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Introduction

Calculation of structure function (/5 (x, ?)) in perturbative QCD

v*(q) 7" (q)

where = = Q°/2(pq), Q° = —q., M?=p;
in the limit of small x:
M?<@Q?*<s?=(p+q?=Q*(1—2x)/x

h(p) h(p)
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Introduction

Calculation of structure function (/5 (x, ?)) in perturbative QCD

v*(q) 7" (q)

where = = Q°/2(pq), Q° = —q., M?=p;
in the limit of small x:
M?<@Q?*<s?=(p+q?=Q*(1—2x)/x

h(p) h(p)

e Resummation of appropriate Feynman’s Diagram = Formulation
of effective field theory, in which compound states of gluons — reggeized
gluons (Reggeons) — play a role of a new elementary field. e
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Introduction

Calculation of structure function (/5 (x, ?)) in perturbative QCD

v*(q) 7*(q)

where = = Q°/2(pq), Q° = —q., M?=p;
in the limit of small x:
M?<@Q?*<s?=(p+q?=Q*(1—2x)/x

h(p) h(p)

e Resummation of appropriate Feynman’s Diagram = Formulation
of effective field theory, in which compound states of gluons — reggeized
gluons (Reggeons) — play a role of a new elementary field. e

propagator Interaction

s ()
t

Lipatov’s vertices
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Structure Function for Reggeons

Structure Function for ; — 1: in the limit of small  and s — o

1 o0
FU.QY = [ deoF@.@%) = 3 aY *Fu (. @)
N=2

1
g—1 ‘|‘543EN(Q)

where | Fiy (7, Q%) = )

q

B+ (Q) B (M)

as = asN./m
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Structure Function for Reggeons

Structure Function for ; — 1: in the limit of small = and s — oo

1 o0
F(j,0%) = / dzri 2 F(2,Q%) = 3 a2 Fy (4, Q%)
N=2

1

where | Fiy (4, Q%) = Z j—1+a,En(q)

q

B+ (Q) B (M)

as = asN./m

Compound N-Reggeon states
satisfy the Schroédinger equation

HNYq ({2k}) =EnYq ({Zk})

En - “energy” of N—Reggeon state
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Structure Function for Reggeons

Structure Function for ; — 1: in the limit of small + and s — oc

1 o0
F(j,0%) = / dzri 2 F(2,Q%) = 3 a2 Fy (4, Q%)
N=2

1

where | Fiy (7, Q%) = )

q

g—1 ‘|‘543EN(Q)

B+ (Q) B (M)

as = asN./m integrals of motion: ¢ = (¢2,¢2 ..., qn, qN)

Compound N-Reggeon states

satisfy the Schrodinger equation

HNYq ({2k}) =EnYq ({Zk})

En - “energy” of N—Reggeon state

Multi-colour limit, i.e. N, — oo
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QCD Hamiltonian for N, — oc

® For N. — oo 191} — —2<0, .1 Where tet) are colour matrices

N-1
Hy ~ Z H(Z tat“—>HN~Zsz,zk+1)
J,k=1,j>k k=0

—

with 2z = 2N
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QCD Hamiltonian for N, — oc

® For N. — oo 191} — —2<0, .1 Where tet) are colour matrices

N N—1
HN ~ Z H(Ej,gk)t?tz —>HN ~ Z H(gkagk—H)
Jrk=1,5>k F=0
with 50 =ZN
o L Z3
® Bose Symmetry — invariance under 24 2
cyclic and mirror permutation of particle _ _
<5 <1

PU(Zy,..., 2v-1,2n) = VU(Z,..., 2N, 21)

M\Ij(gla"'az—)N—lyzN):\IJ(EN,...,EQ,gl) <6 <N
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SL(2,C) invariance

® Holomorophic and anti-holomorphic coordinates

Zr = (g, yi) < {

N-—-1

Hy ~ > [H(zk, 2k41) + H(Zk, Zky1)]
k=0

2k = Tk + Wk

2k = Tk — WYk
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SL(2,C) invariance

® Holomorophic and anti-holomorphic coordinates

L 2k = Tk + 1Yk
Zx = (Th, Yr) < - _
Rk — Tk — MYk

N—-1
Hy ~ > [H(zk, 2k41) + H(Zk, Zky1)]
k=0
® 7y is invariant under conformal transformation S (2, C)
2 — gj:is ij > g;:ig ad—bc=1 ad—be=1
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SL(2,C) invariance

