
  

Hadronic corrections to muon anomaly 
(05’ status) 

A.E. Dorokhov (JINR, Dubna)

I. 80 years of the problem

Data from BNL (g-2) Collaboration (+/-0.5 ppm) 

SM prediction from QED, EW and Strong sectors (2.7σ)

II. Leading order Hadronic contribution: phenomenology
e+e- - annihilation vs τ – decay (shape discrepancy, as(MZ)) 

III. LO and NLO Hadronic contribution from theory (main 
source of theoretical error) 

Conclusions



  

Brief preHistory



  

I. History



  



  

(in modern  
language)



  

Dirac Equation Predicts for
point-like spin ½ charged particle: 

g=2
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Some Definitions

mμ =105.6583692(94) MeV,

mτ = 1776.99 (29) MeV

mμ/me = 206.768 2838(54)

PDG

A charged particle with spin S has a magnetic moment µ 



  

The general form of the ffγ vertex is
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•F1 is the electric charge distribution el=eF1(0)
 
•F2 corresponds to Anomalous Magnetic Moment 
(AMM)             al=(gl-2)/2=F2(0)

• F3 corresponds to Anomalous Electric Dipole 
Moment          dl=-el/(2ml )F3(0)

However, in SM al is not zero due to Radiative Corrections 

 dl=0 due to T- and P symmetries



  

Schwinger, 1948
(Nobel prize 1965)

The lowest order radiative correction
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ExperimentTheory meets



  

The  CERN Muon (g-2) 
Experiments

The muon was shown to be a point particle obeying 
QED

The final CERN precision was 7.3 ppm



  

Where we came from:



  

Current Theory Status



  

Magnetic Anomaly

QED Hadronic Weak SUSY... ... or other new 
physics ?



  

Muon Magnetic Anomaly
QED Prediction:
Computed up to 4th order 
[Kinoshita et al.]                           
(5th order estimated [Mohr, Taylor])
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EW Prediction:
 [Ternov, Rodionov, Studenikin et al,…Czarnecki et al] 

3 loops is very small 10-12

Weak

( ) ( ) 10EW 1034.15loops twoone −⋅=+µa

Strong sector prediction:

( ) 10Had 1010700 −⋅≈µa



  

 BNL (g-2) experiment



  

This BNL experiment is based on the fact that for aμ > 0 the 
spin precesses faster than the momentum vector when a muon 
travels transversely to a magnetic field.

The difference of the spin frequency (Larmor and Thomas) ωS and 
the momentum precession (cyclotron) frequency ωC is given by

mc
eBg

a 2
2−=ω

The difference frequency ωa is the frequency with which the spin precesses
relative to the momentum, and is proportional to the anomaly, rather than
to g.

Precession Method



  



  



  

Today: Experiment vs theory

2.7σ difference with e+e- based SM value



  

What we expect to find?



  

Why Do We Need to Know it so Precisely?

BNL 
(2004)

Experimental progress on 
precision of (g –2)µ

outperforms theory 
precision on hadronic 
contribution



  

• Electron anomaly is measured to a relative precision of 
about 4 parts in a billion (ppb). QED test.

• Muon anomaly is measured to 0.5 parts in a million 
(ppm) SM test.

• Tau anomaly is difficult to measure since its fast decay.
• For a lepton L, New Physics contribution to aL is 

proportional to 
• Thus muon AMM leads to a (mµ/me)2~ 40 000 

enhancement of the sensitivity to New Physics versus 
the electron AMM, the muon anomaly is sensitive to ≥ 
100 GeV scale physics.

• However Electron AMM one of the best for determining α

Lepton Anomalies

( )22 / ΛLm



  

-11
e 10 · 0.38)  218.59 965 (115  a ±=

 46 000 0.000  11 999 137.035  -1 ±=α

Electron anomaly

QED is at the level of the best theory ever 
built to describe nature

To measurable level ae arises entirely from virtual electrons and photons

The theoretical error is dominated by the uncertainty in 
the input value of the QED coupling α ≡ e2/(4π)

Es ist fantastisch!



  

Tau anomaly
•Tau due to its highest mass is the best for searching for 
New Physics,
•But Tau is short living particle, so the precession method 
is not perspective
•The best existing limits 
                                 -0.052<aτ

Exp<0.013
are obtained at DELPHI (LEP, CERN) from the high 
energy process
                                 e+e- e+e- τ+τ− ,
•While the SM estimate is
                                aτ

SM=1.1773(3) 10-3



  

Muon Anomaly is sensitive to a 
wide range of new physics

• muon substructure

• anomalous               couplings
• SUSY   (with large tanβ )

• many other things (extra dimensions, etc.)



