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Introduction Operator Basis & Kernels Plots Conclusions Backup

� WHY, WHAT AND HOW

Why should one inverstigate the spectrum of anomalous dimensions of
higher twist baryons operators?

I phenomenology:
I the scale dependence of baryon distribution amplitudes is an

important input for i.e. light-cone sum rule calculations
I the exact number of independent operators gives the number of

distribution amplitudes
I the spectrum of twist-3 anomalous dimensions is already

understood very well
see e.g. works of A.V. Belitsky, V.M.Braun, S.E.Derkachov,
G.P.Korchemsky and A.N. Manashov

I already for the twist-4 case much less is known
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� WHY, WHAT AND HOW

I however, recently there has been great activity in N = 4 SYM
theories and integrable spin chains
see e.g. N. Beisert, C. Kristjansen and M. Staudacher,
Nucl.Phys.B664:131-184,2003.

I in N.Beisert (2004) and N.Beisert, G.Ferretti, R.Heise and
K.Zarembo (2005) it was shown (for all twists) that the 1-loop
RGEs can be written in Hamiltonian form using the quadratic
Casimir operator of the full conformal group SO(4,2)

I this suggest that there should be an general strategy/technique
how to deal with higher-twist operators that are not quasi-partonic
(minimal twist) in a consistent way for QCD applications
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� WHY, WHAT AND HOW

What this talk will try to cover:

I construction of an operator basis for 3-quark operator of twist four
which is favourable in QCD applications

I the general form of the evolution kernels

I spectra of the twist-4 operators

I integral of motion in the case of chiral operators
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� WHY, WHAT AND HOW

What this talk will not cover:

I gluon operators and their mixing with quark operators

I spectra for gluon operators

I multiplicatively renormalizible operators and their relation with the
usual baryon distribution amplitudes

I How the calculations actually look like
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� NOTATIONS

First some remarks on notation: it is very convenient to use the Spinor
formalism, but here we only need:

q =

(
ψα

χ̄β̇

)
, q̄ = (χβ, ψ̄α̇) xµ → xµσµ = xαα̇

where ψ is the chiral quark field and χ̄ is the antichiral one

ψ+ ψ− χ̄+ χ̄−

j 1 1/2 1 1/2
t 1 2 1 2

q+ = λαqα and χ̄− = χ̄α̇µ̄
α̇ Fµν = i

2

(
σµναβ fαβ − σ̄µν

α̇β̇
f̄ α̇β̇

)
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� TWIST-3 CASE

Have a look at twist-3 case
(V.M.Braun, S.E.Derkachov, G.P.Korchemsky and A.N. Manashov,
1999):
two independent non-local operators (twist=# fields ):

O1 = εijkψi,a
+ (a1z)ψj,b

+ (a2z)ψk ,c
+ (a3z)

O2 = εijkψi,a
+ (a1z)ψj,b

+ (a2z)χ̄k ,c
+ (a3z)

each kann be written as an expansion over local operators:

Oi =
∑
N,q

P(a1,a2,a3)ON,q

Operators ON,q of different dimension will not mix under
renormalization
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� TWIST-3 CASE

the problem of finding the anomalous dimensions reduces to the
eigenvalue problem

H

ON,0
ON,1

...

 = γN,q

ON,0
ON,1

...


where H is the 1-loop integral kernel. The form of H is almost uniquely
determined by conformal symmetry
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� ONE-PARTICLE LIGHT-RAY OPERATORS

For higher-twist operator things are more difficult:

I more independent operators as we can now have not only
“minus-quarks” but also derivatives i.e. in our notation D+−,
D−−, . . .

I several non-trivial relations obscure the independent operators

I it is very advantageous to use only operators for the basis that
have “nice” conformal properties

I at the end of the day: one-particle light-ray operator basis

Jürgen Rohrwild (Regensburg) twist-4 operators June 14, 2008 9 / 21



Introduction Operator Basis & Kernels Plots Conclusions Backup

� ONE-PARTICLE LIGHT-RAY OPERATORS

In the chiral case the operator basis with T = 4,H = 1/2 is simply:

Q1(z1, z2, z3) =εijkψa,i
− (a1z)ψb,j

+ (a2z)ψc,k
+ (a3z) ,

Q2(z1, z2, z3) =εijkψa,i
+ (a1z)ψb,j

− (a2z)ψc,k
+ (a3z) ,

Q3(z1, z2, z3) =εijkψa,i
+ (a1z)ψb,j

+ (a2z)ψc,k
− (a3z) .

each minus field adds one additional unit of twist.

i , j , k are color, a,b, c flavour indices.
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� ONE-PARTICLE LIGHT-RAY OPERATORS

For the mixed-chirality case with T = 4,H = −1/2 things look a bit
different:

