0,x) = ϕ(x). The time dependence of |E, t〉 is given by the interaction Hamil-
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HI(t) = e

∫
d3x A0(x) ψ†(t,x)ψ(t,x) (3.5)
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is the “retarded vacuum”, for which

ψ(x)|0〉R =
∫ ∑

λ

[
u(p,λ)e−ip·xbp,λ + v(p,λ)eip·xd†

p,λ

]
|0〉R = 0

Hence in the Interaction Picture:

HI(t)|0〉R = e

∫
d3x A0(x)ψ†(t,x)ψ(t,x)|0〉R= 0

No particle production in the retarded vacuum.

SR(p) = i
/p + m

(p0 −
√

p2 + m2 + iε)(p0 +
√

p2 + m2+iε)

can be expressed as:

Describes physics at 
lowest order in hbar.

Operator description of retarded propagation 
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Dirac equation from Hamiltonian formulation

which is local in x.
In the operator formalism the “retarded vacuum” state |0〉R is expressed in terms of

the standard Dirac vacuum |0〉 as

|0〉R = N−1
∏

p,λ

d†
p,λ|0〉 (2.24)

with the (infinite) normalization factor N fixed by R〈0|0〉R = 1. The retarded vacuum
satisfies

bp,λ|0〉R = d†
p,λ|0〉R = 0 and hence ψ(x)|0〉R = 0 (2.25)

where ψ(x) is the free (interaction picture) fermion field. Consequently the retarded prop-
agator (2.15) is given by the standard operator matrix element in the retarded vacuum,

SR(x − y) = R〈0| T [ψ(x)ψ̄(y)] |0〉R (2.26)

The negative energy contribution to the propagator in (2.15) arises from the d†d term,
which represents the removal of a positive energy antifermion from |0〉R.
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in !) be evaluated in the retarded vacuum (2.24) we may define the Bethe-Salpeter wave
function φ(t,x) (a c-numbered Dirac spinor) as

φ(t,x) = R〈0|ψ(t,x)|E, t〉 (3.1)

where ψ(t,x) is the Dirac field in the interaction picture,

ψ(x) =
∫

d3p

(2π)3 2Ep

∑

λ

[
u(p, λ)e−ip·xbp,λ + v(p, λ)eip·xd†

p,λ

]
(3.2)

The bound state at t = 0 is parametrized in terms of its Dirac wave function ϕ(x) as

|E, t = 0〉 =
∫

d3xψ†(t = 0,x)ϕ(x)|0〉R

=
∫

d3p

(2π)3 2Ep

∑

λ

[
u†(p, λ)ϕ(p)b†p,λ|0〉R + v†(−p, λ)ϕ(p)d−p,λ|0〉R

]
(3.3)

Hence the negative energy components of ϕ(p) describe a state where d−p,λ has removed
a positive energy antifermion from |0〉R. Using the canonical anticommutation relation

{
ψ(t, x), ψ†(t, x′)

}
= δ3(x − x′) (3.4)

we find φ(0,x) = ϕ(x). The time dependence of |E, t〉 is given by the interaction Hamil-
tonian

HI(t) = e

∫
d3x A0(x) ψ†(t,x)ψ(t,x) (3.5)
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The bound state:

where +(x) is the Dirac wave function. 
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with the (infinite) normalization factor N fixed by R〈0|0〉R = 1. The retarded vacuum
satisfies

bp,λ|0〉R = d†
p,λ|0〉R = 0 and hence ψ(x)|0〉R = 0 (2.25)

where ψ(x) is the free (interaction picture) fermion field. Consequently the retarded prop-
agator (2.15) is given by the standard operator matrix element in the retarded vacuum,

SR(x − y) = R〈0| T [ψ(x)ψ̄(y)] |0〉R (2.26)

The negative energy contribution to the propagator in (2.15) arises from the d†d term,
which represents the removal of a positive energy antifermion from |0〉R.

3. Bound state equations in QED

3.1 The Dirac equation

Recognizing that stable fermion bound states in an external potential may (at lowest order
in !) be evaluated in the retarded vacuum (2.24) we may define the Bethe-Salpeter wave
function φ(t,x) (a c-numbered Dirac spinor) as

φ(t,x) = R〈0|ψ(t,x)|E, t〉 (3.1)

where ψ(t,x) is the Dirac field in the interaction picture,

ψ(x) =
∫

d3p

(2π)3 2Ep

∑

λ

[
u(p, λ)e−ip·xbp,λ + v(p, λ)eip·xd†

p,λ

]
(3.2)

The bound state at t = 0 is parametrized in terms of its Dirac wave function ϕ(x) as

|E, t = 0〉 =
∫

d3xψ†(t = 0,x)ϕ(x)|0〉R

=
∫

d3p

(2π)3 2Ep

∑

λ

[
u†(p, λ)ϕ(p)b†p,λ|0〉R + v†(−p, λ)ϕ(p)d−p,λ|0〉R

]
(3.3)

Hence the negative energy components of ϕ(p) describe a state where d−p,λ has removed
a positive energy antifermion from |0〉R. Using the canonical anticommutation relation

{
ψ(t, x), ψ†(t, x′)

}
= δ3(x − x′) (3.4)

we find φ(0,x) = ϕ(x). The time dependence of |E, t〉 is given by the interaction Hamil-
tonian

