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4 OUTLINE -

e Gravity as a gauge theory in the Higgs phase

e Asymptotic Safety: towards an UV completion of Einstein’s theory



NONLINEAR F'T

e embedding (NLSM)
e quotient (Yang Mills)

e both (gravity)



NONLINEAR SIGMA MODEL

o: M — N
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the coefficient of On onn™, is length® (4=2),



STRONG COUPLING LIMIT

1 A
S = \%g Tm%@%% + (6" =)’
limy o V with v=const, get NLSM with ¢ = 1/v

\Y




CHIRAL SIGMA MODELS

N = AQD X QNV\DQ
o(x) — Ul(x), TrT, Ty = dap

H —_ —_
25 d*z Tr (U190, UU10"U)

G = SU(2) theory of pions
fr = 1/g pion decay constant



CHIRAL PERTURBATION THEORY

xPT

S(A,U) = \ dz [g2tr(U~'0U)? + ga1 (tr(U10U)?)? + gaotr(U 10U )?]



Hicegs MECHANISM

Aap = —Aupe gauge field for SO(N)

¢* € RN carries fundamental of SO(N)

Dyu¢* = 09" + Apapg’

potential V' = 2 (42 — v?)?

has minimum at (¢?) = v? # 0

choose unitary gauge such that (¢*) = (v,0,...,0)
D, ¢* DG s v A, 01 AP

Higgs field dp = /¢*¢* — v has mass 2\v?



HiccsLESS HIGGS MECHANISM

A,, gauge field for O(N)

©® NLSM with value in SV~ = SO(N)/SO(N —1) c RY
Do = 0uo® + Apab K, (¢)

choose unitary gauge such that (©%) = (0,...,0)
@wbo&ﬁﬂv@tﬁgbtﬁm — v A, AP

only Goldstone bosons are necessary for Higgs mechanism

Higgs particle only necessary for perturbative renormalizability



Foé ENERGY mm%-

at momenta p K M4, My

e 0p decouples

e in unitary gauge D,p% = 0 is equivalent to A4,,1 =0
electroweak yPT with f, — v

[Thomas Appelquist, Claude W. Bernard, [Anthony C. Longhitano,

Phys.Rev.D22:200,1980.] Phys.Rev.D22:1166,1980.]
[A. Dobado, M.J. Herrero,

Phys.Lett.B228:495,1989]



(FRAVITY WITH MORE VARIABLES

a manifold M, dimM = n, a real vectorbundle E of rank n
local bases {0}, {ea}

e fiber metric in F, v, signature +, +, 4+, +
e linear connection in £, A,%,

e soldering form 6%, detf # 0



INDUCED STRUCTURES IN 1T'M

® Juv — %@t %@t Yab

i HJv,tt — %Ip@h\»y@@%@t + %m:smwv,%@t



TORSION AND NONMETRICITY

¢ 0,7, =0,0% — 8,0, + A,% 0%, — A,% 60,

® Ao = —O\Vab + AxaVeb + Axb Vac



(FAUGE INVARIANCE

ox?
ox'®

Yab() Y gp(2)) = A(@) A%(2) Yea(2)

Ay(x) = A% (2)) = MM\M (A1 (2) AL Ca(z) A% (z) + A1 (2)0, A% (x))
(1)

0% () = 07 (a") = AT (2) 0% (2)

0 — Aut)yy E — AutE — Diff — 0

is split: 0, : Dif f — Aut
0.(f) =0oTfo0!



METRIC @>d@m-

%Q\t — %D\

n

G=DiffM
Juv = Yuv, H;v,tt — \wvftt

a — a a
®: :Iﬂt v — Iy I



VIERBEIN GAUGE

Yab — %@@

G = AutSP@ \r
Juv — %Qt %@t %@@
Axab = Axab + Axba

not enough freedom to fix both simultaneously



(OLDSTONE BOSONS

v(z) € GL(4)/0(4)
v € {metrics} ~ Lﬁim\.\bﬁm\m?vm

6 € {isomorphisms TM — E} ~ Auty E



FirsT HINT OF A Higas MECHANISM

flat background: A=0,0=1,vy=1

Palatini action

1
Sp(4,7.0) = 155 [ dto VIdetg 07118, g By

contains

1
167G

\ d*x 0,0°, 0P (A, ALy — A% AL



LEVI-CiviTA CONNECTION

given v, 0 there is a unique As.t. @ =0, A =0

_ 1 1
A= M A%IHQV mwv,\v\gw + %IH@> mwv,\v\wo — %Iva, mwv,d\@ov + M AQQ@Q + Q@@Q — QQQ@V

where C . = Yad %&y Aml;t %t%lwny — %IHot mwt%lpwyv

Any connection A can be split uniquely in A = A(~y,0) + &

then S(A,v,0) = S(A(v,0) + ®,v,0) = 5'(®,7,0)