Q1(z1, z2, z3) =εijk ψa,i
− (a1z)ψb,j

+ (a2z) χ̄c,k
+ (a3z) ,

Q2(z1, z2, z3) =εijk ψa,i
+ (a1z)ψb,j

− (a2z) χ̄c,k
+ (a3z) ,

Q3(z1, z2, z3) =− 1
2
εijk ψi,a

+ (a1z)ψj,b
+ (a2z) [D−+χ̄

k ,c
+ ](a3z)

simply putting χ̄− would give wrong quantum numbers
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� KERNELS

to 1-loop accuracy the general structure of the 2-to-2 kernels is
prescribed by conformal symmetry:

[K i1i2
j1j2
ϕ](z1, z2) =

=

∫ 1

0
dα

∫ 1

0
dβ ᾱi1+j1−2 αi2−j2 β̄ i2+j2−2 β i1−j1 κ

(
αβ

ᾱβ̄

)
ϕ(zα12, z

β
21) ,

where κ is some function.
Note that all kernels are given in coordinate space, following
I.I. Balitsky and V.M.Braun, QCD String Operators.
This seems to be superior compared to a representation in momentum
space.
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� MIXED-CHIRALITY CASE

Spectrum of anomalous dimensions
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The spectrum of twist-4 operators automatically contains the spectrum
corresponding to twist three
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� CHIRAL CASE

Spectrum of anomalous dimensions
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Note that the spectrum (once twist-3 remnants are removed) is very
regular, and indeed one can find an operator Q̂ which commutes
with the chiral Hamiltonian Hchiral
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� INTEGRABILITY

The conserved charge Q̂ can again be decomposed into the
conserved charge Q3 of the twist-3 case and a new part.
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Introduction Operator Basis & Kernels Plots Conclusions Backup

� INTEGRABILITY

The line of lowest eigenvalues is given by:

E tw−3
Q3=0(N) =

(
1 +

1
Nc

) {
4
[
ψ(N + 3)− ψ(2)

]
− 1

2

}
, N − even ,

where ψ(x) is the Euler ψ–function, and

E tw−4
Q3=0(N) =

(
1 +

1
Nc

) {
4

[
ψ

(
N + 3

2

)
− ψ(2)

]
− 1

2

}
, N − odd.

The appearance of (N + 3)/2 as argument of the Euler ψ–function is
characteristic for systems involving half-integer conformal spins.
see A.V.Belitsky, 1999 and M.Beccaria and F.Catino, 2008
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Introduction Operator Basis & Kernels Plots Conclusions Backup

� CONCLUSIONS

I fuelled by the progess in N = 4 SYM theories a general scheme
for construction of a convenient operator basis is developed

I allows for a consistent calculation framework for non
quasi-partonic operators

I spectrum of anomalous dimensions of twist-4 three quark
operators and multiplicatively renormalizible operators (which are
relevant in hard exclusive reactions involving a helicity flip)
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� CONCLUSIONS

Thank you for your attention.
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Introduction Operator Basis & Kernels Plots Conclusions Backup

� BASIS

The complete basis for quarks and self-dual gluon field contains seven
fields:

ψ
(j,m)
+ (z) =

(
D21̇)2j−2(D11̇)2m

ψ1(z) ,

ψ
(j,m)
− (z) =

(
D12̇)2j−1(D11̇)2m

ψ2(z) ,

χ̄
(j,m)
+ (z) =

(
D12̇)2j−2(D11̇)2m

χ̄1̇(z) ,

χ̄
(j,m)
− (z) =

(
D21̇)2j−1(D11̇)2m

χ̄2̇(z) ,

f (j,m)
++ (z) =

(
D21̇)2j−3(D11̇)2mf11(z) ,

f (j,m)
−− (z) =

(
D12̇)2j−1(D11̇)2mf22(z) ,

f (1,m)
+− (z) =

(
D11̇)2mf12(z) .

With this construction kit one can build operators of arbitrary twist
with good transformation properties under conformal transformations
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Introduction Operator Basis & Kernels Plots Conclusions Backup

� CONSERVED CHARGE – CONSTRUCTION

First observe that

Sik = ∂k (zk − zi) ≡ (∂/∂zk )(zk − zi) .

acts as the intertwining operator between the representations
T jk=1/2 ⊗ T ji=1 and T jk=1 ⊗ T ji=1/2

Define 3× 3 matrix

[Q±
ik ]ik = Sik , [Q±

ik ]ki = Ski

and all other off-diagonal matrix elements being zero. For the diagonal
matrix elements we put [Q±

ik ]ii = [Q±
ik ]kk = 1

2 and

[Q+
ik ]jj =

1
2

+ Sik [Q−
ik ]jj =

1
2

+ Ski ,
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Introduction Operator Basis & Kernels Plots Conclusions Backup

� CONSERVED CHARGE – CONSTRUCTION

The two-particle Casimir operators Ĵ2
ik can be written in terms of Q±

ik as

Ĵ2
ik =

1
2
{Q+

ik ,Q
−
ik }

And finally:

Q̂3 =
i
2
[Ĵ2

12, Ĵ
2
23] .

The operator Q̂3 commutes with the Hamiltonian Hψψψ
q :

[Q̂3,Hψψψ
q ] = 0

and defines, therefore, a nontrivial integral of motion.
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