® Holomorophic and anti-holomorphic coordinates

L 2k = Tk + 1Yk
Zx = (Th, Yr) < - _
Zk — Tk — 1Yk

N—-1
Hy ~ > [H(zk, 2k41) + H(Zk, Zky1)]
k=0
® 7y isinvariant under conformal transformation SL(2, C)
2 — gj:is ij > g;:ig ad—bc=1 ad—be=1

® FEigenstates V,({7};2)) —

N
(czo + d)*"(¢Z0 + d)*" | [ (car + d)** (e2i + d)* U ({7}; 20)
k=1
where (s = 0,5 = 1) are the complex spins of Reggeons and (5, h)
define a spin of N-Reggeon state

h =0 4 g, h =111 4 gy, n, € Zand v, € R
2 2
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Anomalous dimensions ()

Expansion (OPE) in inverse powers of hard scale () (twist series-n)

Q)= $203<j,as<cz2>><proz,j\p>

n=2,3,...
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Anomalous dimensions ~%(j)

Expansion (OPE) in inverse powers of hard scale () (twist series-n)

= > QHZC“ j,as(@%)) (p|O%;Ip)

n=2,3,...

Wilson operators O ; satisfy

QZdQ2< P10 ;(0)lp) = 71, (1) (P |Oy ;(0)[p)

where o enumerates operators with the same twist.
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Anomalous dimensions ~%(j)

Expansion (OPE) in inverse powers of hard scale () (twist series-n)

= > QHZC“%% ) (P05, ;1p)

n=2,3,...

Wilson operators O ; satisfy

Q=55 2105 ;(0)|p) = 71, (1) (P 1Oy, ;(0)|p)

2
dQ2
where o enumerates operators with the same twist.

Anomalous dimensions . (; Z View () (@s(Q%) /)"
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Anomalous dimensions ~%(j)

Expansion (OPE) in inverse powers of hard scale () (twist series-n)

= > QHZC“J@S ) (P05, ;1p)

n=2,3,...

Wilson operators O ; satisfy

Q=55 2105 ;(0)|p) = 71, (1) (P 1Oy, ;(0)|p)

2

dQ2
where o enumerates operators with the same twist.
Anomalous dimensions ~(; Z v 2 () (s (Q%)/m)*
In the limit ; — 1 the moment F(], QQ) takes a form

N n—2-27(j)
F( Y S‘CCL ]7058 (6)

n=2,3,... a
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Expansion for large )

Impact factors have a form

B1(Q%) = [ d*2z (¥ |V g(2)) BI(M?) = [ d*z (¥

e

0)[¥p)
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Expansion for large )

Impact factors have a form

B1(Q%) = [ d*2z (¥ |V g(2)) BIM?) = [ d*20 (Vq(20)[¥,)

Scaling symmetry of Reggeon states — calculation of their dimensions
53* (QZ) _ C;I*Q_l_%yh 7 ﬁg(MZ) _ C]c?] M—1—|—2z’1/h

Cq and Cq are dimensionless

2 Cg* Cg (M>1—|—2il/h
Fn(5,Q%) Q2ZZ/ 1+ asBEn(g) \ Q

£ nh>0
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Expansion for large )

T ———
Impact factors have a form | J - JN Qs min ¢ En(q)

B3:(Q%) = [ d*zp (W« [Vq(%0)) BI(M?) = [ d*z0 (Vq(Z0)|¥p)
Scaling symmetry of Reggeon states — calculation of their dimensions
Bg* (QZ) _ C;I*Q—l—%uh 7 ﬁg(MZ) _ C]c?] M—1+2z’1/h

Cq and Cq are dimensionless

2 nyﬂ Cg <M>1—|—2il/h
Fn(5,Q%) Q2ZZ/ 1+ asBEn(g) \ Q

£ nh>0

We integrate by summing residua

j 1+ @By ) =0 |En(,Q%) ~ & (4)

—142ivp (4)

Ya(j) = (n—1)/2 =i (§) = [n— (h(G) + hG))/2 @ = q(vn;nn, L)
1 (G) =1 as /(G — 1) + O(a?) €= (L1,... lon_s)
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Expansion for large )

Making use of the above equations
we can combine Ey from ~,,(7):

En(g)=—|“*+c+ce+...]