EXAMPLE: BEINSTEIN THEORY

S(A,~,0) = Sp(A,v,0) + Sn(A,v,0)

where

5. — \ day/[det g] [A" 07757 0,%,0 0y + BRI AN LA, it CF 770, Ay



4 REWRITE -

0% = ®,% -,

DE& — @E&+%E§

Fus = Fu%+Vu®,% =V, 8,% +3,% 8,% — &,% 3,5
therefore

S(A,7,0) = S(A+ @,7,0) = Su(v,0) + Sq(®,7,0)

where

1
%@?@\f@v — M &&& V igmﬁ.& @t@@to& AHV.:D@ @to&



MORE GENERALLY

o if we add F? or higher, still at low energy torsion and nonmetricity can be

neglected



(GENERAL (GRAVITATIONAL HIGGS PHENOMENON

gravity is a gauge theory of GL(4) with two Goldstone bosons
there are two unitary gauges

Higgs phenomenon occurs at Planck scale, giving mass to ®
at low energy A = A(~,0)

© =0 and A = 0 are the analogs of Dp* =0

in a unitary gauge, at low energy A is a function of the surviving Goldstone
boson (e.g. in metric gauge A,%, = {,*,}) (similar to CP™ etc)



USEFUL TO: -

understand gravity in particle physics terms

understand issue of Chern—Simons terms in topologically massive gravity
understand Bardeen Zumino anomaly counterterm

understand transformation of spinors under diffeomorphisms

string duality realized linearly (Siegel 1993)



(ENERAL FRAMEWORK FOR UNIFICATION

let dimM =4, enlarge fibers of I/ to have dimension NV
gauge theory of GL(N)

extended metric gauge

14 g 0
% p— , \v\ p—
0 0 1y_4
AV H,
A= Ky, AN
A A

give mass to AW, H and K



SO(14)

64=2x16+2 x 16

[R.P. Phys. Lett. B 144, 37 (1984)]
[R.P. Nucl. Phys. B 353, 271, (1991)]

[F'. Nesti and R.P. J. Phys. A: Math. Theor. 41
075405 (15pp) (2008) arXiv:0706.3307 [hep-th]]



Low ENERGY EFTs

S(A,U) = \% (g2(U10U)? + g4(U~'0U)* + go (U~ 10U + .. ]
similarly for gravity

S(gu) = \&f\m (9o + g2R+ g1 R° + ge R + . . ]

with R = mt:ﬁy:yS Riemann= 0A + AA ~ @L@mvw



Low ENERGY EFT'S

xPT breaks down at p ~ 4m,/g2
o pion xPT 4m,/gs ~ 4nfr = 1GeV
o EW xPT 4n,/g2 = 4mv = 3TeV
o gravity 4m,/g2 ~ 1019GeV



LOOK FOR UV COMPLETION

relax nonlinear constraints on 6 and ~
anholonomic, difficult anyway
maybe UV completion can be found in the nonlinear theory

asymptotic safety



PERTURBATION THEORY

I'y, = MQ&G&
1

1 1 1
H\gga/\mﬁwm>|mm+|Qw+|mw+|m+|<wm+:_

2\ & 0 T
go L. 1__w 10
167wG ' 3\ oA
1 7 1 53 19
= && o 5 Uv T R2 T Ep_ = 2 11
m\ &/\mTom: R +@om |_|Rg Hmﬁ m~ 00p

1
- \ d*z /g R" ;o RP ogR*" ., 2 loops
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THE PROBLEMS OF QG

e interaction strength grows like G = Gk?

e lack of predictivity



PossiBLE RG SOLUTION

~

G = G(k)k?* — G, (Fixed Point)

more generally, for all essential couplings we must have g; — g;« where

gi =k~ dig,

QFT description OK if we are on trajectory that hits the FP for £ — oo

The RG trajectories that flow into the FP for ¢ = log

critical surface S.

theory is predictive if S is finite dimensional

Kk
ko

— oo form the UV



ASYMPTOTIC SAFETY

If (1) a FP exist, and (2) UV critical surface is finite-dimensional, then (a)
reaction rates remain finite (in units of k) for ¢ — oo and (b) theory is

predictive

In practice can determine T, S

Example: QCD. Gauflian Fixed Point at g;« = 0.
Bi = 0gi = —digi + k=%

Linearize flow around FP: M,:| = 0B

,L* 03,

= —d;0i;

*

UV critical surface=span{renormalizable couplings}.



