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BPS operators

Oscillator picture

N =4 SYM

» the N' =4 SYM on-shell fields
- gauge field A7, scalar field ¢7;, fermions ¢ ;, V3 ;
a=1,...,N>—1« su(N),
ij=1,...,4 < su(4) = so(6)
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BPS operators

Oscillator picture

N =4 SYM

» the N/ = 4 SYM on-shell fields
- gauge field A7, scalar field ¢7;, fermions ¢3
a=1,...,N>—1« su(N),
ij=1,...,4 < su(4) = so(6)

» superconformal -P,, M,,,, K., D, Q*, Q¢, S}, S!

CVI'
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BPS operators

Oscillator picture

N =4 SYM
» the N/ = 4 SYM on-shell fields
- gauge field A7, scalar field ¢7;, fermions ¢3
a=1,...,N>—1« su(N),
ij=1,...,4 < su(4) = so(6)
> superconformal -P,, M, K,, D, @, Q¢, S}, 3[’:3

CVI'

» global su(4) R-symmetry
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BPS operators

Oscillator picture

N =4 SYM

the N’ = 4 SYM on-shell fields

- gauge field A7, scalar field ¢7;, fermions ¢3
a=1,...,N>—1« su(N),

ij=1,...,4 < su(4) = so(6)
superconformal -P,, M,,,, K, D, Q*, Q¢, S}, 3[’:3

2

v

CVI'

v

v

global su(4) R-symmetry

v

any state — (A, ji,p ,Ri, R, R3)
N N —

su(2)xsu(2) su(4)
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BPS operators

Oscillator picture

BPS operators

» BPS - operators preserving some susy :

[S/S,0] =[Q/Q, O] = 0 for some a, c, i
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BPS operators

Oscillator picture

BPS operators

» BPS - operators preserving some susy :

[S/S,0] =[Q/Q, O] = 0 for some a, c, i

: . .1 .
{Sair QU = 6(h)E + 6ER! + 55{550

— BPS are protected
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BPS operators

Oscillator picture

Oscillator picture
> operators are traces over D s, Fog, l_-—dﬁ-, Gijs Va,is @ZW-
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BPS operators

Oscillator picture

Oscillator picture
> operators are traces over D s, Fog, l_-—dﬁ-, Gijs Va,is @ZW-
» in general, linearly dependent ( EOM, Bianchi identities )
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BPS operators

Oscillator picture

Oscillator picture
> operators are traces over D s, Fog, l_-—dﬁ-, Gijs Va,is @ZW-

» in general, linearly dependent ( EOM, Bianchi identities )
T

» introduce bosonic af,, b and fermionic ¢! oscillators

(Bars 82')
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BPS operators

Oscillator picture

Oscillator picture

> operators are traces over D, s, Fag, a0 Pii Yy @ba,

» in general, linearly dependent ( EOM, Bianchi identities )

> introduce bosonic af,, b\, and fermionic c!

(Bars 82')
» dictionary (Beisert 03')
D*F — (a')**2(b")|0),
D'y — (a') 1 (bh)*c"|0),
D*¢ — (a')*(b")*c'c"|0),
D 9 — (a")*(b') c'cl o)
D¥F — (a*(bN*+2ctctctct|o)

oscillators

Maciej Trzetrzelewski, Dep. of Mathematics, Stockholm KTH Dep. Supergravitons from one loop perturbative ' = 4 SYM



BPS operators

Oscillator picture

Oscillator picture

> operators are traces over D, s, Fag, a0 Pii Yy @ba,

» in general, linearly dependent ( EOM, Bianchi identities )

> introduce bosonic af,, b\, and fermionic c!

(Bars 82')
» dictionary (Beisert 03')
D*F — (a')**2(b")|0),
D'y — (a') 1 (bh)*c"|0),
D*¢ — (a')*(b")*c'c"|0),
D 9 — (a")*(b') c'cl o)
DIE — (@ (b)Yl eletelo)

> an example: D, ;D ;¢ — 3(232[3;[3; cf JT|O>

oscillators
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BPS operators

Oscillator picture

» in the planar limit — single trace operators Tr(x1...XxL)

Xt:DkFa Dk’lvbocia Dkgbija Dk’lZ)O-J, Dkﬁ
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BPS operators

Oscillator picture

» in the planar limit — single trace operators Tr(Xl CoeXL)

Xt_DkF Dk’lvboua Dkgbu, Dk’l?Z)

aio

> site index - a],, bT C — aiutabgz,t’ CiT,t

Maciej Trzetrzelewski, Dep. of Mathematics, Stockholm KTH Dep. Supergravitons from one loop perturbative ' = 4 SYM