  

Standard Model Prediction.
Hadronic Corrections from Phenomenology.



  

The Muonic (g –2)µ

Contributions to the Standard Model (SM) Prediction:

hadS weakQM ED2                
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[Czarnecki et al. ‘95 & others]~ 0.4 × 10–10Z, W exchange

~ (15 ⊕ 4) × 10–10

~ 0.3 × 10–10

σ(aµ)

[Eidelman-Jegerlehner ’95 & 
others]

[Schwinger ’48 & others]
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Dominant uncertainty from 
lowest order hadronic piece. 
Cannot be calculated from 
QCD (“first principles”) – but: 
we can use experiment (!)
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II. Leading Order Hadronic contributions
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Better agreement 
between exclusive 
and inclusive (γγ2) 
data

Agreement between 
Data (BES) and pQCD 
(within correlated 
systematic errors)

use QCD

use data

use QCD

Evaluating the Dispersion Integral

About 91% of aϖ comes from 
s<(1.8GeV)2,

 73% is covered by final 2π state



  

Phenomenological Determination of the Hadronic 
Contribution to (g –2)µ

Data (e+e– & τ) (+ QCD)Data2mπ - 1.8

QCDData1.8 – ψ(3770)

Data (+ QCD)DataJ/ψ - ϒ

QCDDataϒ - 40

QCD

Input 1995

QCD

Input after 1998

40 - ∞

Energy [GeV]Eidelman-Jegerlehner’95, Z.Phys. C67 (1995) 585

Im
pr

ov
em

en
t i

n 
4 

S
te

ps
:

•  Inclusion of precise τ data using SU(2) (CVC)

  Extended use of (dominantly) perturbative QCD

  Theoretical constraints from QCD sum rules and use of Adler function

Alemany-Davier-Höcker’97, Narison’01, Trocóniz-Ynduráin’01, + later works

Martin-Zeppenfeld’95, Davier-Höcker’97, Kühn-Steinhauser’98, Erler’98, + others

Groote-Körner-Schilcher-Nasrallah’98, Davier-Höcker’98, Martin-Outhwaite-
Ryskin’00, Cvetič-Lee-Schmidt’01, Jegerlehner et al’00, Dorokhov’04 + others

Improved determination of the 
dispersion integral comes from:

  better data

  extended use of QCD

•  Better data for the e+e– → π +π – cross section
CMD-2’02, KLOE’04 (!)



  

The Role of τ  Data through CVC – SU(2)

hadrons

τ
ντ

W hadrons
γ
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e 
–

CVC: I =1 & V W: I =1 & V,A  γ: I =0,1 & V

Hadronic physics factorizes in Spectral Functions :
Isospin symmetry connects I=1 e+e– cross section to vectorτ  spectral functions:
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Inclusive v-a spectral function, 
measured by the ALEPH collaboration

ALEPH data on τ decays

Inclusive v+a spectral function, 
measured by the ALEPH collaboration 

pQCD

pQCD

ρ a1 ρ a1



  

Results: the Compilation (including KLOE)                    
Contributions to aµ

had [in 10 
–10] from the different energy domains:

–33.9 ± 0.5 ± 0.0rad1.8 – 3.7R [QCD]

711.0 ± 5.0 ± 0.8rad ± 2.8SU(2)693.4 ± 5.3 ± 3.5rad2mπ – ∞Sum (incl. KLOE)

464.0 ± 3.0 ± 2.3SU(2)[ 450.2 ± 4.9 ± 1.6rad ]2mπ – 1.8[ π +π – (DEHZ’03) ]

τ

–7.4 ± 0.4 ± 0.0rad3.08 – 3.11J /ψ, ψ (2S)

–9.9 ± 0.2theo5.0 – ∞R [QCD]

56.0 ± 1.6 ± 0.3SU(2)58.0 ± 1.7 ± 1.2rad2mπ – 0.5Low s expansion

–448.3 ± 4.1 ± 1.6rad2mπ – 1.8π +π – (incl. KLOE)

21.4 ± 1.3 ± 0.6SU(2)16.8 ± 1.3 ± 0.2rad2mπ – 1.8π +π – 2π0

12.3 ± 1.0 ± 0.4SU(2)14.2 ± 0.9 ± 0.2rad2mπ – 1.82π + 2π –

–38.0 ± 1.0 ± 0.3rad0.3 – 0.81ω (782)

R [data]

Other exclusive 

φ (1020)

Modes e+e 
–

–35.7 ± 0.8 ± 0.2rad1.0 – 1.055

–24.0 ± 1.5 ± 0.3rad2mπ – 1.8

–7.2 ± 0.3 ± 0.0rad3.7 – 5.0

Energy [GeV]



  

