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Introduction
Calculation of structure function (F2(x,Q

2)) in perturbative QCD
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in the limit of small x:

M2 � Q2 � s2 = (p+ q)2 = Q2(1− x)/x

• Resummation of appropriate Feynman’s Diagram ⇒ Formulation
of effective field theory, in which compound states of gluons – reggeized
gluons (Reggeons) – play a role of a new elementary field. •

propagator
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Structure Function for Reggeons
Structure Function for j → 1: in the limit of small x and s→∞
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p (M)

ᾱs = αsNc/π

integrals of motion: q = (q2, q̄2 . . . , qN , q̄N )

Compound N -Reggeon states

satisfy the Schrödinger equation

HNΨq ({~zk}) =ENΨq ({~zk})

EN - “energy” of N−Reggeon state
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ᾱN−2
s F̃N (j,Q2)

where F̃N (j,Q2) =
∑

q

1

j − 1 + ᾱsEN (q)
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QCD Hamiltonian for Nc →∞
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Eigenstates Ψq({~z}; ~z0)→

(cz0 + d)2h(c̄z̄0 + d̄)2h̄
N∏

k=1

(czk + d)2s(c̄z̄k + d̄)2s̄Ψq({~z}; ~z0)

where (s = 0, s̄ = 1) are the complex spins of Reggeons and (h, h̄)

define a spin of N -Reggeon state
h = 1+nh

2
+ iνh h̄ = 1−nh

2
+ iνh nh ∈ Z and νh ∈ R
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Anomalous dimensions γa
n(j)

Expansion (OPE) in inverse powers of hard scale Q (twist series-n)

F̃ (j,Q2) =
∑

n=2,3,...

1

Qn

∑

a

Ca
n(j, αs(Q

2)) 〈p |Oa
n,j |p〉

Wilson operators Oa
n,j satisfy

Q2 d

dQ2
〈p |Oa

n,j(0)|p〉 = γa
n(j) 〈p |Oa

n,j(0)|p〉

where a enumerates operators with the same twist.

Anomalous dimensions γa
n(j) =

∞∑

k=1

γa
k,n(j)(αs(Q

2)/π)k

In the limit j → 1 the moment F̃ (j,Q2) takes a form

F̃ (j,Q2) =
1

Q2

∑

n=2,3,...

∑

a

C̃a
n(j, αs(Q

2))

(
M

Q

)n−2−2γa

n
(j)
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Expansion for large Q

Impact factors have a form

j > jN = 1 − αs min qEN (q)

βq
γ∗(Q2) =

∫
d2z0 〈Ψγ∗ |Ψq(~z0)〉 βq

p (M2) =
∫
d2z0 〈Ψq(~z0)|Ψp〉

Scaling symmetry of Reggeon states→ calculation of their dimensions

βq
γ∗(Q2) = Cq

γ∗Q−1−2iνh , βq
p (M2) = Cq

p M
−1+2iνh

Cq
γ∗ and Cq

p are dimensionless

F̃N (j,Q2) =
1

Q2

∑

`

∑

nh≥0

∫ ∞

−∞
dνh

Cq
γ∗ C

q
p

j − 1 + ᾱsEN (q)

(
M

Q

)−1+2iνh

We integrate by summing residua

j− 1 + ᾱsEN (q(νh(j);nh, `)) = 0 F̃N (j,Q2) ∼ 1
Q2

(
M
Q

)−1+2iνh(j)

γn(j) = (n− 1)/2− iνh(j) = [n− (h(j) + h̄(j))]/2 q = q(νh;nh, `)

γn(j) = γ
(0)
n ᾱs/(j − 1) +O(ᾱ2

s) ` = (`1, . . . , `2N−4)

Reggeized gluon states – p.8/17



Expansion for large Q

Impact factors have a form

j > jN = 1 − αs min qEN (q)

βq
γ∗(Q2) =

∫
d2z0 〈Ψγ∗ |Ψq(~z0)〉 βq

p (M2) =
∫
d2z0 〈Ψq(~z0)|Ψp〉

Scaling symmetry of Reggeon states→ calculation of their dimensions

βq
γ∗(Q2) = Cq

γ∗Q−1−2iνh , βq
p (M2) = Cq

p M
−1+2iνh

Cq
γ∗ and Cq

p are dimensionless

F̃N (j,Q2) =
1

Q2

∑

`

∑

nh≥0

∫ ∞

−∞
dνh

Cq
γ∗ C

q
p

j − 1 + ᾱsEN (q)
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Expansion for large Q