€

where 7, (j) = —e, i.e. iy, = v + ¢, so that

_ _ 2 _ 3
’Yn(.]) — —C—1 [joisl + ¢co (]()é_s ) + (Clc—l +C()2) (;isl) + ]

and c, = cp(n,np, £)
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Expansion for large )

Making use of the above equations
we can combine Ey from v,,(j):
EN(q> = — [C_l —|—Co—|—01€—|—...]

€

where 7, (j) = —e, i.e. iy, = v + ¢, so that

_ _ 2 _ 3
/Yn(]) — —C—1 [joisl + ¢co (]()é_s ) + (Clc—l +C()2) (;ii) + ]

and c, = cp(n,np, £)

Position of energy poles
(0)
En(q) ~ iuh—zz—1)/2

determines twist n: iv, = (n—1)/2 with n > N + ny,
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Expansion for large )

Making use of the above equations
we can combine Ey from v,,(j):

En(g)=—|“*+c+ce+...]

€

where 7, (j) = —e, i.e. iy, = v + ¢, so that

_ _ 2 _ 3
/Yn(]) — —C—1 [joisl + ¢co <joé_s ) + (Clc—l +C()2) <]a_81) + ]

and c, = cp(n,np, £)

Position of energy poles
(0)
En(q) ~ iuh—zz—1)/2

determines twist n: iv, = (n—1)/2 with n > N + ny,

For NV = 2 [Jaroszewicz (n = 2), Lipatov (higher n)]
_ A\ 4 _\6
1) = 25 +23)(25) +206)(25) +0@d)
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Analytical Continuation for v, € C

After analytical continuation

® Reggeon wave-function W, ({z}; z) is not normarizable

N
(W (20)| g (Z)) = / [T 221 %a ({7} 20) (W g ({7}: 2)) " = 6@ (20 — 25) Sqqr
k=1

where 6,/ = d(v), — V;L)énhn/thM
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Analytical Continuation for v, € C

After analytical continuation

® Reggeon wave-function W, ({z}; z) is not normarizable
N
(Wq(20)|¥q (%)) = / [ #2e¥a({2};20) (Vg ({2} 2)) " = 6 (20 — 20) dgq-
k=1
where 6,/ = d(v), — u;L)cthn/thM

® quantum conditions (for q) are relaxed: q. # ¢/, h # 1 —h*
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Analytical Continuation for v, € C

After analytical continuation

® Reggeon wave-function W, ({z}; z) is not normarizable

N
(Wq(20)|¥q (%)) = / [ 2 ¥q ({2} 20) (Tgr ({2} 2)) " =6 (20 — 20) Sgq
k=1
where (Sqq/ = 5(1/h — I/;L)(thn/h(Seel

® quantum conditions (for q) are relaxed: q. # ¢/, h # 1 —h*

For N = 2: By (v, na) = o 252l v, ) + (25l — iy, ) — 20(1)

Poles in iv;, = +(n — 1)/2 without cuts U(z) = L(x) ‘

leading twist n = 2 for v, = —i/2
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Analytical Continuation for v, € C

After analytical continuation

® Reggeon wave-function W, ({z}; z) is not normarizable

N
(Wq(20)|¥q (%)) = / [ 2 ¥q ({2} 20) (Tgr ({2} 2)) " =6 (20 — 20) Sgq
k=1
where 5qq/ = 5(I/h — I/;L)(thn/h(See/

® quantum conditions (for q) are relaxed: q. # ¢/, h # 1 —h*

For N = 2: By (v, na) = o 252l v, ) + (25l — iy, ) — 20(1)

Poles in iv;, = +(n — 1)/2 without cuts U(z) = LI(z) ‘

leading twist n = 2 for v, = —i/2

For NV > 3: no unique formula — multi-valued function
Poles ativ;, = (n—1)/2withn > N + ny,
Cuts like E]:{:[ ~ aj L bk\/Vbr,k — UVp,

Reggeized gluon states — p.10/17



Energy En(vy; ny, £) for higher N

® By =chq)+elh,—q)+ (1 —nh*q))" + (s(1 —h*,—7"))"

and —g = {(—1)" g}
e=0

where e(h,q) = i< In [N Q(i + € h, q)]
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Energy En(vy; ny, £) for higher N