HI(t) = e

∫
d3x A0(x) ψ†(t,x)ψ(t,x) (3.5)
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Fock amplitude:

for a stationary
 state

= ϕ(x) exp(−iEt)where we take the external field to be coulombic.
The stationarity requirement for a bound state at t = 0 is

i
dφ(0,x)

dt
= R〈0|i

dψ(0,x)
dt

|E, 0〉+ R〈0|ψ(t,x)HI |E, t〉 = Eφ(0,x) (3.6)

The interaction picture fields satisfy

i
dψ(t,x)

dt
= γ0(−i∇ · γ + m)ψ(t,x) (3.7)

while making use of R〈0|ψ†(t,x) = 0 we readily find

R〈0|ψ(0,x)HI |E, 0〉 = eA0(x)ϕ(x) (3.8)

Using these relations in (3.6) gives the Dirac equation for the wave function ϕ(x) of a
bound state of energy E in the external potential A0(x),

(−i∇ · γ + eγ0A0(x) + m)ϕ(x) = Eγ0ϕ(x) (3.9)

3.2 The fermion-antifermion bound state

In this section we consider a fermion-antifermion state bound by the instantaneous QED
potential A0(x). We first illustrate our method by deriving the standard non-relativistic
Schrödinger equation for muonium. This shows how, in contrast to the case of a fixed
external potential, A0(x) is constrained by the equation of motion separately for each Fock
state component. We then note that the homogenous equation of motion ∇2A0(x) = 0
trivially allows also a linearly term, A0(x) = c ·x where c is fixed by the stationarity of the
action −1

4

∫
d4x FµνFµν , which minimizes the field energy and gives rise to a rotationally

invariant linear potential.
The derivation uses as boundary condition the retarded vacuum (2.24), which as dis-

cussed above is valid at O
(
!0

)
(no loops) for stable bound states. In the non-relativistic

limit transverse photons (A = 0) do not contribute at leading order. The case of relativistic
motion will be considered in the next section.

For simplicity of presentation we consider the fermions to be distinct, labelled “e” and
“µ”, respectively. The state at t = 0 is parametrized in analogy to (3.3) as

|E, t = 0〉 =
∫

dy1dy2 ψ†
e(t = 0,y1)χ(y1,y2)ψµ(t = 0,y2)|0〉R (3.10)

where the wave function χ(y1,y2) is a 4 × 4 matrix in Dirac space. For a natural non-
relativistic reduction to an e−µ+ state we define the (properly normalized) retarded vacuum
corresponding to (2.24) as

|0〉R = N−1
∏

p,λ

d†
e b†µ|0〉 (3.11)

implying
ψe(t,y)|0〉R = ψ†

µ(t,y)|0〉R = 0 (3.12)

– 10 –

From

follows the Dirac equation:
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Schrödinger equation for muonium. This shows how, in contrast to the case of a fixed
external potential, A0(x) is constrained by the equation of motion separately for each Fock
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trivially allows also a linearly term, A0(x) = c ·x where c is fixed by the stationarity of the
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∫
d4x FµνFµν , which minimizes the field energy and gives rise to a rotationally

invariant linear potential.
The derivation uses as boundary condition the retarded vacuum (2.24), which as dis-

cussed above is valid at O
(
!0

)
(no loops) for stable bound states. In the non-relativistic

limit transverse photons (A = 0) do not contribute at leading order. The case of relativistic
motion will be considered in the next section.

For simplicity of presentation we consider the fermions to be distinct, labelled “e” and
“µ”, respectively. The state at t = 0 is parametrized in analogy to (3.3) as

|E, t = 0〉 =
∫

dy1dy2 ψ†
e(t = 0,y1)χ(y1,y2)ψµ(t = 0,y2)|0〉R (3.10)

where the wave function χ(y1,y2) is a 4 × 4 matrix in Dirac space. For a natural non-
relativistic reduction to an e−µ+ state we define the (properly normalized) retarded vacuum
corresponding to (2.24) as

|0〉R = N−1
∏

p,λ

d†
e b†µ|0〉 (3.11)

implying
ψe(t,y)|0〉R = ψ†

µ(t,y)|0〉R = 0 (3.12)
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Remember: There are Fock states with virtual pairs in the standard vacuum | 0 ,



Paul Hoyer Zakopane 12 June 2010

30

Determination of A0 for an e–µ+ bound state
The equal-time Bethe-Salpeter wave function (with explicit Dirac indices for clarity)

should have a stationary time dependence,

φαβ(t;x1,x2) = R〈0|ψ†
µβ(t,x2)ψeα(t,x1)|E, t〉 = e−iEtφαβ(t = 0;x1,x2) (3.13)

where φαβ(t = 0;x1,x2) = χαβ(x1,x2) follows from the anticommutation relation (3.4)
and (3.12).