Making use of the above equations
we can combine EN from γn(j):

EN (q) = −
[ c−1

ε + c0 + c1 ε+ . . .
]

where γn(j) = −ε, i.e. iνh = iνpole
h + ε, so that

γn(j) = −c−1

[
ᾱs

j−1 + c0

(
ᾱs

j−1

)2

+
(
c1c−1 + c 2

0

) (
ᾱs

j−1

)3

+ . . .

]

and ck = ck(n, nh, `)

Position of energy poles

EN (q) ∼ γ(0)
n

iνh−(n−1)/2

determines twist n: iνh = (n− 1)/2 with n ≥ N + nh

For N = 2 [Jaroszewicz (n = 2), Lipatov (higher n)]

γ2(j) = ᾱs

j−1 + 2ζ(3)
(

ᾱs

j−1

)4

+ 2ζ(5)
(

ᾱs

j−1

)6

+O(ᾱ8
s)
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ᾱs

j−1

)3

+ . . .

]

and ck = ck(n, nh, `)

Position of energy poles

EN (q) ∼ γ(0)
n

iνh−(n−1)/2

determines twist n: iνh = (n− 1)/2 with n ≥ N + nh

For N = 2 [Jaroszewicz (n = 2), Lipatov (higher n)]

γ2(j) = ᾱs
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ᾱs

j−1

)4

+ 2ζ(5)
(

ᾱs
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Analytical Continuation for νh ∈ C

After analytical continuation

PSfrag replacements

Im(h)

Im
(h

)
≡

ν h

ε3

ε4

εN
q
4
/q

2

N
|q

N
|/q

2

Im
[q

3
1
/
3
]

Im[q3
1/3]

Re[q3
1/3]

Im
[q

4
1
/
4
]

Re[q4
1/4]

Im[q3
1/3]

Re[q3
1/3]

Reggeon wave-function Ψq({~z}; ~z0) is not normarizable

〈Ψq(~z0)|Ψq′(~z′0)〉 ≡

Z N
Y

k=1

d2zkΨq({~z}; ~z0)
`

Ψq′({~z}; ~z′0)
´

∗

= δ(2)(z0 − z′0) δqq′

where δqq′ ≡ δ(νh − ν′

h
)δnhn′

h

δ``′

PSfrag replacements

Im(h)

Im
(h

)
≡

ν h

ε3

ε4

εN
q
4
/q

2

N
|q

N
|/q

2

Im
[q

3
1
/
3
]

Im[q3
1/3]

Re[q3
1/3]

Im
[q

4
1
/
4
]

Re[q4
1/4]

Im[q3
1/3]

Re[q3
1/3]

quantum conditions (for q) are relaxed: q̄k 6= q∗k, h̄ 6= 1− h∗

For N = 2: E2(νh, nh) = ψ
(

1+|nh|
2 + iνh

)
+ ψ

(
1+|nh|

2 − iνh

)
− 2ψ(1)

Poles in iνh = ±(n− 1)/2 without cuts Ψ(x) = d
dx

Γ(x)

leading twist n = 2 for νh = −i/2

For N ≥ 3: no unique formula – multi-valued function
Poles at iνh = (n− 1)/2 with n ≥ N + nh

Cuts like E±
N ∼ ak ± bk

√
νbr,k − νh
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Analytical Continuation for νh ∈ C

After analytical continuation
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quantum conditions (for q) are relaxed: q̄k 6= q∗k, h̄ 6= 1− h∗

For N = 2: E2(νh, nh) = ψ
(

1+|nh|
2 + iνh

)
+ ψ

(
1+|nh|

2 − iνh

)
− 2ψ(1)

Poles in iνh = ±(n− 1)/2 without cuts Ψ(x) = d
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Γ(x)

leading twist n = 2 for νh = −i/2

For N ≥ 3: no unique formula – multi-valued function
Poles at iνh = (n− 1)/2 with n ≥ N + nh