*

® By =chq)+elh,—q)+ (1 —nh*q))" + (s(1 —h*,—7"))

and —g = {(—1)" g}
e=0

® Baxter chiral blocks Q(u; h, g) can be obtained by

Q(uih,q) = w4 Jy d227Qu1(2) where
[(z@z)Nz + (20,)N 271 —2(20,)N — Z]kvzz iR (20,)NF Q1(2) =0

with asymptotic Q1 (z) ~ (1 — z) "~ for z =1

where e(h,q) = i< In [N Q(i + € h, q)]
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Energy En(vy;ny, £) for higher N

® By =chq)+elh,—q)+ (1 —nh*q))" + (s(1 —h*,—7"))"

where (h,q) = i In [eNQ(i + € h, q)] and —¢ = {(—1)"q1}
e=0

® Baxter chiral blocks Q(u; h, g) can be obtained by
Qus h,q) = 13 [ dz2""1Q,(2) where
[(z@z)Nz + (20,)N 271 —2(20,)N — Z],j:Q iR (20,)NF Q1(2) =0
with asymptotic Q1 (z) ~ (1 — z) "~ for z =1

® Quantization conditions (for g) «— Y, ({z}; 2y) single-valuedness

keeping in mind Q(i + €;h,¢) = & — i(ff ) 4O (=) we obtain
2N — 1 equations for 2(N — 2) charges ¢, and ¢, (k =3,..., N)
and remaining ¢ = —h(h — 1) and g = —h(h — 1)
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Spectral surfaces for N =3 and n;, =0

vvvvvvvvvvvvvvvvvvvvvvvvvvvvvv

Energy spectrum N = 3 for Reggeon states F'3(vy,;ny, £) forn, = 0and £ = (0, /s),
with /o = 2, 4, ..., 14 from down to up (on the left).

For g3 +q3=0
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Spectral surfaces for N =3 and n;, =0

IS
TR BR R NI B BRI
NN
I I BRI L1

2*: 2
E3 O* 0
—2*; -2
41 e
—6 —6
846 5 4 3 =2 -1 o 80 1 2 3 4 5 6
Vh wy,

Energy spectrum N = 3 for Reggeon states F'3(vy,;ny, £) forn, = 0and £ = (0, /s),
with /o = 2, 4, ..., 14 from down to up (on the left).
Analytical continuation of energy along imaginary axis v, (on the right).
Branching points are denoted by circles and ivy,;., = (n — 1)/2 where twist n = 4,6, 8, ...

For all these surfaces g3 + g3 = 0
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N = 3 case

FOrNIBandnh :O,Wlth673—|—Q3 =0
® polesiniv, = (n—1)/2, where twistn = 4,68, ...

® branching points, not only for e(v;,) = 0, join surfaces
with the same quantum numbers

® contributions from cuts simplify each other
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N = 3 case

FOrNZBandnh :O,Wlthg3+Q3 =0
® polesiniv, = (n—1)/2, where twistn = 4,68, ...

® branching points, not only for e(v;,) = 0, join surfaces
with the same quantum numbers

® contributions from cuts simplify each other

For N = 3 and n; = 1 we have spectral surfaces for ¢;(v;,) = 0
® states (with ¢3 = 0) are descendant of V = 2 states
energy E3 = Es(vp;ny, = 1) is single-valuedness function

in v, = 0 we have physical ground state for N = 3 ( /3 = 0)

© o ©

Poles are situated at i), = 1,2,...forn =23,5,7, ...
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Energy pole structure

® For N =3,n,=1and g3(vy) = 0 with n = 3:

Esq2+e)=ct+1—€e—(2¢(3)—1)¢

G = 2 (5%1) e e

i—1 \j—1

+ ...
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Energy pole structure

® For N =3,n,=1and g3(vy) = 0 with n = 3:

Esq2+e)=ct+1—e—(2€0B)—1)e*+...

V=) = ( o )2+(2§(3)+1)(.O‘3 )4+...

-1 \yj-1

® For N =3,n,=0andqg; + g3 = 0with n = 4:

1 1
E3(2+6):e_1+§—§e—|—1.702162+...