Matrix elements of the operator equation of motion for the photon field Aν

∂µFµν(x) − e
∑

i=e,µ

ψ̄i(x)γνψi(x) = 0 (EOM) (3.14)

constrain the instantaneous A0 field and allow to judge the accuracy of our bound state
approximation. The relevant matrix element for the BS amplitude (3.13) at t = 0 is

R〈0|ψ†
µβ(0,x2)ψeα(0,x1) (EOM) |E, 0〉 = 0 (3.15)

Since the states do not contain physical (transverse) photons only the classical (instanta-
neous) A0 field survives in Fµν(x) at lowest order in the coupling e. For ν = 0 in (3.14)
the constraint (3.15) is

χαβ(x1,x2)
[
−∇2A0(x)

]
= e

∑

i=e,µ

R〈0|ψ†
µβ(0,x2)ψeα(0,x1) ψ†

i (0,x)ψi(0,x) |E, 0〉

= e
[
δ3(x − x1) − δ3(x − x2)

]
χαβ(x1,x2) (3.16)

where we used

ψe(0,x)†ψe(0,x)|E, 0〉 = ψ†
e(0,x)

∫
d3y2χ(x,y2)ψµ(0,y2)|0〉R (3.17)

The standard solution is

A0(x) =
e

4π

(
1

|x − x1| −
1

|x − x2|

)
(3.18)

The interpretation of this result differs from the case where A0(x) is regarded as a fixed
external field, which is sampled by the charged particles according to their positions x1 and
x2. Now there is no external field but rather a bound state (3.10) which is a superposition
of Fock states. The gauge field A0(x) is constrained for each Fock component and each
instant of time by the QED equation of motion. If we would measure A0(x) far away from
the muonium atom we would need to average over all Fock states and find that the its
monopole (1/r) component vanishes (or more generally, is proportional to the sum of the
constituent charges). On the other hand, if the probe were so close to the constituents that
it weights the various Fock states differently it would detect the individual Fock components
(3.18) of the potential.

With ν = j (= 1, 2, 3) in (3.15) even the A0 field does not contribute (∂0 A0 = 0) and
thus

e δ3(x − x1)(γ0γjχ)αβ − e δ3(x − x2)(χγ0γj)αβ = 0 (3.19)
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(matrix element = 0) $

(operator EOM)

−∇2
xA0(x;x1,x2) = e

[
δ3(x− x1)− δ3(x− x2)

]

Relativistically moving charges generate Ai # 0 at O(e).

Neglecting O(e2) only A0 survives and the potential is purely linear:

V (x1,x2) =
2
3
eΛ2|x1 − x2|
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Bound state equation for a linear potential

Keeping only the linear, O(   0 )  A0 field in HI , 

and requiring stationarity:

i
dφαβ(0;x1,x2)

dt
= 〈0|i

dψ†
µβ(0,x2)

dt
ψeα(0,x1)|E, 0〉 + iψ†

µβ(0,x2)
dψeα(0,x1)

dt
|E, 0〉

+〈0|ψ†
µβ(0,x2)ψeα(0,x1)[HI(0) + EA]|E, 0〉 = E φαβ(0;x1,x2)

EA = −
1

3
eΛ2|x1 − x2|where is the energy stored in the field, which gives

dt

•x1

•x2

•A0(x)φαβ(t;x1,x2) ≡R 〈0|ψµβ(t,x2)ψ†
eα(t,x1)|E, t〉

= e−iEtφαβ(t = 0;x1,x2)

imposes:

γ0(−i∇1 · γ + me)χ(x1,x2) − χ(x1,x2)γ0(i∇2 · γ + mµ)

= [E − V (x1,x2)]χ(x1,x2)

!
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Remarks

We have derived an              “Born level” bound state equation for QED (an 
analogous equation applies to QCD, see next slides).

O
(
!0

)

The linear potential results from a non-trivial boundary condition on A0.

The bound states have some unusual and welcome features:

• The bound state energies are covariant under boosts (this holds only for 
a linear potential)

• Abundant virtual pair production resembles features of the parton model

The explicit derivation allows to explore in detail the properties of the 
bound states and the inclusion of higher order corrections.

The bound state is described by a natural extension of the 
Dirac equation to two particles, which was already studied 
phenomenologically.

Breit (1929)

Suura et al (1977)

Krolikowski et al
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ud meson states in in QCD

LQCD = − 1
4Fµν

a F a
µν +

∑
f ψ̄A

f (i/∂ − g /AaT a
AB −mf )ψB

f

Fµν
a = ∂µAν

a − ∂νAµ
a − gfabcA

µ
b Aν

c

|E, t = 0〉 =
∫

d3y1d
3y2 ψA†

u (t = 0,y1)χ
AB(y1,y2)ψ

B
d (t = 0,y2)|0〉R

–

Under time-independent gauge transformations
the wave function transforms as 

ψ(t,x)→ U(x)ψ(t,x)

χ(y1,y2)→ U(y1)χ(y1,y2)U
†(y2)

In a gauge where χAB(y1,y2) = δABχ(y1,y2)

only the diagonal color fields A0
a with a = 3,8 can be nonzero.

Since fa38 = 0 the commutator terms do not contribute at O(g).
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Fock states with quarks of color C give the EOM for A0
a

−∇2A0
a(x) = g TCC

a

[
δ3(x− x1)− δ3(x− x2)

]

A0
a(x;x1,x2, C) = Λ2

a !̂a · x +
gTCC

a

4π

(
1

|x− x1| −
1

|x− x2|

)
(a = 3, 8)

−1
4

∑

a

∫
d3xF a

µνFµν
a =

∑

a=3,8

[
1
2
Λ4

a

∫
d3x +

1
3
gΛ2

a TCC
a !̂a · (x1 − x2) + O

(
g2

)]

must be independent of x1, x2 , and

(no sum over the quark color C). With the homogeneous solution (??) we have then for
a = 3, 8 the instantaneous potential

