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Supersymmetri
 Y-M Quantum Me
hani
szero-volume Hamiltonian � in one point

H = −
1

2

(

∂

∂ĉa
i

)2

︸ ︷︷ ︸

HT

+
1

2

(

B̂a
i

)2

︸ ︷︷ ︸

HV
︸ ︷︷ ︸

HB

− iεabdλ̄
aσ̄iλbĉd

i

︸ ︷︷ ︸

HF

σj = τ j - Pauli mati
es

λ
β
a, λ̄

β̇
a - Weyl spinors

ĉa
i - bosoni
 variables

B̂a
i = −1

2εijkεabdĉ
b
j ĉ

d
kanti
ommutation relations

{λaα, λ̄bβ̇} = σ̄
β̇α
0 δab

{λaα, λbβ} = 0

{λ̄aα̇, λ̄bβ̇} = 0


olour indi
es - a, b, d ∈ {1,2,3}spatial indi
es - i, j ∈ {1,2,3}spinor indi
es - α, β ∈ {1,2} 2



Old resultsEnergy dependen
e on 
ut-o� B ≥ nB
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nB - # of bosons

nF - # of fermionsparti
le-hole sym.:

nF ←→ 6− nF

[n̂F , H] = 0

[n̂B, H] 6= 0
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New invariant bosoni
 variablesangular momentum j = 0and gauge invarian
e
(r̂, u, v)

r̂2 = (ĉa
j)

2

u = r̂−4(B̂a
j )

2

v = r̂−3 det ĉwhere B̂a
i = −1

2
εijkεabdĉ

b
j ĉ

d
k

(x1, x2, x3)

r̂2 =
∑

j x2
j

u = r̂−4∑
i>j x2

i x2
j

v = r̂−3∏
j xj
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equipotential surfa
e
2HV = u r̂4 = x2

1x2
2 + x2

1x2
3 + x2

2x2
3 = 0.14



Cut Fo
k spa
e for nF = 2A
ting ĉb
j and λ̄a

α̇ on empty state:

|n〉 =
∑

convolutions
{a1, . . . , ar}

ĉ
a1
k1

. . . ĉam
km

λ̄
am+1
α̇ . . . λ̄ar

β̇
|0〉

Combinations of fermions
Ij

a = −2iεcbaλ̄c
α̇(σ̄j0)α̇

β̇λ̄bβ̇|0〉 J ab = −λ̄a
α̇λ̄b

β̇
ǫα̇β̇|0〉

σ̄j0 = 1
2τj ǫαβ = ǫα̇β̇ = −iτ2Contra
tions between bosons and fermions

|e1(u, v)〉 = ĉa
j/r̂Ij

a |e4(u, v)〉 = δabJab

|e2(u, v)〉 = B̂a
j /r̂2Ij

a |e5(u, v)〉 = ĉa
j ĉb

j/r̂2Jab

|e3(u, v)〉 = ĉb
j ĉ

b
kĉa

k/r̂3Ij
a |e6(u, v)〉 = ĉb

j ĉ
d
j ĉ

d
kĉb

k/r̂4JabBasis ve
tors

|n〉 =
∑6

m=1 hn
m(r̂, u, v)|em(u, v)〉 5



Hamiltonianu Diagonalization Hn′n
Eigenequation: ∑

n
Hn′nvn

k = Ekvn′
k where Hn′n = 〈n′|H|n〉
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Eigenstates of Hamiltonian:

|Φk(r̂, u, v)〉=
∑

n
vn
k |n〉

=
∑

n
vn
k

6∑

m=1

hn
m(r̂, u, v)|em〉Observables:

〈O〉k = 〈Φk(r̂, u, v)〉|O|Φk(r̂, u, v)〉

112× 112 matrix for B = 11

10416× 10416 matrix for B = 60 6



Energy spe
trum
E
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Continuous spe
trumfor �xed energyplot: x2|Ψ(x)|2
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Bound states |Ψ(x1, x2 = 0, x3 = 0)|2
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|Ψ(x1, x2, x3)|
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Quantum virial theorem

Heisenberg equation
dF̂
dt = ∂F̂

∂t + 1
iℏ[F̂ , Ĥ]For motion en
olsed in bound area: d

dt〈~x · ~p〉 = 0

0 = d
dt〈~x · ~p〉 =

1
iℏ〈[~x · ~p, Ĥ]〉When V (α~x) = αnV (~x) then 2〈T 〉 = n〈V 〉Here, virial - ~x · ~p ∼ r ∂

∂r

HT (αr) = α−2HT (r) HV (αr) = α4HV (r) HF (αr) = αHF (r)

−2〈HT 〉+ 4〈HV 〉+ 〈HF 〉 = 0 11



Virial theorem
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Virial theorem (zoom in)
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Con
lusions
1. Solution of S
hrödinger equation for nF = 2 and j = 0 in D = 4

2. Energy spe
tum and eigenstates

3. Virial theorem for SYMQM: bound states and non-lo
alized states

4. Future: other observables and lawssystems with D = 10

SU(2)→ SU(3)

D−brane s
attering
5. Di�
ulty: large number of states (i.e. D = 10 and j 6= 0)
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Virial theorem: Continuous Spe
trum
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Disperstion relation: E ∼ p2

l - # of 
onse
utive energy levelsfor 
ontinuous spe
trum
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l2/nb ∼ p2
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