SHOULD WE EXPECT AS? 1

in NLSM g cannot be eliminated by field redefinition

in gravity

1
M‘A.Q.E\v — H@ﬁ.ﬁu\&&/\w,@ttmytyt

guv — (1671G)g,, eliminate G completely
but
in so doing change also cutoff. Rescalings not allowed.

(G is essential coupling

[R.P. D. Perini, Class. Quantum Grav. 21,
5035-5041, (2004)]



SHOULD WE EXPECT AS? II

Consider NLSM or gravity in d = 4

g2(k)=5=; (¢9° =8rG)

0rga = By k?
019° = —2B1g*k*
09" = 25" — 2B1§"
if B; > 0 fixed point at §g* = 1/B;



SHOULD WE EXPECT AS? III

in local QFT only finitely many relevant operators
expect quantum corrections to be finite



ONE LooP CORRECTIONS IN EINSTEIN’S THEORY 11

[N.E.J. Bjerrum-Bohr, J.F. Donoghue and B.R.
Holstein, Phys. Rev. D 68, 084005 (2003)]

- 167 =
. =2G — —G”?
¢ =20 157



ERGE H-

e~ Wil/l = [(D¢)exp(—(S + ASk + [ )
ASi(¢) = L [ dqd(—q)Ri(q?)$(q)
modified inverse propagator Nui@wv = q% + mi@wv

Twg] = WilJ] — [ J¢

~

I'pl¢] = Trlp] — ASk



ERGE II: ONE LOOP

1 528
(1) _ -
r m._lw_bamﬁ%%%@

1) W 528
I, =58+ w_samﬁ A|&%u% ._.mwv

|H
cfw%%



ERGE HE-

0 Wy = 0,(AS,) = wﬁ@&@?

mwwHJw ”mww%\a - @wbmw —
1

= S TH((96) — (8)(6)ORa
1 82W,
=y 75 O
~ —1

CWy [ 0°Ty

5J0T  \ 0d0o
d 1 52T, AR,
T A&& tgv “dt

[C. Wetterich, Phys. Lett. B 301 (1993) 90.]



ERGE IV: BETA FUNCTIONS

compare with

2 \ 306

read off beta functions. Generally scheme-dependent.

1 (/62T -
@wﬁw = —T1Ir A u + mwv @wm\a



ERGE AND ASYMPTOTIC SAFETY

no need for UV requlator
choose functional space, compute 3;, choose initial point, evolve

no a priori specification of bare action

bottom up approach



ERGE AND GRAVITY

Juv = .@.E\ + N@\:\

Ser(h,g) = \ /G T X0

Xv = @E::\ + BV, h
1 _
AS(h,9) = 5 [ d5V5 hugs " B~y

2
ij Awts Abttvv
ﬂw@ttv =TIy GIS 0)

[M. Reuter, Phys. Rev. D 57 971(1998)]

[D. Dou and R. P., Class. and Quantum Grav.
15 3449 (1998)]



CUTOFF j%mm-

wwmw = A = -V’ +E;(R) + E2(g;, R)
Pr(z) = z + Ri(2)
type I
A + Rp(=V?) = Px(=V?) + E1(R) + Ez(g;, R)
type 11
A+ Ry(—=V?+E;) =P, (-V?*+E;) +E,
type III

A + Ry, (A) = Py(A)



HEAT KERNEL TECHNIQUE I

TrW(A) = Qa(W)Bo(A) + Qu_1(W)B2(A) 4+ ... + Qo(W)B2a(A) + ..