A0
a(x;x1,x2, C) = Λ2

a !̂a · x +
gTCC

a

4π

(
1

|x− x1|
− 1

|x− x2|

)
(a = 3, 8) (5.15)

As in the non-relativistic QED case (??) the field A0
a depends on the positions of the quarks,

and now also on their color. Since (??) is a solution of the EOM the action is stationary
under local variations of A0

a, for any constants Λa and unit vectors !̂a. However, variations
of these parameters is a global variation which can affect the action. In fact,

− 1
4

∑

a

∫
d3xF a

µνF
µν
a =

1
2

∑

a

∫
d3x (∇A0

a)
2 (5.16)

=
∑

a=3,8

[
1
2
Λ4

a

∫
d3x +

1
3
gΛ2

a TCC
a !̂a · (x1 − x2) + O

(
g2

)]

The parameter
∑

a=3,8 Λ4
a is multiplied by the (infinite) volume of space. This term does

not affect bound state evolution provided it is the same for all Fock components. Hence

Λ4 ≡
∑

a=3,8

Λ4
a (5.17)

should be a universal constant, independent of x1,x2 and the quark color C. The O (g)
interference term is finite and was evaluated as in (??). It is stationary wrt. variations of
the unit vectors !̂a provided !̂a ‖ x1 − x2. Choosing !̂a = TCC

a (x1 − x2)/|TCC
a (x1 − x2)|

gives (as seen below) an attractive linear potential ∝
∑

a gΛ2
a|TCC

a (x1−x2)| between quarks
of color C.

The (instantaneous) action (??) should be stationary also wrt. variations in the ratio
Λ3/Λ8 which leaves Λ in (??) invariant. Using a lagrange multiplier λ, the extremum of
the O (g) term in (??) for quark color C = 1,

SC=1
int =

g

6

(
Λ2

3 +
1√
3
Λ2

8

)
|x1 − x2| + λ(Λ4 − Λ4

3 − Λ4
8) (5.18)

for variations of Λ3,Λ8 and λ gives Λ2
3/Λ2

8 =
√

3 and thus

SC=1
int =

gΛ2

3
√

3
|x1 − x2| (5.19)

The calculation and result is the same for C = 2, whereas for C = 3 the extremum of

SC=3
int =

gΛ2
8

3
√

3
|x1 − x2| + λ(Λ4 − Λ4

3 − Λ4
8) (5.20)

is obtained for Λ3 = 0, Λ8 = Λ, giving SC=3
int = SC=1

int ≡ Sint. The fact that the stationary
value of the interference term is independent of quark color is a consequence of the color
singlet nature of the action (??) and the color covariance of the EOM.

– 16 –

(no sum over the quark color C). With the homogeneous solution (??) we have then for
a = 3, 8 the instantaneous potential

A0
a(x;x1,x2, C) = Λ2

a !̂a · x +
gTCC

a

4π

(
1

|x− x1|
− 1

|x− x2|

)
(a = 3, 8) (5.15)

As in the non-relativistic QED case (??) the field A0
a depends on the positions of the quarks,

and now also on their color. Since (??) is a solution of the EOM the action is stationary
under local variations of A0

a, for any constants Λa and unit vectors !̂a. However, variations
of these parameters is a global variation which can affect the action. In fact,

− 1
4

∑

a

∫
d3xF a

µνF
µν
a =

1
2

∑

a

∫
d3x (∇A0

a)
2 (5.16)

=
∑

a=3,8

[
1
2
Λ4

a

∫
d3x +

1
3
gΛ2

a TCC
a !̂a · (x1 − x2) + O

(
g2

)]

The parameter
∑

a=3,8 Λ4
a is multiplied by the (infinite) volume of space. This term does

not affect bound state evolution provided it is the same for all Fock components. Hence

Λ4 ≡
∑

a=3,8

Λ4
a (5.17)

should be a universal constant, independent of x1,x2 and the quark color C. The O (g)
interference term is finite and was evaluated as in (??). It is stationary wrt. variations of
the unit vectors !̂a provided !̂a ‖ x1 − x2. Choosing !̂a = TCC

a (x1 − x2)/|TCC
a (x1 − x2)|

gives (as seen below) an attractive linear potential ∝
∑

a gΛ2
a|TCC

a (x1−x2)| between quarks
of color C.

The (instantaneous) action (??) should be stationary also wrt. variations in the ratio
Λ3/Λ8 which leaves Λ in (??) invariant. Using a lagrange multiplier λ, the extremum of
the O (g) term in (??) for quark color C = 1,

SC=1
int =

g

6

(
Λ2

3 +
1√
3
Λ2

8

)
|x1 − x2| + λ(Λ4 − Λ4

3 − Λ4
8) (5.18)

for variations of Λ3,Λ8 and λ gives Λ2
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8 =
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Determining '3/'8 from stationarity it turns out that 

the potential is independent of the quark color C,

Having determined the parameters Λa and !̂a in the A0
a potential (??) for each Fock

state we may now proceed to impose a stationary time dependence on the bound state, as
already indicated in (??). Analogously to the non-relativistic case (??) we have

i
dφCD

αβ (0;x1,x2)
dt

= R〈0|i
dψD†

dβ (0,x2)
dt

ψC
uα(0,x1)|E, 0〉 + iψD†

dβ (0,x2)
dψC

uα(0,x1)
dt

|E, 0〉

+R〈0|ψD†
dβ (0,x2)ψC

uα(0,x1)[HI(0)− Sint]|E, 0〉 = E φCD
αβ (0;x1,x2) (5.21)

where the energy in the field contributes −Sint as shown in (??). The interaction hamilto-
nian

