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@ Feynman diagrams

Figure: Triangle diagram appearing in the famous ABJ anomaly computation.

o Path-integrals - the Fujikawa method
e The non-invariance of the path-integral measure!

J[ﬂa A,UJ =e IM AR
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What are anomalies?
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Geometry of anomalies

@ BRST cohomology
e BRST (non)invariance s£ =0, sW[A,] =A
o Nilpotency s> =0 = s [, v*AL 0

consistent —
@ Wess-Zumino consistency conditions
o Chain of descent equations => A2 ey —— AZM12

singlet
@ Index theory

e Singlet anomaly «— AS index theorem
o Non-abelian anomaly

@ AS index theorem for families of elliptic operators

@ AS index theorem in 2n + 2 dimensions (AGG)
The winding number of the fermionic determinant
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@ H - Hilbert space; by GNS construction
3 a faithful representation p(A) ~ B(H)
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e D! - compact
o [D,p(a)] € B(H) foralla € A

pla
@ v € B(H) - chirality - selfadjoint, unitary
Y =id,  Vaeaya=ay, Dy =—D

Michat Eckstein Quantum Anomalies in Noncommutative Geometry




Noncommutative spaces The axioms
Example

The axioms of noncommutative geometry

(A, H,D) - spectral triple

o A - dense x-subalgebra of a C*-algebra, unital

@ H - Hilbert space; by GNS construction
3 a faithful representation p(A) ~ B(H)
@ D - the Dirac operator - selfadjoint, unbounded

e D! - compact
o [D,p(a)] € B(H) forallaec A

e v € B(H) - chirality - selfadjoint, unitary
v =id,  Veeana=ay, Dy=-9D
The Zo-grading of the Hilbert space H = H+ & H™
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A commutative spectral triple

Example 1

Let M be compact Riemannian spin manifold, then

o A= C>(M) - dense in C°(M)

e unital if M is compact

o H=1L? (S(M))
o representation: p(f)¢ = f(x) - &(x)

e D = 49, - the Dirac operator

@ v = < - chirality operator |
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Some results

o Moyal plane R?
(J-M. Gracia-Bondia, C.P. Martin, Phys. Lett. B 479 (2000) 321)

A =aqa Te{T? T°}T° + 8 Tx[T, T*|T°
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Some results

o Moyal plane R?
(J-M. Gracia-Bondia, C.P. Martin, Phys. Lett. B 479 (2000) 321)

A =aqa Te{T? T°}T° + 8 Tx[T, T*|T°

@ Geometric approach
(D. Perrot, Contemp. Math. 434 (2007) 125.)

o The role of projections in A.
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Perrot’s procedure

Assumption: p-summability i.e. Tr(D~P) < oo, r - biggest integer < p
@ The action of the “classical” theory

S, ¥) = (¢, (Q + A)), Q=D+ym, A€ B(H)

@ Path-integral quantization
Z(A) = /dwmﬁ e S A — det(14+ Q1 A)

1 — (="t —1 4yn
W(A) = Tr log(1 + Q A):ZTTr(Q A)

n=1
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Perrot’s procedure

BRST operator - de Rham differential on S*
s:C®°SHeA - Q(SHe A

Idempotent loops
g=1+(B-1p, C=(8)>p=e>l, A5p=p’

Note: (A, H,D) +— (Mn(A),H@CN,D®1)
e Mauer-Cartan form (ghost field) w = g~ 1sg = 2ripdt

The potential is pure gauge A = ¢~ 'Qg — Q
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Perrot’s procedure

The anomaly A(w, A) := s W, (A) =

T (-

>

n=1

sT(QTTA)" + (=) Tr (w4 — @ 1w-Q)(Q1A)"),
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Perrot’s procedure

The anomaly A(w, A) := s W, (A) =

T (-

>

n=1

Theorem (Perrot)
o

sT(QTTA)" + (=) Tr (w4 — @ 1w-Q)(Q1A)"),

1

(D)) = 5= § Aw A) ez,
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Perrot’s procedure

The anomaly A(w, A) := s W, (A) =

- (71)n+1 —1 p\n T -1 —1 A7
D s H ()T (s - QTN @Q)QTHA)),

n=1

Theorem (Perrot)
o

(D)) = 5 § A 4) €2

omi

Q Aw, A) is cohomologous, as a one-form, to the sum of residues

Y o - 22 n+k
A(w,A) = 13268 (@) + E E —1)"Fe(k) x
n>1keNn
@ B S B )
z=0 TI(z+1)

Tr (HT’Y[“‘)’ QAR QAK)Q . . A(kn)Q—2(Z+n+k)) .
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Results

@ The anomaly result A(w, A) = A(w, A) =

4midt Res tr (8 = D[D-, pl[D+.p] + (2= f = 57D plplP+,p]) Q77

@ The index result

1

T A(w7 A) = QRES tr ( - [D—vp] [’D‘va} + Q[D—7p]p[D+7p]) Q_QZ_Z
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o P P Noncommutative 2-torus

Results

@ The anomaly result A(w, A) = A(w, A) =

4midt Res tr (8 = D[D-, pl[D+.p] + (2= f = 57D plplP+,p]) Q77

@ The index result

1

T A(w7 A) = QRES tr ( - [D—vp] [’D‘va} + Q[D—7p]p[D+7p]) Q_QZ_Z
mi Ja1 2=0

@ Agreement with Connes-Moscovici
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Projections

VU =" Uy, fFO)=>favm

nez

@ Power-Rieffel projection p= f(V)U+U-LFf(V*) +g(V)

Michat Eckstein Quantum Anomalies in Noncommutative Geometry



Projections

Anomalies on spectral triples

Some results
Geometrical approach
Noncommutative 2-torus

VU =" uy, f)y=> " fav"

nez

@ Second order projection
P =po (VU2 4+ p1 (VYU +po(V) + Up1 (V*) + Up2(V*)

[D],[p(Q)D do=0|da=1 1+

ds =0 2 1 polx)
ds =1 1 =2

o(p@) [do=0]da=1 ST Apelz) i)

d3 =0 0 20

d3=1|1—-20] 1—6
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Conclusions

Conclusions

@ Anomaly cancellation condition
o Classically: Tr{T?, T*}T*¢

o Moyal plane: Tr T%T°T®

o Generally: ?

@ The geometry of anomalies
e The classical correspondence not clear

e The role of projections

Thank you for your attention!
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