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Outline of the talk
◮ Motivations
◮ D = 2, supersymmetri
 Yang-Mills quantum me
hani
s
◮ Numeri
al algorithm and numeri
al results
◮ Exa
t solutions
◮ Further perspe
tives

Piotr Kor
yl Exa
t solutions in D = 2 SYMQM



MotivationsSupersymmetri
 Yang-Mills Quantum Me
hani
s
◮ dimensional redu
tion of N = 1, D dimensional Yang-Mills quantum�eld theory to one point in spa
e (Halpern, Claudson)
◮ generalization of supersymmetri
 quantum me
hani
s (Witten,Cooper)
◮ Hamiltonian formulation, fermions and bosons are treated on equalfooting
◮ the physi
al Hilbert spa
e is 
omposed of singlet states, as well as,all relevant operators are invariantNumeri
al method
◮ gauge invariant 
ut-o� (Wosiek)
◮ fermions 
an be introdu
ed without di�
ulties
◮ rotational symmetry is preservedEarlier analyti
 developments
◮ Claudson-Halpern solutions for SU(2)
◮ Samuel solutions for SU(N)

◮ Trzetrzelewski solutions for SU(N)Piotr Kor
yl Exa
t solutions in D = 2 SYMQM



Model
System is des
ribed by a bosoni
 variable φA and a 
omplex fermion λA,where A labels the generators of the gauge group.GA = fABC(

φBπC − i λ̄BλC )

,Q = λAπA, Q̄ = λ̄AπA,

{Q, Q̄} = πAπA = 2H − 2gφAGA.Thus, on physi
al states, H =
12πAπA.
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Method - 
onstru
tion of the Fo
k basisWe 
onstru
t the Fo
k basis re
ursively,
◮ de�ne the set of elementary, gauge invariant 
reation operatorsSU(2) SU(3) SU(4) . . .

(a†a†) (a†a†) (a†a†)
(a†a†a†) (a†a†a†)

(a†a†a†a†)Table: Elementary bosoni
 bri
ks for SU(2),SU(3) and SU(4).Thus, a general state with nB quanta for some given N , 
an be written as
|snB ,0〉N =

∑

{

∑Nj=2 jkj=nB}

γk2,...,kN (a†2)k2(a†3)k3 . . . (a†N)kN |0〉.Piotr Kor
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Method - 
onstru
tion of the Fo
k basisF = 1 F = 2 F = 3
(f †a†) (f †f †a†) (f †f †f †)Table: SU(2) fermioni
 bri
ks.F = 1 F = 2 F = 3 F = 4

(f †a†) (f †f †a†) (f †f †f †) (f †f †f †f †a†)
(f †a†a†) (f †f †a†a†) (f †f †f †a†) (f †a†)(f †f †f †)

(f †a†a†f †a†) (f †f †f †a†a†) (f †f †f †f †a†a†)
(f †a†)(f †a†a†) (f †a†)(f †f †a†) (f †a†a†)(f †f †f †)

(f †a†f †f †a†a†) (f †a†)(a†f †f †f †)
(f †a†)(f †f †a†a†) (f †f †a†)(f †f †a†)
(f †a†a†)(f †f †a†) (f †a†a†)(f †f †f †a†)

(f †a†a†)(f †f †a†a†) (f †f †a†)(f †f †a†a†)
(f †a†)(f †a†a†)(f †f †a†)
(f †f †a†)(f †a†f †a†a†)Table: SU(3) fermioni
 bri
ks.Piotr Kor
yl Exa
t solutions in D = 2 SYMQM



Method - 
ut-o�We must introdu
e a 
ut-o�: N
ut
◮ limit the maximal number of bosoni
 quanta
◮ �nite number of fermioni
 quanta (Pauli ex
lusion prin
iple)
◮ gauge symmetry as well as rotational symmetry are preserved
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Method - re
ursive relations
We relate an expe
tation value of an operator O to its expe
tation valuesin se
tors with lower number of quanta.
〈sn′B ,0|O(nOB , 0)|snB ,0〉 =

(

〈sn′B ,0|[O(nOB , 0),C (p, 0, α)
]

|snB−p,0〉
+ 〈sn′B ,0|C (p, 0, α)O(nOB , 0)|snB−p,0〉) · R(nB , 0)
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Numeri
al results
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Numeri
al results
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Exa
t solutions - SU(2)The Hamiltonian readsH = (a†a) +
32 −