HI(t) = g
∑

f=u,d

∫
d3xψA†

f (t,x)A0
a(x)TAB

a ψB
f (t, x) (5.22)

is diagonal in color for the field (??) and thus consistent with the color structure (??)
of the wave function. Its matrix element in the bound state equation (??) with C = D

contributes (no sum on C, and neglecting terms of O
(
g2

)
),

R〈0|ψC†
dβ (0,x2)ψC

uα(0,x1)HI(0)|E, 0〉 = g
∑

a

TCC
a

[
A0

a(x1)−A0
a(x2)

]
χ(x1,x2)

= g
∑

a

Λ2
a |TCC

a (x1 − x2)|χ(x1,x2) =
gΛ2

√
3
|x1 − x2| = 3Sint (5.23)

Thus the interaction energy is independent of the quark color C, similarly to the instanta-
neous action Sint.

Using (??) the bound state equation (??) for the color singlet ud̄ wave function becomes

γ0(−i∇1 ·γ +mu)χ(x1,x2)−χ(x1,x2)γ0(i∇2 ·γ +md) = [E−V (x1,x2)]χ(x1,x2) (5.24)

which has the same form as (??) for non-relativistic QED atoms. Due to the use of the
retarded vacuum (??) this equation may be applied also to relativistic bound states at
lowest order in ! and to O (g) in the gauge coupling with the linear potential

V (x1,x2) =
2gΛ2

3
√

3
|x1 − x2| (5.25)

where Λ is a free parameter with dimension of mass. Separating the CM momentum k

according to
χ(x1,x2) = eik·(x1+x2)/2 χk(x1 − x2) (5.26)

the bound state equation reduces to the form (??) given in Section ??.
The bound state equation (??) is a rather natural generalization of the Dirac equation

and as such has been studied before [?, ?, ?, ?]. As mentioned in Section ?? it has several
intriguing properties, in particular a correct dependence of the bound state energy E on the
center-of-mass momentum k, and rapid oscillations of the wave function at large distances
r between the quarks, where V (r) % E.
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and the bound state equation for the color singlet wave function . 

has the same form as in QED.
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uds baryon states in in QCD

6. Baryon bound state equation in QCD

The derivation of the baryon uds equation follows the same principles as that of mesons,
giving a specific three quark potential. I assume distinctly flavored quarks for simplicity.

The baryon state at t = 0 is expressed as

|E, t = 0〉 =
∫ 3∏

j=1

d3yj ψA†
uα1

(t = 0,y1)ψ
B†
dα2

(t = 0,y2)ψ
C†
sα3

(t = 0,y3)χ
α1α2α3
ABC (y1,y2,y3)|0〉R

(6.1)
where now6

|0〉R = N−1
∏

p,λ,A

dA†
u (p, λ) dA†

d (p, λ) dA†
s (p, λ)|0〉 (6.2)

The baryon state (6.1) is invariant under time independent gauge transformations ψA(t, x) →
UAA′(x)ψA′(t,x) provided the wave function is transformed as

χABC(x1,x2,x3) → UAA′
(x1)UBB′

(x2)UCC′
(x3)χA′B′C′(x1,x2,x3) (6.3)

I assume that there is a gauge where the wave function has the standard color dependence

χα1α2α3
ABC (x1,x2,x3) = εABCχα1α2α3(x1,x2,x3) (6.4)

As for mesons, this allows O
(
g0

)
instantaneous gauge fields A0

a only for a = 3, 8. The color
ABC = 123 Fock state matrix elements of the QCD equations of motion

R〈0|ψ3†
sα3

(t,x3)ψ2†
dα2

(t,x2)ψ1†
uα1

(t, x1)
[
∂µFµν

a +gfabcF
µν
b Ac

µ−g
∑

f=u,d,s

ψ̄A
f γνTAB

a ψB
f

]
|E, t〉 = 0

(6.5)
give for a = 3, 8 and ν = 0

−∇2A0
a(x) + gfabcF

j0
b A0

c = g
3∑

j=1

T jj
a δ3(x− xj) (a = 3, 8) (6.6)

The commutator term ∝ fabc does not contribute at O (g) when the O
(
g0

)
fields appear

only in the commuting elements (b, c = 3, 8) of SU(3). The solution including homogeneous
linear terms are then to O (g)

A0
3(x; {xi}, ABC = 123) = Λ2

3 !̂3 · x +
g

4π

1
2

(
1

|x− x1|
− 1

|x− x2|

)
(6.7)

A0
8(x; {xi}, ABC = 123) = Λ2

8 !̂8 · x +
g

4π

1
2
√

3

(
1

|x− x1|
+

1
|x− x2|

− 2
1

|x− x3|

)

This gives the instantaneous action corresponding to (5.16),

−1
4

∑

a

∫
d3xF a

µνF
µν
a =

∑

a=3,8

[
1
2
Λ4

a

∫
d3x + S123

int + O
(
g2

)]
(6.8)

6This definition of the retarded vacuum is different from (5.2) for mesons. This incompatibility needs

to be addressed in order to treat meson-baryon interactions.
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(6.5)
give for a = 3, 8 and ν = 0