Cuts like E±
N ∼ ak ± bk

√
νbr,k − νh

Reggeized gluon states – p.10/17



Analytical Continuation for νh ∈ C

After analytical continuation
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leading twist n = 2 for νh = −i/2

For N ≥ 3: no unique formula – multi-valued function
Poles at iνh = (n− 1)/2 with n ≥ N + nh

Cuts like E±
N ∼ ak ± bk

√
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Reggeized gluon states – p.10/17



Analytical Continuation for νh ∈ C

After analytical continuation

PSfrag replacements

Im(h)

Im
(h

)
≡

ν h

ε3

ε4

εN
q
4
/q

2

N
|q

N
|/q

2

Im
[q

3
1
/
3
]

Im[q3
1/3]

Re[q3
1/3]

Im
[q

4
1
/
4
]

Re[q4
1/4]

Im[q3
1/3]

Re[q3
1/3]

Reggeon wave-function Ψq({~z}; ~z0) is not normarizable

〈Ψq(~z0)|Ψq′(~z′0)〉 ≡

Z N
Y

k=1

d2zkΨq({~z}; ~z0)
`

Ψq′({~z}; ~z′0)
´

∗

= δ(2)(z0 − z′0) δqq′

where δqq′ ≡ δ(νh − ν′

h
)δnhn′

h

δ``′

PSfrag replacements

Im(h)

Im
(h

)
≡

ν h

ε3

ε4

εN
q
4
/q

2

N
|q

N
|/q

2

Im
[q

3
1
/
3
]

Im[q3
1/3]

Re[q3
1/3]

Im
[q

4
1
/
4
]

Re[q4
1/4]

Im[q3
1/3]

Re[q3
1/3]

quantum conditions (for q) are relaxed: q̄k 6= q∗k, h̄ 6= 1− h∗

For N = 2: E2(νh, nh) = ψ
(

1+|nh|
2 + iνh

)
+ ψ

(
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2 − iνh

)
− 2ψ(1)

Poles in iνh = ±(n− 1)/2 without cuts Ψ(x) = d
dx

Γ(x)

leading twist n = 2 for νh = −i/2

For N ≥ 3: no unique formula – multi-valued function
Poles at iνh = (n− 1)/2 with n ≥ N + nh

Cuts like E±
N ∼ ak ± bk

√
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Reggeized gluon states – p.10/17



Energy EN(νh; nh, `) for higher N
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Baxter chiral blocks Q(u;h, q) can be obtained by
Q(u;h, q) = 1

Γ(−h)

∫ 1

0
dz ziu−1Q1(z) where[

(z∂z)
Nz + (z∂z)

Nz−1 − 2(z∂z)
N −∑N

k=2 i
kqk(z∂z)
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]
Q1(z) = 0

with asymptotic Q1(z) ∼ (1− z)−h−1 for z = 1
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Quantization conditions (for q)←− Ψq({~z}; ~z0) single-valuedness

Q(i+ ε;h, q)Q(i− ε; h̄,−q̄)−Q(i+ ε; 1− h, q)Q(i− ε; 1− h̄,−q̄) = O(ε0)

keeping in mind Q(i+ ε;h, q) = 1
εN − i ε(h,q)

εN−1 +O
(

1
εN−2

)
we obtain

2N − 1 equations for 2(N − 2) charges qk and q̄k (k = 3, . . . , N )
and remaining q2 = −h(h− 1) and q̄2 = −h̄(h̄− 1)

Reggeized gluon states – p.11/17



Energy EN(νh; nh, `) for higher N
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Quantization conditions (for q)←− Ψq({~z}; ~z0) single-valuedness

Q(i+ ε;h, q)Q(i− ε; h̄,−q̄)−Q(i+ ε; 1− h, q)Q(i− ε; 1− h̄,−q̄) = O(ε0)

keeping in mind Q(i+ ε;h, q) = 1
εN − i ε(h,q)

εN−1 +O
(

1
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)
we obtain

2N − 1 equations for 2(N − 2) charges qk and q̄k (k = 3, . . . , N )
and remaining q2 = −h(h− 1) and q̄2 = −h̄(h̄− 1)
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Energy EN(νh; nh, `) for higher N
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Quantization conditions (for q)←− Ψq({~z}; ~z0) single-valuedness