12(

(a†a†) + (aa)).The eigenequation is H |E 〉 = E |E 〉.We expand |E 〉 in the Fo
k basis
|E 〉 =

∞
∑j=0 aj (E )(a†a†)j |0〉.aj must obey the re
ursion relationaj (E ) −

(2j +
72 − 4E)aj+1(E ) + (j + 2)(j +

52)aj+2(E ) = 0,whi
h is solved by aj(E ) =

√ j !
Γ(j + 32 )L 12j (E ).Piotr Kor
yl Exa
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Exa
t solutions - SU(2)aj(E ) −
(2j +

72 − 4E)aj+1(E ) + (j + 2)(j +
52)aj+2(E ) = 0

|E >=

∞
∑j=0 √ j !

Γ(j + 32 )L 12j (E )(a†a†)j |0 >

 0  1  2  3  4  5  6  7
jFigure: S
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Exa
t solutions - SU(2)The bosoni
 eigensolution in the position representation 
an be written as
〈R |E 〉 =

∞
∑j=0 〈R |j〉〈j |E 〉 =

∞
∑j=0 aj(E )〈R |(a†a†)j |0〉

= N f (E )e−R2 ∞
∑j=0 (−1)j j !

Γ(j + 32 )L 12j (E )L 12j (R).Setting f (E ) = e−E2 , as well as, R = r2 and E = k2, we get,
〈R |E 〉 = N

sin(kr)kr ,whi
h is, up to a multipli
ative fa
tor, the Claudson-Halpern solution ofthe SU(2) model. Piotr Kor
yl Exa
t solutions in D = 2 SYMQM



Exa
t solutions - SU(3)The Hamiltonian readsH = (a†a) + 4− 12(

(a†a†) + (aa)).The eigenequation is H |E 〉 = E |E 〉.We expand |E 〉 in the Fo
k basis
|E 〉 =

∞
∑j,k=0 aj,k (E )(a†a†)j (a†a†a†)k |0〉.Degenera
y of basis states: nB = 2j + 3k .aj,k (E ) must obey the re
ursion relationaj−1,k (E ) −

(2j + 3k + 4− 4E)aj,k(E ) + (j + 1)(j + 3k + 4)aj+1,k(E )

+ 3(k + 2)2aj−2,k+2(E ) = 0.Piotr Kor
yl Exa
t solutions in D = 2 SYMQM



Exa
t solutions - SU(3)aj−1,k (E ) −
(2j + 3k + 4− 4E)aj,k(E ) + (j + 1)(j + 3k + 4)aj+1,k(E )

+ 3(k + 2)2aj−2,k+2(E ) = 0.
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Figure: S
hemati
 stru
ture of solutions of the SU(3) model.Piotr Kor
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Exa
t solutions - SU(3)The general solutions in the in�nite 
ut-o� limit read,
|E 〉2k =

1
N

∞
∑j=0 L3(2k+1)j (E )

(

|j , 2k〉 +
k

∑q=1 αq|j + 3q, 2k − 2q〉)
αq = (−

43)q+1 1
(q + 1)! (2k − q − 1)!

(2k)!

( k!

(k − q − 1)!)2
.For example,

|E 〉2 =
1
N

∞
∑j=0 L9j (E )

(

|j , 2〉 − 23 |j + 3, 0〉).In position representation we have,
〈R |E 〉0 =

∑j 〈R |j〉〈j |E 〉 ∼ 0F1(4,−ER4 )

.Piotr Kor
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Exa
t solutions vs numeri
al results
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Figure: Spe
trum of the SU(3) model in the F = 0 se
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Con
lusionsSummary:
◮ numeri
al algorithm permits 
al
ulations of the spe
tra for any Nand in any fermioni
 se
tor
◮ analyti
 solutions with possible generalizations to more 
ompli
atedmodelsPossible further dire
tions:
◮ generalize to higher spatial dimensions - the free spe
trum andeigenstates of the D = 4 and D = 10 SYMQM
◮ large N limit possible
◮ perturbative expansion of the intera
ting model around the freesolutions Piotr Kor
yl Exa
t solutions in D = 2 SYMQM



Ba
kup slides
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