−∇2A0
a(x) + gfabcF

j0
b A0

c = g
3∑

j=1

T jj
a δ3(x− xj) (a = 3, 8) (6.6)

The commutator term ∝ fabc does not contribute at O (g) when the O
(
g0

)
fields appear

only in the commuting elements (b, c = 3, 8) of SU(3). The solution including homogeneous
linear terms are then to O (g)

A0
3(x; {xi}, ABC = 123) = Λ2

3 !̂3 · x +
g

4π

1
2

(
1

|x− x1|
− 1

|x− x2|

)
(6.7)

A0
8(x; {xi}, ABC = 123) = Λ2

8 !̂8 · x +
g

4π

1
2
√

3

(
1

|x− x1|
+

1
|x− x2|

− 2
1

|x− x3|

)

This gives the instantaneous action corresponding to (5.16),

−1
4

∑

a

∫
d3xF a

µνF
µν
a =

∑

a=3,8

[
1
2
Λ4

a

∫
d3x + S123

int + O
(
g2

)]
(6.8)

6This definition of the retarded vacuum is different from (5.2) for mesons. This incompatibility needs

to be addressed in order to treat meson-baryon interactions.
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the relevant gauge fields are, for quark colors ABC = 123 

A0
3(x; {xi}, ABC = 123) = Λ2

3 !̂3 · x +
g

4π

1
2

(
1

|x− x1|
− 1

|x− x2|

)

A0
8(x; {xi}, ABC = 123) = Λ2

8 !̂8 · x +
g

4π

1
2
√

3

(
1

|x− x1|
+

1
|x− x2|

− 2
1

|x− x3|

)

and the interference term of O(g) in the action is

and is stationary for

S123
int =

gΛ2
3

6
!̂3 · (x1 − x2) +

gΛ2
8

6
√

3
!̂8 · (x1 + x2 − 2x3)
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!̂3 ‖ x1 − x2, !̂8 ‖ x1 + x2 − 2x3

Similarly to the meson case the O
(
g0

)
term proportional to the (infinite) volume of space

must be universal, implying the constraint (5.17). The O (g) interference term for the color
component ABC = 123 is

S123
int =

gΛ2
3

6
!̂3 · (x1 − x2) +

gΛ2
3

6
√

3
!̂8 · (x1 + x2 − 2x3)

=
gΛ2

3

6
|x1 − x2| +

gΛ2
3

6
√

3
|x1 + x2 − 2x3| + λ(Λ4 − Λ4

3 − Λ4
8) (6.9)

where in the second line I used stationarity of S123
int to fix the directions of the unit vectors,

!̂3 ‖ x1 − x2 and !̂8 ‖ x1 + x2 − 2x3, and added the lagrange multiplier for the constraint
(5.17). The extremum of S123

int is obtained with

Λ2
3

Λ2
8

=
√

3
|x1 − x2|

|x1 + x2 − 2x3|
(6.10)

giving

S123
int =

gΛ2

3
√

3

√
x2

1 + x2
2 + x2

3 − x1 · x2 − x2 · x3 − x3 · x1 (6.11)

This expression is fully symmetric under permutations of x1 ↔ x2 ↔ x3, ensuring that the
same result will be obtained for all color components of the wave function (6.4): S123

int =
S213

int = . . . ≡ Sint .
The stationarity condition for the baryon state (6.1),

i
d

dt
|E, t〉 = E|E, t〉 (6.12)

imposes an O (g) condition on the wave function χα1α2α3
ABC (x1,x2,x3) which is analogous to

(5.21) for mesons. In the interaction Hamiltonian (5.22) only the linear, O
(
g0

)
terms in

the gauge fields (6.7) need be considered, with the parameters !̂3, !̂8 and Λ3/Λ8 determined
as above by the extremum of the action for each Fock state. The stationarity condition is
diagonal in color and for the ABC = 123 color component reads

3∑

j=1

[
γ0(−i∇j · γ + mj)

]
χ(x1,x2,x3) + g

3∑

j=1

∑

a=3,8

T jj
a A0

a(xj)χ = (E + Sint)χ (6.13)

where the interaction term on the lhs. is

gΛ2
3

2
!̂3 · (x1 − x2) +

gΛ2
8

2
√

3
!̂8 · (x1 + x2 − 2x3) = 3Sint(x1,x2,x3) (6.14)

The fact that Sint given by (6.11) is a symmetric function of the quark positions xj implies
that the potential is the same for all color components and thus compatible with the color
structure (6.4) of the wave function. The bound state equation for the uds baryon wave
function χ(x1,x2,x3) is then

3∑

j=1

[
γ0(−i∇j · γj + mj)

]
χ = (E − V )χ (6.15)
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For different colors ABC = 213, etc., the result is given by x1 / x2 , etc.