2

Quiv] = — \ Tl W) s QW] = (C)PWE0) . s 0

[A.H. Chamseddine and A. Connes, Comm. [M. Reuter, Phys. Rev. D 57, 971 (1998)]
Math. Phys. 186, 731 (1997)]



HEAT KERNEL TECHNIQUE 11

oL, = Ww:. AQMMADDVVV
- o () i ()

with optimized cutoff Ry (2) = (k% — 2)0(k? — 2)
[D.Litim, Phys.Rev.D64:105007,2001]

mwww N wilwn_uH. mwww wlwu_'H
o (7 ) = 05 Qo (G ) =2k



EINSTEIN-HILBERT TRUNCATION I

HQMQ \ dx\/g(2A — R)

I'x(g) =

—2(1 — w\z/vw\z/ 4 w@|ﬁ>+$>w|@oo>w® 4 467—572A a2

E.\z/ _ 721 _ 28872
(1—2A)2 — 224G
A\2 A 373—654A+600A2 A2
mw Hwﬁ — w>v G — o G

A 29—9A A
(1—2A)2 — 222944



EINSTEIN-HILBERT TRUNCATION II

B Cutoff type la, d=4 B Cutoff type Ib, d=4
1 1
0.5 [ 0.5 |
| | | ] @ L | |
0.5 1 1.5 2 -0.5 0.5 1
-0.5 -0.5
ol ol
B Cutoff type I, d=4 B Cutoff type lll, d=4
1r 1
0.5 - 0.5
L L L L I} m L L 1
0.5 1 1.5 2 -0.5 0.5 1
-0.5 _o0.5 |
-1k 1k

(o1}



EINSTEIN-HILBERT

TRUNCATION 111

~

G cCutoff type la

o,,H o.,w
Cutoff type ll
0.2 0.1 0.1 0.2 o..

G cCutoff typeIb

G Cutoff type Il




DIVERGENCES IN EINSTEIN THEORY

1 7 1 53 19
d* — R, R + —R*+ —F - —=V?
\ a/\mTo K +%m T 15 K

g(k) =~ logk

dl'y,
| Ml
dk

c 1

T k21672
~ R3

\ d*z /g R* ,u R o s R*® ,,



HIGHER DERIVATIVE GRAVITY

1 1 1
I, = 4 27N — Z — C?+-R*+ZFE
L \& &./\W~ NW|_|M\/Q |_|mm |_|b
go L . 1__w.  1_6
167wG ' 3\ oA

K.S. Stelle, Phys. Rev. D16, 953 (1977).
J. Julve, M. Tonin, Nuovo Cim. 46B, 137 (1978).
E.S. Fradkin, A.A. Tseytlin,
Phys. Lett. 104 B, 377 (1981).
[.G. Avramidi, A.O. Barvinski,
Phys. Lett. 159 B, 269 (1985).
G. de Berredo—Peixoto and I. Shapiro,
Phys.Rev. D71 064005 (2005).
A. Codello and R. P., Phys.Rev.Lett. 97 22 (2006)



(FAUGE EEZ@-

Sagr = \%&/\wX:M\::XN\

vy = L [grg? 4 4 TryY - gvr ]

0%

Xv = V¥h,, + BV, h

MQH\%& gcu(Agn)yc

(Agn)% = =00 — (1 +28)V,.V” + R,

1
So =15 \ d*z\/gb,Y""b,

(2) 1

5+m§¢| 5 \ %g/\w@mbag

AW =102 4+ VAV, V), 4+ U



BETA FUNCTIONS 1

1 133

A=~z 10 g
Be = — &w% AHSM — 5+ wm@v
Bo = &w% M@% g

A(k) = Ao

1+ Doz i log (i)
w(k) = we ~ —0.0228
0(k) — 0, ~ 0.327



BETA FUNCTIONS 11

~ 1 1 + 20w? 1 + 86w + 40w? _ -
- = 9\ + — A\ + A
& (47)? | 2567 Gw? 12w
1 + 10w? 2G -
— A+ — — GA
6472w i s a(w)
~ 1 3+ 26w — 40w?  ~ ~9
Ba =2G — (I o AG—q(w)G

where q(w) = (83 + 70w + 8w?) /187



FLOW IN A—G PLANE I

929G .
7
Q@ — Mﬁw — Q*Qw
where ¢, = q(w,) ~ 1.440
B AN Aty ,—2t ~ N ot
>A$ _ Awﬁ.\/o Qozﬁ. € vvm w QQV _ Monm
(2 — q.Go(1 — e?t)) 2 — q.Go(1 — e??)
?n%no.wﬁu m*nmnew%.

g qx



FLOw IN A-G PLANE II




WiTH Zﬁémw-

ng scalars, np Dirac, ny; Maxwell fields, minimally coupled
ABy = —2a5 N2
Afe = —ag¢?
AL, = Iawbbw

ABgs = 321aP G?
Az = 87a"G + 3210 P AG

FP still exists



4 COEFFICIENTS -

1

0) _
@A ) |®Mﬂ.w A\Z:m. — %Q@U + M\;Ev
a? = ! (ng + 2np — 4nyy)
9672
ANC L H_. Mw
ay |% AM3M+©3®+H®§§V
@&v IM st Im\; — 31n
& T2880m2 \ 2 ° 4P M
1 5

ad) —

P T 9880722 3



BEYOND 1 boow-

~ ~

A, =011, G,=0865 )\ = —44.86, w,=0.932.