Q(i+ ε;h, q)Q(i− ε; h̄,−q̄)−Q(i+ ε; 1− h, q)Q(i− ε; 1− h̄,−q̄) = O(ε0)

keeping in mind Q(i+ ε;h, q) = 1
εN − i ε(h,q)

εN−1 +O
(

1
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)
we obtain

2N − 1 equations for 2(N − 2) charges qk and q̄k (k = 3, . . . , N )
and remaining q2 = −h(h− 1) and q̄2 = −h̄(h̄− 1)
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Spectral surfaces for N = 3 and nh = 0
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Energy spectrum N = 3 for Reggeon states E3(νh; nh, `) for nh = 0 and ` = (0, `2),

with `2 = 2, 4, . . . , 14 from down to up (on the left).

Analytical continuation of energy along imaginary axis νh (on the right).

Branching points are denoted by circles and iνbieg = (n − 1)/2 where twist n = 4, 6, 8, . . .

For

all these surfaces

q̄3 + q3 = 0

Reggeized gluon states – p.12/17



Spectral surfaces for N = 3 and nh = 0
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Energy spectrum N = 3 for Reggeon states E3(νh; nh, `) for nh = 0 and ` = (0, `2),

with `2 = 2, 4, . . . , 14 from down to up (on the left).

Analytical continuation of energy along imaginary axis νh (on the right).

Branching points are denoted by circles and iνbieg = (n − 1)/2 where twist n = 4, 6, 8, . . .

For all these surfaces q̄3 + q3 = 0

Reggeized gluon states – p.12/17



N = 3 case
For N = 3 and nh = 0, with q̄3 + q3 = 0
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poles in iνh = (n− 1)/2, where twist n = 4, 6, 8, . . .
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branching points, not only for Re(νh) = 0, join surfaces
with the same quantum numbers
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contributions from cuts simplify each other

For N = 3 and nh = 1 we have spectral surfaces for q3(νh) = 0
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states (with q3 = 0) are descendant of N = 2 states
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energy E3 = E2(νh;nh = 1) is single-valuedness function
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in νh = 0 we have physical ground state for N = 3 ( E3 = 0)
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Poles are situated at iνh = 1, 2, . . . for n = 3, 5, 7, . . .
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N = 3 case
For N = 3 and nh = 0, with q̄3 + q3 = 0
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contributions from cuts simplify each other

For N = 3 and nh = 1 we have spectral surfaces for q3(νh) = 0
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energy E3 = E2(νh;nh = 1) is single-valuedness function
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in νh = 0 we have physical ground state for N = 3 ( E3 = 0)

PSfrag replacements

Im(h)

Im
(h

)
≡

ν h

ε3

ε4

εN
q
4
/q

2

N
|q

N
|/q

2

Im
[q

3
1
/
3
]

Im[q3
1/3]

Re[q3
1/3]

Im
[q

4
1
/
4
]

Re[q4
1/4]

Im[q3
1/3]

Re[q3
1/3]

Poles are situated at iνh = 1, 2, . . . for n = 3, 5, 7, . . .
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Energy pole structure

PSfrag replacements

Im(h)

Im
(h

)
≡

ν h

ε3

ε4

εN
q
4
/q

2

N
|q

N
|/q

2

Im
[q

3
1
/
3
]

Im[q3
1/3]

Re[q3
1/3]

Im
[q

4
1
/
4
]

Re[q4
1/4]

Im[q3
1/3]

Re[q3
1/3]

For N = 3, nh = 1 and q3(vh) = 0 with n = 3:

E3,d(2 + ε) = ε−1 + 1− ε− (2ζ(3)− 1) ε2 + . . .

γ
(N=3)
3 (j) =

ᾱs
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ᾱs

j − 1

)4

+ . . .

PSfrag replacements

Im(h)

Im
(h

)
≡

ν h

ε3

ε4

εN
q
4
/q

2

N
|q

N
|/q

2

Im
[q

3
1
/
3
]

Im[q3
1/3]

Re[q3
1/3]

Im
[q

4
1
/
4
]

Re[q4
1/4]

Im[q3
1/3]

Re[q3
1/3]

For N = 3, nh = 0 and q3 + q̄3 = 0 with n = 4:

E3(2 + ε) = ε−1 +
1

2
− 1

2
ε+ 1.7021 ε2 + . . .