When expressed in terms of the universal strength
the potential obtained for stationary action is
the same for all color choices ABC,

(no sum over the quark color C). With the homogeneous solution (??) we have then for
a = 3, 8 the instantaneous potential

A0
a(x;x1,x2, C) = Λ2

a !̂a · x +
gTCC

a

4π

(
1

|x− x1|
− 1

|x− x2|

)
(a = 3, 8) (5.15)

As in the non-relativistic QED case (??) the field A0
a depends on the positions of the quarks,

and now also on their color. Since (??) is a solution of the EOM the action is stationary
under local variations of A0

a, for any constants Λa and unit vectors !̂a. However, variations
of these parameters is a global variation which can affect the action. In fact,

− 1
4

∑

a

∫
d3xF a

µνF
µν
a =

1
2

∑

a

∫
d3x (∇A0

a)
2 (5.16)

=
∑

a=3,8

[
1
2
Λ4

a

∫
d3x +

1
3
gΛ2

a TCC
a !̂a · (x1 − x2) + O

(
g2

)]

The parameter
∑

a=3,8 Λ4
a is multiplied by the (infinite) volume of space. This term does

not affect bound state evolution provided it is the same for all Fock components. Hence

Λ4 ≡
∑

a=3,8

Λ4
a (5.17)

should be a universal constant, independent of x1,x2 and the quark color C. The O (g)
interference term is finite and was evaluated as in (??). It is stationary wrt. variations of
the unit vectors !̂a provided !̂a ‖ x1 − x2. Choosing !̂a = TCC

a (x1 − x2)/|TCC
a (x1 − x2)|

gives (as seen below) an attractive linear potential ∝
∑

a gΛ2
a|TCC

a (x1−x2)| between quarks
of color C.

The (instantaneous) action (??) should be stationary also wrt. variations in the ratio
Λ3/Λ8 which leaves Λ in (??) invariant. Using a lagrange multiplier λ, the extremum of
the O (g) term in (??) for quark color C = 1,

SC=1
int =

g

6

(
Λ2

3 +
1√
3
Λ2

8

)
|x1 − x2| + λ(Λ4 − Λ4

3 − Λ4
8) (5.18)

for variations of Λ3,Λ8 and λ gives Λ2
3/Λ2

8 =
√

3 and thus

SC=1
int =

gΛ2

3
√

3
|x1 − x2| (5.19)

The calculation and result is the same for C = 2, whereas for C = 3 the extremum of

SC=3
int =

gΛ2
8

3
√

3
|x1 − x2| + λ(Λ4 − Λ4

3 − Λ4
8) (5.20)

is obtained for Λ3 = 0, Λ8 = Λ, giving SC=3
int = SC=1

int ≡ Sint. The fact that the stationary
value of the interference term is independent of quark color is a consequence of the color
singlet nature of the action (??) and the color covariance of the EOM.
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V (x1,x2,x3) =
√

2gΛ2

3
√

3

√
(x1 − x2)2 + (x2 − x3)2 + (x3 − x1)2

and the bound state equation for the color singlet wave function is

Similarly to the meson case the O
(
g0

)
term proportional to the (infinite) volume of space

must be universal, implying the constraint (5.17). The O (g) interference term for the color
component ABC = 123 is

S123
int =

gΛ2
3

6
!̂3 · (x1 − x2) +

gΛ2
3

6
√

3
!̂8 · (x1 + x2 − 2x3)

=
gΛ2

3

6
|x1 − x2| +

gΛ2
3

6
√

3
|x1 + x2 − 2x3| + λ(Λ4 − Λ4

3 − Λ4
8) (6.9)

where in the second line I used stationarity of S123
int to fix the directions of the unit vectors,

!̂3 ‖ x1 − x2 and !̂8 ‖ x1 + x2 − 2x3, and added the lagrange multiplier for the constraint
(5.17). The extremum of S123

int is obtained with

Λ2
3

Λ2
8

=
√

3
|x1 − x2|

|x1 + x2 − 2x3|
(6.10)

giving

S123
int =

gΛ2

3
√

3

√
x2

1 + x2
2 + x2

3 − x1 · x2 − x2 · x3 − x3 · x1 (6.11)

This expression is fully symmetric under permutations of x1 ↔ x2 ↔ x3, ensuring that the
same result will be obtained for all color components of the wave function (6.4): S123

int =
S213

int = . . . ≡ Sint .
The stationarity condition for the baryon state (6.1),

i
d

dt
|E, t〉 = E|E, t〉 (6.12)

imposes an O (g) condition on the wave function χα1α2α3
ABC (x1,x2,x3) which is analogous to

(5.21) for mesons. In the interaction Hamiltonian (5.22) only the linear, O
(
g0

)
terms in

the gauge fields (6.7) need be considered, with the parameters !̂3, !̂8 and Λ3/Λ8 determined
as above by the extremum of the action for each Fock state. The stationarity condition is
diagonal in color and for the ABC = 123 color component reads

3∑

j=1

[
γ0(−i∇j · γ + mj)

]
χ(x1,x2,x3) + g

3∑

j=1

∑

a=3,8

T jj
a A0

a(xj)χ = (E + Sint)χ (6.13)

where the interaction term on the lhs. is

gΛ2
3

2
!̂3 · (x1 − x2) +

gΛ2
8

2
√

3
!̂8 · (x1 + x2 − 2x3) = 3Sint(x1,x2,x3) (6.14)

The fact that Sint given by (6.11) is a symmetric function of the quark positions xj implies
that the potential is the same for all color components and thus compatible with the color
structure (6.4) of the wave function. The bound state equation for the uds baryon wave
function χ(x1,x2,x3) is then

3∑

j=1

[
γ0(−i∇j · γj + mj)

]
χ = (E − V )χ (6.15)
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• Lorentz covariance:

   This only holds for a purely linear potential.