(V=) = S (2 (o 3—10771 o 4+
V4 J _j—l 2\j—1 I\G -1 : 1
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Coefficients of Laurent expansion vy(h) = —e — 0

11
E3(2—|—6):6_1—|—§—564—1.702162—{—...
., 15 ,
E3(34+¢€) =2¢ +§—1.61726—|—0.7196 +...
. 11
E:g)(4+e):e_1+ﬁ—0.68066—1.96662—{—...
15
Eéb)(4—|—e):26_1—|—z—3.21876—{—3.43062—{—...
125

EMGt+e =21+ N — 2.0687 € + 1.047 €2 + ...

53
EP(5+e) =261+ 5~ 24225 € +0.247 €

Reggeized gluon states — p.15/17



Coefficients of Laurent expansion y(h) = —e — 0

11
E3(2+e):e—1+§—§e+1.702162+...
., 15 ,
E3(34+¢€) =2¢ —|—§—1.6172€—|—0.7196 +...
. 11
E?())(4+e):e_1+ﬁ—0.68066—1.96662—{—...
15
E:gb)(4—|—e):2e_1—|—z—3.21876—{—3.43062—{—...
125

EMGt+e =21+ 5~ 20687 ¢ +1.047 e+ ...

53
EP(5+e) =261+ 5~ 24225 € +0.247 €

Poles have a form (R = 2 (or 1 for even h)):
Es(h+€) = Re ! +2v(h) + O(e)

~v(h) is energy of Heisenberg model with SL(2,R) spin
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Leading twist for higher N

® F[oreven /V:
nmin = IN and corresponds to iv;, = (N — 1)/2 for nj, =0
Pole Residuum equals (N — 2)
7 G) = (N = 2)2 4 0(a?)
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Leading twist for higher N

® Foreven /V:
nmin = IN and corresponds to iv;, = (N — 1)/2 for nj, =0
Pole Residuum equals (N — 2)
1) = (N = 2) 25 + 0(a2)
® Forodd /V:
ny = 0: nynin = (N + 1) and corresponds to v, = N/2,
el Es(34+e)=2+1+...
nn = 11 nye, = N and corresponds to pole at iv;, = (N —1)/2,
e.g. Bsa(3+¢) = 2£Y5 1 1.36180 + ...
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Leading twist for higher N

® Foreven V:
nmin = IN and corresponds to iv;, = (N — 1)/2 for n;, =0
Pole Residuum equals (N — 2)
13 () = (N = 2)25 + 0(a2)
® Forodd /V:
nn = 0. i = (N + 1) and corresponds to iv;, = N/2,
el Es(3+e)=24+1+...
nn = 11 nye, = N and corresponds to pole at iv;, = (N —1)/2,
e.g. Bsa(3+¢) = 2£Y5 1 1.36180 + ...

Residuum has more complex form
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Leading twist for higher N

® [oreven /V:
nmin = IN and corresponds to iv;, = (N — 1)/2 for n;, =0
Pole Residuum equals (N — 2)
13 () = (N = 2)25 + 0(a2)
® Forodd /V:
nn = 0. i = (N + 1) and corresponds to iv;, = N/2,
el Es(3+e)=24+1+...
ny = 1: n,:, = N and corresponds to pole at iv;, = (N —1)/2,
e.g. Bsa(3+¢) = 2£Y5 1 1.36180 + ...

Residuum has more complex form

Pole is situated on the same surface as the state with minimal energy E
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Summary

®» We performed (OPE) expansion of N-Reggeon state contribution to
F(j.0Q%) for j — 1
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Summary

®» We performed (OPE) expansion of N-Reggeon state contribution to
F(j,Q?) for j — 1

® After analytical continuation we calculated relations between
anomalous dimensions ‘() and Laurent expansion for £y
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Summary

® We performed (OPE) expansion of N-Reggeon state contribution to
F(j,Q?) for j — 1

® After analytical continuation we calculated relations between
anomalous dimensions ‘() and Laurent expansion for £y

® [, -single-valued function,
Fn~o - multi-valued function with cuts
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Summary

® We performed (OPE) expansion of N-Reggeon state contribution to
F(j,Q?) for j — 1

® After analytical continuation we calculated relations between
anomalous dimensions ‘() and Laurent expansion for £y

® [, -single-valued function,
Fn~o - multi-valued function with cuts

® In the Regge limit leading contribution to ﬁ(j, ()?) possesses twist
n = N:
for even /N comes from n;, = 0
for odd /N comes from n;, — 1
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