γ
(N=3)
4 (j) =

ᾱs
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ᾱs

j − 1

)3

− 1.0771

(
ᾱs
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ᾱs

j − 1

)2

+ (2ζ(3) + 1)

(
ᾱs
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Coefficients of Laurent expansion γ(h) = −ε→ 0

E3(2 + ε) = ε−1 +
1

2
−

1

2
ε + 1.7021 ε2 + . . .

E3(3 + ε) = 2 ε−1 +
15

8
− 1.6172 ε + 0.719 ε2 + . . .

E
(a)
3 (4 + ε) = ε−1 +

11

12
− 0.6806 ε − 1.966 ε2 + . . .

E
(b)
3 (4 + ε) = 2 ε−1 +

15

4
− 3.2187 ε + 3.430 ε2 + . . .

E
(a)
3 (5 + ε) = 2 ε−1 +

125

48
− 2.0687 ε + 1.047 ε2 + . . .

E
(b)
3 (5 + ε) = 2 ε−1 +

53

12
− 2.4225 ε + 0.247 ε2 + . . .

Poles have a form (R = 2 (or 1 for even h)):

E3(h+ ε) = Rε−1 + 2γ(h) +O(ε)

γ(h) is energy of Heisenberg model with SL(2,R) spin

Reggeized gluon states – p.15/17



Coefficients of Laurent expansion γ(h) = −ε→ 0

E3(2 + ε) = ε−1 +
1

2
−

1

2
ε + 1.7021 ε2 + . . .

E3(3 + ε) = 2 ε−1 +
15

8
− 1.6172 ε + 0.719 ε2 + . . .

E
(a)
3 (4 + ε) = ε−1 +

11

12
− 0.6806 ε − 1.966 ε2 + . . .

E
(b)
3 (4 + ε) = 2 ε−1 +

15

4
− 3.2187 ε + 3.430 ε2 + . . .

E
(a)
3 (5 + ε) = 2 ε−1 +

125

48
− 2.0687 ε + 1.047 ε2 + . . .

E
(b)
3 (5 + ε) = 2 ε−1 +

53

12
− 2.4225 ε + 0.247 ε2 + . . .

Poles have a form (R = 2 (or 1 for even h)):

E3(h+ ε) = Rε−1 + 2γ(h) +O(ε)

γ(h) is energy of Heisenberg model with SL(2,R) spin

Reggeized gluon states – p.15/17



Leading twist for higher N
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For even N :
nmin = N and corresponds to iνh = (N − 1)/2 for nh = 0

Pole Residuum equals (N − 2)

γ
(N)
N (j) = (N − 2) ᾱs

j−1 +O(ᾱ2
s)
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For odd N :
nh = 0: nmin = (N + 1) and corresponds to iνh = N/2,
i.e.: E5(3 + ε) = 3

ε + 7
6 + . . .

nh = 1: nmin = N and corresponds to pole at iνh = (N − 1)/2,

e.g. E5,d(3 + ε) = 3+
√

5
2ε + 1.36180 + . . .

Residuum has more complex form

Pole is situated on the same surface as the state with minimal energy EN
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Summary
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We performed (OPE) expansion of N -Reggeon state contribution to
F̃ (j,Q2) for j → 1
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After analytical continuation we calculated relations between
anomalous dimensions γa

n(j) and Laurent expansion for EN
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E2 - single-valued function,
EN>2 - multi-valued function with cuts
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In the Regge limit leading contribution to F̃ (j,Q2) possesses twist
n = N :

for even N comes from nh = 0

for odd N comes from nh = 1
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We calculated the leading twist for N = 3,
for candidates for the odderon ground state
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After analytical continuation we calculated relations between
anomalous dimensions γa

n(j) and Laurent expansion for EN
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E2 - single-valued function,
EN>2 - multi-valued function with cuts
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In the Regge limit leading contribution to F̃ (j,Q2) possesses twist
n = N :

for even N comes from nh = 0

for odd N comes from nh = 1
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We calculated the leading twist for N = 3,
for candidates for the odderon ground state
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