0 =2334+06i; 0y=13.72; 63=—7.00.

[D. Benedetti, P.F. Machado, F. Saueressig,
arXiv:0901.2984]



f(R) GRAVITY

Ly(guw) = d*z VIf(R)

f(R) = MU gi(k)R’

e workable for n < 8

[P.F. Machado, F. Saueressig, Phys. Rev. D

[A. Codello, R.P. and C. Rahmede Int. J. Mod.
e-Print: arXiv:0712.0445 [hep-th]]

Phys. A23:143-150 e-Print:0705.1769 [hep-th];
Annals Phys. 324 414-469 (2009) e-Print:
arXiv:0805.2909]



f(R) GRAVITY II

Position of FixedPoint Axuolwv

n 90 % 91 % 92 x 93 % 94 % 95 % 96 * 97 % 98 x
1 5.23 -20.1
2 3.29 -12.7 1.51
3 5.18 -19.6 0.70 -9.7
4 5.06 -20.6 0.27 -11.0 -8.65
5 5.07 -20.5 0.27 -9.7 -8.03 -3.35
6 5.05 -20.8 0.14 -10.2 -9.57 -3.59 2.46
7 5.04 -20.8 0.03 -9.78 -10.5 -6.05 3.42 5.91
8 5.07 -20.7 0.09 -8.58 -8.93 -6.81 1.17 6.20 4.70
Critical exponents
n | Redq Imd9,q Vo U3 Revy ImdIy vg vy g
1 2.38 2.17
2 1.38 2.32 26.9
3 2.71 2.27 2.07 -4.23
4 2.86 2.45 1.55 -3.91 -5.22
5 2.53 2.69 1.78 -4.36 -3.76 -4.88
6 2.41 2.42 1.50 -4.11 -4.42 -5.98 -8.58
7 2.51 2.44 1.24 -3.97 -4.57 -4.93 -7.57 -11.1
8 2.41 2.54 1.40 -4.17 -3.52 -5.15 -7.46 -10.2 -12.3
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Critical exponents

—m— Rethetal

theta2
4 - \VAV@A —*—theta3

r e —o— Retheta4
6 - —e—thetab
——theta7
8 _—" A theta8
IAO n \-_v
-12
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f(R) graviTy III

Critical surface:

0.00061243 + 0.06817374 go + 0.46351960 g1 + 0.89500872 g2
—0.00916502 — 0.83651466 go — 0.20894019 g1 + 1.62075130 g2
—0.01569175 — 1.23487788 go — 0.72544946 g1 + 1.01749695 g2
—0.01271954 — 0.62264827 go — 0.82401181 g1 — 0.64680416 g2
—0.00083040 4 0.81387198 go — 0.14843134 g1 — 2.01811163 g2
0.00905830 + 1.25429854 go + 0.50854002 g1 — 1.90116584 g2



LARGE N EXPANSION 1

nge~npny ~N — o0

AL = _ v?

AD) =2y B
4

AM) = _ 25t 4 RF,

ns @uwwﬁbﬂmvv np Q@wwADAva
o' =—T — —T
AT RC) A Pa®) )2 P TR (a™)
+ 5 Hﬁﬁ,\b A WwADQ\CV |3L§Hw@5v WwADGSV



LARGE N EXPANSION 11

For all n # 2: m@m& =1 @M:v

For n = 2: m@@ = QMMVQ&OV + @va In(k/ko)

(/

If Rp(z) = (k* — 2)0(k* — 2), ™ =0 for n > 3.

[R. P., Phys. Rev. D 73, 041501 (2006), ]



MATTER -

e P generically exists also in presence of minimally coupled matter fields

e Conjecture (Fradkin & Tseytlin): all matter interactions are asymptotically

free in the presence of gravity.



Summary and Conclusions

e Asymptotic Safety of gravity plausible
e Bottom up approach

e Not exclusive
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