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MotivationCompa
t obje
tsAre the a

retion disk models good enough to distinguish di�erenttypes of the 
ore obje
ts?Do gravastars exist?Could we see them?Inverse problemWhat 
an we say about the 
ompa
t obje
t knowing the 
omplete set ofobservational data?
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Data 
olle
ted from observations
A 
omplete set of observational dataTotal luminosityTotal massEquation of state of the a

reting gasAsymptoti
 temperature (speed of sound)Gravitational potential at the surfa
e of the 
ompa
t obje
t
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Our modelAssumptionsCompa
t obje
t with hard surfa
e surrounded by a 
loud of a

retinggasSpheri
al symmetryNewtonian des
riptionStationary a

retionAt the outer boundary of the �uid ball R∞U2
∞ ≪

m(R∞)R∞

≪ a2∞Soni
 pointKrzysztof Roszkowski (IF UJ) Bifur
ation in the Shakura Model Zakopane, 19.06.2007 5 / 18



De�nitionsMass a

retion rate: Ṁ = −4πR2ρUGas equation of state (polytropi
):p = KρΓ1 < Γ ≤ 5/3Speed of sound: a2 =
∂p
∂ρThe Eddington luminosity: LE =
GM
α

α =
σT4πmp
LE = 1.25 · 1038 MM⊙

ergsKrzysztof Roszkowski (IF UJ) Bifur
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De�nitionsThe total luminosity: L0 = Ṁφ0The gravitational potential:
φ(R) = −

m(R)R −

∫ R∞R rρ(r)drLuminosity at a given point L(R):
∂R ln L =

αṀR2L(R) = L0 exp(−L0R̃0LER )
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De�nitions
Modi�ed size measure of the body:R̃0 =

GM
|φ(R0)|Quasilo
al mass:

∂Rm(R) = 4πρR2Total mass: M = m(R∞)
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Main equationsModi�ed Shakura modelEuler equation: U∂RU = −
Gm(R)R2 −

1
ρ
∂Rp + α

L(R)R2Mass 
onservation:
∂RṀ = 0Energy 
onservation:L0 − L(R) = Ṁ ( a2∞

Γ − 1 −
a2

Γ − 1 −
U22 − φ(R)

)
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Soni
 pointSoni
 pointAt the soni
 point the infall velo
ity of the gas equals the speed of sound.Values measured at that pla
e are denoted with an asterisk: M∗, a∗ = U∗.Soni
 point variablesx =
L0LEy =
M∗M

γ =
R̃0R∗Krzysztof Roszkowski (IF UJ) Bifur
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Luminosity as a fun
tion of soni
 point mass
Total luminosityL0 = φ0G 2π2χ∞

M3a3∞ (1− y)(y − x exp(−xγ))2 ( 25− 3Γ) 5−3Γ2(Γ−1)Using soni
 point variables. . .x = β(1− y)(y − x exp(−xγ))2.
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Bifur
ationTheoremLet us de�ne a fun
tionF (x , y) = x − β(1− y)(y − x exp(−xγ)).Then, for any β, 0 ≤ γ < 1 and x smaller than a 
ertain 
riti
al value:There exists a 
riti
al point x = a, y = b of F (F (a, b) = 0 and
∂yF (x , y)|(a,b) = 0). The parameters a and b satisfy 0 < a, b < 1 and3b = 2 + a exp(−aγ).For any 0 < x < a there exist two solutions y(x)±, bifur
ating from
(a, b). They are lo
ally approximated by:y± = b ±

√

(a − x)(b + a exp(−aγ)(1 − 2aγ))
√

β(b − a exp(−aγ))(1 − a exp(−aγ))
.The relative luminosity is extremized at the 
riti
al point (a, b).Krzysztof Roszkowski (IF UJ) Bifur
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Bifur
ation
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Figure: The plot of the dependen
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Numeri
al exampleObserved valuesTotal mass is given in the units of solar mass M⊙ = 1.989× 1033g,M = M⊙(M/M⊙).Eddington luminosity LE = 1.3× 1038(M/M⊙)erg/s and for x = 0.1we have L0 = 1.3× 1037(M/M⊙)erg/s.The asymptoti
 speed of sound a∞ = 
/50 = 6× 108
m/s, the radiusof the sphere en
losing the gas R∞ = 1.5× 1011(M/M⊙)
m and thesurfa
e potential φ(R0) = −0.25
2 = −2.25× 1020
m2/s2.The modi�ed size measure R̃0 = 6× 105(M/M⊙)
m.
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Numeri
al exampleTwo solutionsSolution I:(soni
 point parameters) R∗ = 8.35 · 107(M/M⊙)
m,a∗ = |U∗| = 8.46 · 108
m/s;(size and mass of the hard 
ore) R0 = 5.93 · 105(M/M⊙)
m,M
ore = 1.98 · 1033(M/M⊙)g;(asymptoti
 mass density) ρ∞ ≈ 6 · 10−4(M⊙/M)2g/
m3.Solution II:(soni
 point parameters) R∗ = 9.15 · 106(M/M⊙)
m,a∗ = |U∗| = 8.46 · 108
m/s;(size and mass of the hard 
ore) R0 = 1.18 · 105(M/M⊙)
m,M
ore = 3.92 · 1032(M/M⊙)g;(asymptoti
 mass density) ρ∞ ≈ 1.1 · 10−1(M⊙/M)2g/
m3.Krzysztof Roszkowski (IF UJ) Bifur
ation in the Shakura Model Zakopane, 19.06.2007 15 / 18



Numeri
al example
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Figure: The speed of the infalling gas in 
ase of the two solutions.U22m(R)/R = 1 for the freely falling gas.Krzysztof Roszkowski (IF UJ) Bifur
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Con
lusionsNonuniquenessTwo di�erent 
ore masses in systems, whi
h have the same total massand luminosity.If the total luminosity is 
lose to the Eddington limit the two 
oremasses are 
lose to ea
h otherPossible extensionsThe stability of the stationary solutionsTime evolution (stationary initial data)AxisymmetryRelativisti
 generalizationKrzysztof Roszkowski (IF UJ) Bifur
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