BPS operators

Oscillator picture

» in the planar limit — single trace operators Tr(Xl CoeXL)

Xt_DkF Dk’lvboua Dkgbu, Dk’l?Z)

aio

> site index - al,, b, ¢l — aLt,bLt, ¢l
» a generic state = combinations of |s;) ® |s;) ... |s.)
|st> = aj;z,t? blz,t? C,‘T,t aCting on |0>t

+ constraint #al — #b! + #cl = 2 (central charge)
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BPS states at zero coupling/supergravitons

BPS states at zero coupling/supergravitons
> In {Sai, Q¥} = 5{(./1)5 + 5@’?{ + L§s8D

2717«

take i,j,a,0=1 S =511, Q=Q", Ji = (h)]
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BPS states at zero coupling/supergravitons

BPS states at zero coupling/supergravitons
> In {Sai, Q¥} = 5{(./1)5 + 5gR:J" + L§s8D

2% Y
take i,j,a,0=1 S =511, Q=Q", Ji = (h)]
» then

. 3 1
D=2{5,Q} =D +2h— R~ R~ ;R;
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BPS states at zero coupling/supergravitons

BPS states at zero coupling/supergravitons
> In {Sai, Q¥} = 5{(./1)5 + 5gR:J" + L§s8D

2% Y
take i,j,a,0=1 S =511, Q=Q", Ji = (h)]
» then

. 3 1
D=2{5,Q} =D +2h— R~ R~ ;R;

» Q|s) =S|s) =0=D|s) =0
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BPS states at zero coupling/supergravitons

BPS states at zero coupling/supergravitons
> In {Sai, Q¥ = §U(h)2 + 62RI + 36168D
take i,j,a,0=1 S =511, Q=Q", Ji = (h)]

» then

. 3 1
D=2{5,Q} =D +2h— R~ R~ ;R;

» Q|s) =S|s) =0=D|s) =0
> <« also true since QT =S (<= P, =K )

Supergravitons from one loop perturbative ' = 4 SYM
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BPS states at zero coupling/supergravitons

BPS states at zero coupling/supergravitons
> In {Sai, Q¥} = 5{(./1)5 + 5gR:J" + L§s8D

2717«

take i,j,a,0=1 S =511, Q=Q", Ji = (h)]
» then
. 3 1
D=2{$,Q} = D+24 — SR~ R — 3Ry

» Q|s) =S|s) =0=D|s) =0

> <« also true since QT =S (<= P, =K )

> hence | = Tr(—1)Fe=PP+M [M, D] = 0 is an index
(Kinney, Maldacena, Minwalla, Raju 05")
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BPS states at zero coupling/supergravitons

BPS states at zero coupling/supergravitons
> In {Sai, QU} = §U(h)2 + 8R! + 15165D

take I',_j',Oé,ﬁ = 1l 5 = 511, Q = Qll, J1 = (Jl)i
» then

. 3 1
D=2{5,Q} =D +2h— R~ R~ ;R;

» Q|s) = S|s) =0= Dls) =

> <« also true since QT =S (<= P, =K )

> hence | = Tr(—1)Fe=PP+M [M, D] = 0 is an index
(Kinney, Maldacena, Minwalla, Raju 05")

» explicitly the index is

/_E :( 1 2D+2J1 2J2V WR3 7 — E :X2D 21 2J2V WR3
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BPS states at zero coupling/supergravitons

» - Z and / can be calculated exactly at g =0
- for g >> 1 we can use the strong/weak coupling duality
of AdS/CFT
- symm. of N =4 SYM = symm. of AdSs x Ss
superstring
BPS states «— supergravity fields annihilated by Q and S
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BPS states at zero coupling/supergravitons

» - Z and / can be calculated exactly at g =0

- for g >> 1 we can use the strong/weak coupling duality
of AdS/CFT

- symm. of ' =4 SYM = symm. of AdSs x Ss
superstring

BPS states «— supergravity fields annihilated by Q and S
» result: I's match but Z's don’t = overcounting at g=07
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BPS states at zero coupling/supergravitons

» Construction of Z, (A =0, N = c0)
letters:

Zlett.(t) = zg(t) + ze(t), t=(x,z,y,v,w)
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BPS states at zero coupling/supergravitons

» Construction of Z, (A =0, N = c0)
letters:

Zlett.(t) = zg(t) + ze(t), t=(x,z,y,v,w)

» single trace (Polya theorem):

Zoo= =3 10— o) — (c1)yze(e7)

n

(Sundborg 99', Aharony, Marsano, Minwalla,
Papadodimas, Van Raamsdonk 03" )
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BPS states at zero coupling/supergravitons

» Construction of Z, (A =0, N = c0)
letters:

Zlett.(t) = zg(t) + ze(t), t=(x,z,y,v,w)

» single trace (Polya theorem):

Zoo= =3 10— o) — (c1)yze(e7)

n

(Sundborg 99', Aharony, Marsano, Minwalla,
Papadodimas, Van Raamsdonk 03" )

» single trace — multiple trace
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BPS states at zero coupling/supergravitons

» A\ =0, finite N:

Z:/Duexp S s (t) + (<1 zp(em) Y

n=1

n
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BPS states at zero coupling/supergravitons

» A\ =0, finite N:

TrU"Try—"
n

Z :/DUexp Z[zs(t”)+ (=1)" ze(t")]

» conf./deconf. phase transition
(deconfinement phase — InZ,,; ~ N?)
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BPS states at zero coupling/supergravitons

» A\ =0, finite N:

= TrU"Try—"
Z= | DU t" —1)" e (")) ——
 Buew 3 las(e) + (172N
» conf./deconf. phase transition
(deconfinement phase — InZ,,; ~ N?)
» only qualitative agreement with BPS black holes solutions
( given by Gutowski, Real 2x 04', Chong, Cvetic, Lu, Pope
05")
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The dilatation operator at one loop

The dilatation operator at one loop

» two point correlator (O(x)O(y)) o< |x — y| 724,
A = Ag + v = bare+anomalus
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The dilatation operator at one loop

The dilatation operator at one loop
» two point correlator (O(x)O(y)) o< |x — y| 724,
A = Ag + v = bare+anomalus

» the one loop result in the oscillator picture for single trace
states

A

L
_ _ _ 2
v = @spect(H), H= ; Hkk+1, A=g°N
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The dilatation operator at one loop

The dilatation operator at one loop
» two point correlator (O(x)O(y)) o< |x — y| 724,
A = Ag + v = bare+anomalus

» the one loop result in the oscillator picture for single trace
states

A

L
_ _ _ 2
v = @spect(H), H= ; Hkk+1, A=g°N

H|s) = |s1)|s2) |S3) - - . |sL) + |s1) |s2)|s3) [sa) - - |sL) + - ..
H H
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The dilatation operator at one loop

The harmonic action H;,
» consider two (initial) neighboring sites (i and i + 1)

V) = |nay, o N )@ | may, ... mg,),
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The dilatation operator at one loop

The harmonic action H;,
» consider two (initial) neighboring sites (i and i + 1)
V) = |nay, o N )@ | may, ... mg,),
» and two (final)

V') = |n;1,...,n’c4)® | mgl,...,m’q},
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The dilatation operator at one loop

The harmonic action H;,
» consider two (initial) neighboring sites (i and i + 1)

V) = |nay, o N )@ | may, ... mg,),

» and two (final)

V) =1In,,...,n)® | m,,....mg),

» -to calculate (v' | H | v) consider all oscillator hopping so
that |v) — |v/) (c.c.c., —1 factors included)
-associate a probability,

-sum over all possibilities

Maciej Trzetrzelewski, Dep. of Mathematics, Stockholm KTH Dep. Supergravitons from one loop perturbative ' = 4 SYM



BPS states at one loop

BPS states at one loop

> the tree level D,ee = 2n,, +2n, =0=n, =n, =0
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BPS states at one loop

BPS states at one loop
> the tree level D,ee = 2n,, +2n, =0=n, =n, =0

> one |Oop Dl_loop — 2”31 + 2nCl + S%H
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BPS states at one loop

BPS states at one loop

» the tree level Do = 2n,, +2n, =0=n, =n, =0
» one loop Dl—loop =2n,, + 2n., + S%H

» we are looking for

ZL(a27 bla b27 G, C3, C4) —

np Npy Ncy Ncg  Nc
az 1 2 2 3 4
E D Nag Npy Npy Ney Nez Ney L a2 b b GGG,
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BPS states at one loop

BPS states at one loop
> the tree level D,ee = 2n,, +2n, =0=n, =n, =0
» one loop D _ loop = 2N, + 2n¢, + S%H

» we are looking for

ZL(a27 bla b27 G, C3, C4) —

np Npy Ncy Ncg  Nc
az 1 2 2 3 4
E D Nag Npy Npy Ney Nez Ney L a2 b b GGG,

» we can determine only finite number of D
we guess Z; 7

L- Can

’7827"'7’7C47
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BPS states at one loop

» ...after some guess work

P
(1 — agbl)(l — 22[.')2)7

2
P=o0110+ a011-10+a01-11-10

+(b1 + b2) (UL,L,l +axor 111+ agaL_LL—Ll)

ZL(327 by, by, ¢, c3, C4) =

2
+b1 by (CTL,L,z +axor 12+ 320L—1,L—1,2) ;
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BPS states at one loop