• Rotational invariance: J = S + L  commutes with the Hamiltonian.     
Allows separation of angular dependence in CM.

• Linear Regge trajectories:  %´= 1/8g'2

• High relative momentum components with oscillating phase (“Klein 
paradox”). Related to Z-diagrams, i.e., to multi-particle Fock states:         
$ Sea quarks?

. transforms in a novel wayE =
√

k2
CM + M2

Interesting properties of the meson solutions
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The wave function of a bound state with CM momentum k has

The equation for 0(x) becomes (for m1 = m2 = m;   x = x1 – x2):

−i∇ · [α,φ] + 1
2k · {α,φ} + m

[
γ0,φ

]
= (E − V )φ

where the solutions 0(x) and E depend on the CM momentum k.

Frame dependence (t1 = t2 in all frames!)

holds only for a purely linear potential V(|x|) !

PH (1986)

χ(x1,x2) = exp
[
ik · (x1 + x2)/2

]
φ(x1 − x2)

E =
√

k2 + M2
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Boost covariance of the wave function

How should relativistic, equal-time wave functions transform under Lorentz 
boosts? The above bound state equation gives, for k = (0,0,k):

γ0φk(s) = eζα3/2γ0φk=0(s)e−ζα3/2

for 0k(s) 1 0k(x1=0, x2=0, x3(s)) (and its transverse derivative) on the z-axis 

and with the “invariant distance” s defined by

s(x3) = 1
2x3

[
E − 1

2V (x3)
]

tanh ζ(s) = − k

E − V
and

Note: For V << E this reduces to standard Lorentz contraction, 
          but in general the boost depends on the canonical energy p0 – eA0.

ds

dx3
= 1

2 [E − V (x3)]
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Rotational covariance in the CM

For k = 0 and m1 = m2 the bound state equation becomes

−i∇ · [α,φ(x)] + m
[
γ0,φ(x)

]
= (M − V )φ(x)

Geffen and Suura (1977)

Use a direct product of Pauli matrices {2i}, {3i}: %i  = 21 - 3i , 40 = 23 - 1.

to express the 4 - 4 wave function 0(x) in terms of four 2 - 2 .µ :

0(x) = 5i 2i - .i  =

(
χ4 + χ3 χ1 − iχ2

χ1 + iχ2 χ4 − χ3

)

The angular momentum operator J:

[Ji, Jj ] = iεijkJksatisfies and commutes with the Hamiltonian.

L ≡ −ix×∇where

Jφ(x) = 1
2 [1 × σ,φ(x)] + Lφ(x)
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Separation of variables in the CM

There are four independent eigenfunctions of J 2 and J z:

χ(1)
jm = Yjm(θ, ϕ)F1(r)

χ(2)
jm = σ · ∇ Yjm(θ, ϕ)F2(r)

χ(3)
jm = σ · x Yjm(θ, ϕ)F3(r)

χ(4)
jm = σ · LYjm(θ, ϕ)F4(r)

Considering parity and charge conjugation, the 2 - 2 wave functions .µ may 

be expressed as linear combinations of (some of) the above structures. This 
way one can identify states on the 6, A1 , and 2 trajectories, and obtain the 

corresponding radial equations for the Fi(r).

The radial functions are potentially singular at x = 0 and at M = V.

The regular solutions have a discrete mass (M) spectrum.
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Wave function properties (in CM, k = 0)

Separating the angular dependence, the wave function may be described by a 
set of radial functions F(r). For the pion trajectory, with P = (-1)J+1 , C = (-1)J :

F1(r) = − 2im

E − V
F2(r)

• E = V(r) is a singular “turning point”

• Requirement that F1(r) is locally normalizable at  E = V  quantizes E

• F2(r & )) 7 exp[ iV´ r2] : “Klein Paradox” corresponds to virtual pair 

production in a strong field. The wave function in the retarded vacuum 
implicitly describes virtual pairs of constant density per unit separation.

• High relative momenta between quarks can contribute to end-points of 
distribution amplitudes and high energy Regge exchange.

F ′′
2 (r) +

(
2
r

+
V ′

E − V

)
F ′

2(r) +
[

1
4 (E − V )2 − J(J + 1)

r2
−m2

]
F2(r) = 0

Geffen and Suura, PR D16 (1977) 3305
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The quark model uses a potential

Comparison with the Quark Model

where the Coulomb term (one gluon exchange) is perturbative.

In the present approach the linear (non-perturbative) term emerges as a 
homogenous solution of the equations of motion.

Perturbative gluon exchange is of order g2 , hence is subdominant to the 
order linear term. Terms of order g2 were dropped in the bound state 
equation. 

This is the why boost covariance at equal time is expected to, and in fact 
does, hold only for a purely linear potential. 

V (r) = gΛ2r − CF
αs

r
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Summary of Talk

• Is there a systematic approximation of QCD which gives the quark model?

• Consider an hbar expansion for bound states: Born term at

• Determine A0  from equation of motion (for each constituent configuration) 

• Allow homogeneous solution: linear potential A0 = l 8 x

• Fix direction of l by stationarity of action (for each Fock state)

• Ignore O(g2)  (Coulomb exchange) – hence use purely linear potential

• Find meson and baryon states with interesting phenomenology

• Observe non-trivial Lorentz covariance for a linear potential

• Sea quarks generated implicitly, through use of retarded vacuum (no new 
degrees of freedom).

O
(
!0

)