Testing CVC
Inferτ  branching fractions from e+e– data:

( )
2

2
0

CVC 2
0

SU(2)-corrected(6 | |BR  kin( ) )
m

ud EWV S ds s
m

s
τ

τ
τ

πτ π υπ ν− −→ = ⋅ň

Difference: BR[τ ] – BR[e+e – (CVC)]:

2.9+ 0.94 ± 0.32τ – → π – π 0 ντ

0.7– 0.08 ± 
0.11τ – → π – 3π 0 ντ

3.6+ 0.91 ± 0.25τ – → 2π – π + π 0 ντ

∆(τ  – e+e –) „Sigma“Mode

leaving out CMD-2 :
      Bππ0 = (23.69 ± 0.68) %
⇒  (7.4 ± 2.9) % relative discrepancy!



  

Shape of Fπ from e+e- and hadronic τ decay

Relative difference between τ  and e+e 
– data:

zoom

Correction for ρ ± –ρ 0 mass (~2.3 ± 0.8 MeV) and width (~2.9 MeV) splitting applied

Jegerlehner, hep-ph/0312372Davier, hep-ex/0312064

z  o  o  m



  

•  Comparison with CMD-2 in the Energy Range 0.37 <s<0.93 GeV2 

(375.6 ± 0.8stat ± 4.9syst+theo) 10-10

(378.6 ± 2.7stat ± 2.3syst+theo) 10-10

KLOE
CMD2

1.3% Error
0.9% Error

aµ
ππ = (388.7 ± 0.8stat ± 3.5syst ± 3.5theo) 10-10

2 contribution to a
hadr

•  KLOE has evaluated the Dispersions Integral for the 2-Pion-Channel  
    in the Energy Range 0.35 <s<0.95 GeV2 

•  At large values of sπ (>mρ
2) KLOE is consistent with CMD and therefore

 They confirm the  deviation from -data!
.

Pion Formfactor

CMD-2
KLOE
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Tau vs e+e-

The problem of the π +π – contribution :
•  Experimental situation:

•  new, precise KLOE results in approximate agreement with latest CMD-2 data 

•  τ  data without m (ρ ) and Γ(ρ ) corr. in strong disagreement with both data sets 

•  ALEPH, CLEO  and OPAL τ  spectral functions in good agreement within errors 

•  Concerning the line shape discrepancy: 

•  SU(2) corrections: basic contributions identified and stable since long; overall 
correction applied to τ  is (– 2.2 ± 0.5) %, dominated by uncontroversial short 
distance piece; additional long-distance corrections found to be small

•  ρ  lineshape corrections improves, but cannot correct difference above 0.7 GeV2 

The fair agreement between KLOE and CMD-2 devalidates the use of τ  data until a 
better understanding of the discrepancies is achieved

Andreas Hocker (2004)

(711.0 ± 5.0 ± 3.6) × 10 
–10=aµ 

had
 [τ ]

(693.4 ± 5.3 ± 3.5) × 10 
–10=aµ

had [e+e–
 ]



  

However, Kim Maltman (2005) found that
the τ decay data are compatible with expectations based on 
high-scale αs(MZ) determinations; 
the e+e- data, in contrast, requires significantly lower αs(MZ). 

The results favor determinations of the Leading Order hadronic 
contribution to (g−2)μ which incorporate hadronic τ decay data 
over those employing e+e- data only, and 
hence suggest a reduced discrepancy between the Standard
Model prediction and the current experimental value of (g − 2)μ.



  

( ) 0020.01200.0 ±=ZS Mα

EM and  τ spectral integrals wk with OPE input



  

Preliminary Results
(693.4 ± 5.3 ± 3.5) × 10 

–10=

(11 659 182.8 ± 6.3had ± 3.5LBL ± 0.3QED+EW) × 10 
–10=aµ 

SM
 [e+e–

 ]

aµ
had [e+e–

 ]

Weak contribution            : aµ
weak                  = + (15.4 ± 0.3) × 10 

–10

Hadronic contribution from higher order    : aµ
had [(α /π)3]  = – (10.0 ± 0.6) × 10 

–10

Hadronic contribution from LBL scattering: aµ
had [LBL]    = + (12.0 ± 3.5) × 10 

–10

aµ 
SM

 
inclu-
ding:

  2.7 ”standard deviations“

= (25.2 ± 9.2) × 10 
–10aµ 

exp  –  aµ 
SM

Observed Difference with Experiment:

BNL E821 (2004):
aµ

exp = (11 659 208.0 ± 5.8) 10 
−10

Knecht-Nyffeler, Phys.Rev.Lett. 88 (2002) 071802

Melnikov-Vainshtein (2003), Dorokhov (2004)