> ...alter some guess Work
( ) ; E 2 b
Z a b b Cr,C3,C4) =
L\4a2, ¥1, U2, 2, L3, C4 (1 . 1)(1 . 2)7

2
P=o0110+ a011-10+a01-11-10
2
+(b1 + b2) (UL,L,l +axor 111+ agffL_1,L—1,1)

2
+b1 by (CTL,L,z +axor 12+ 320L—1,L—1,2) ;

» where
2 2 2
C2n1+ C§71+ C£11+ C22 C§ CL%
o n>—+1 na—+1 na+1
Ony,nz,n3 = C22 C32 C42 / Q G &
3 1 1 1

n3 n3
o c3 G

Supergravitons from one loop perturbative ' = 4 SYM
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BPS states at one loop

» checked for
L=2,3,45
— 0 < ng,, np,, Ny, <10 and 0 < ng,, Ney, ne, < L
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BPS states at one loop

» checked for
L=2,3,45
— 0 < ng,, np,, Ny, <10 and 0 < ng,, Ney, ne, < L

» — single trace — multi trace

e = Dy AF Z 2y = Ly
L=2
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BPS states at one loop

» checked for

L=2,3,45

—0< Nayy Nby s Np, <10 and 0 < Neyy Nesy Ney < L
» — single trace — multi trace

e = Dy AF Z 2y = Ly

L=2

» another check - Z; = Zjyr. !
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BPS states at one loop

» old/new variables

7 - szo 201202, Re g, R

Nay y Nby | Nby Ncy Ncg Ncy
E a,2b; b7y e3¢,

DIO,C.C.C
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BPS states at one loop

» old/new variables

7 - szo 201202, Re g, R

Nay y Nby | Nby Ncy Ncg Ncy
E a,2b; b7y e3¢,
DIO,C.C.C

» hence the dictionary
a2=x%z, bl=1/y b2=y,

2=x/v c3=xv/w c4=xw
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BPS states at one loop

» old/new variables

7 - szo 201202, Re g, R

Nay | Mby | Nby Ny Nez Ny
E a7 b by 0% g,
DIO,C.C.C
» hence the dictionary

a2=x%z, bl=1/y b2=y,

2=x/v c3=xv/w c4=xw

» substituting to our result — exact supergravity prediction!
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Finite N, black holes

Finite N, black holes

» 1)Z,+. has no singularities for a,b,c < 1
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Finite N, black holes

Finite N, black holes

» 1)Z,+. has no singularities for a,b,c < 1
» 2)no (meaning of) letters when A > 0 — effective letters

st _ Z ¢ | [1 eff( ) (—1)n+1ZEff'(tn)]

Maciej Trzetrzelewski, Dep. of Mathematics, Stockholm KTH Dep. Supergravitons from one loop perturbative ' = 4 SYM



Finite N, black holes

Finite N, black holes

» 1)Z,+. has no singularities for a,b,c < 1
» 2)no (meaning of) letters when A > 0 — effective letters

st _ Z ¢ | [1 eff( ) (—1)n+1zﬁff'(tn)]

» coeff. of zeff (x) (a,) and zg"-(x), (b,): negative integers
— commutative letters
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Finite N, black holes

Finite N, black holes

» 1)Z,+. has no singularities for a,b,c < 1
» 2)no (meaning of) letters when A > 0 — effective letters

st _ Z ¢ | [1 eff( ) (—1)n+1zﬁff'(tn)]

» coeff. of zeff (x) (a,) and zg"-(x), (b,): negative integers
— commutative letters

» choice: a» =x>, o=ag=a=xbj=bh =1
reason: # BH BPS parameters = # BPS parameters -1
parameter constraint = C = n,, + n./3
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Finite N, black holes

Finite N, black holes

» 1)Z,+. has no singularities for a,b,c < 1
» 2)no (meaning of) letters when A > 0 — effective letters

st _ Z ¢ | [1 eff( ) (—1)n+1zﬁff'(tn)]

» coeff. of zeff (x) (a,) and zg"-(x), (b,): negative integers
— commutative letters

» choice: a» =x>, o=ag=a=xbj=bh =1
reason: # BH BPS parameters = # BPS parameters -1
parameter constraint = C = n,, + n./3

» plethystic formalisms (Benvenuti Feng, Hanany, He 06')

1+ gx")
T80 =S e iz
I X”
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Summary

Summary

» BPS protected = Z is ) independent
Z at A = 0 different from Z at A >> 1 ( from AdS/CFT )
- overcounting??
Turn on 0 < A\ << 1 = full agreement!
BPS states vs.BPS black holes — non planar analysis
required
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