Czarnecki-Marsiano-
Vainshtein + others



  

Results and Perspectives
•  Hadronic vacuum polarization is dominant systematics for SM prediction of the muon g – 2
•  New data from KLOE in fair agreement with CMD-2 with a (mostly) independent technique
•  Discrepancy with τ  data (ALEPH & CLEO & OPAL) confirmed
•  τ / e+e 

– puzzle has to be solved 
•  The SM prediction differs by 2.7 σ [e+e 

– ] from experiment (BNL 2004) (and by 1.4 σ[τ] )

Future experimental input expected from: 

  New CMD-2 results forthcoming, especially at low and large π 
+π – masses

  BABAR ISR: π 
+π – spectral function over full mass range, multihadron channels              

                   (2π 
+

 2π 
– and π 

+π – π 
0 already available)

•New proposal submitted by E969 Collaboration aiming at precision of 2.4 × 10 –10

•   Ambitious muon g – 2 project at J-PARC, Japan, aiming at (0.1 – 0.2) × σ(BNL-E821)



  

Hadronic corrections to aµ within the 

instanton model of QCD vacuum 

Instanton induced effective quark interaction 

Conserved V and A currents

Vector Adler function and VAV correlator in the Instanton model

Axial Anomaly and Triangle Dynamics 

LO and NLO estimates from Instanton Model

Conclusions



  

Muon Anomaly (Current status)



  

The hadronic contribution to the muon anomaly,
 where the dominant contribution comes from (a). 
The hadronic light-by-light contribution 
is shown in (e)

α2 α3



  

Instanton Liquid Model of QCD Vacuum



  

Nonlocal Chiral Quark model (χNQM)
SU(2) nonlocal chirally invariant action describing the interaction of soft quarks
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(Instanton interaction: G'=-G)

For gauge invariance with respect to external fields V and A the delocalized 
quark fields are defined (with straight line path)
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Ι

Quark and Meson Propagators
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has poles at positions of meson bound states 

The pion vertex 

with the quark-pion constant gπqq satisfying the Goldberger-Treiman relation
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Conserved Vector and Axial-Vector currents.

The Vector vertex

Nonlocal part

∼αs in pQCD
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The iso-triplet Axial-Vector vertex has a pole at 02 →q
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The iso-singlet Axial-Vector vertex has a pole at '
22

ηmq →

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )( )

522

2

2

2

2
50

'
''

'1
1'2'',, γγ µ

µ
µµ













−
−+−

−
−−=+=Γ

kk
kMkMkk

qJG
qGJ

q
q

kMkM
G
Gqkkqk

PP

PP

1-G’JPP(q2)

η’ meson pole

( ) ( ) ( ) ( ) ( )
( ) 





 −

−
++=Γ −−

G
G

qJG
kMkMkSkSkqkq

PP
FF

'1
'1

'2'',, 255
11

5
50 γγγµµ

anomalous
AWTI



  

Leading Order Hadronic Corrections 
from Instanton Model



  

Vector and Axial-Vector correlators.
V and A correlators are fundamental quantities of the 

strong-interaction physics, sensitive to small- and large-
distance dynamics. In the limit of exact isospin symmetry 
they are
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Current-current correlators
Current-current correlators are sum of dispersive and contact terms
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Current-current correlators in χNQM
V correlator
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One may explicitly verify that the Witten inequality is fulfilled 
and that at Q2=0 one gets the results consistent with the first Weinberg sum rule
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NχQM Adler function and ALEPH data

NJL

ALEPH
NχQMAS

Quark loop

Quark loop

Mesons

ρ,ω

Meson loop

M(p)
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Adler function is defined as



  

III. LO Hadronic contribution to g µ−2

The calculations are based on the spectral representation
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and from NχQM one gets
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Other model approaches

( ) πµ eeea ,,10077.0849,6 8hvp)2( −+−⋅±=Phenomenological estimate:

NχQM: ( ) 8hvp)2(
QMN, 103.053,6 −⋅±=χµa

Extended Nambu-Iona-Lasinio:
(Bijnens, de Rafael, Zheng)

8hvp)2(
ENJL, 105.7 −⋅≈µa

Minimal hadronic approximation
(Local duality):
(Peris, Perrottet, de Rafael)

( ) 8hvp)2(
MHA, 107.17.4 −⋅±≈µa

Lattice simulations:
(Blum;
Goeckler et.al. QCDSF Coll.)

( ) 8hvp)2(
Lattice, 1023.046.4 −⋅±≈µa



  

Next-to-Leading Order Hadronic Corrections 
from Instanton Model



  

LO vs NLO Hadron corrections to Muon Anomalous magnetic moment
                                                   (Theory)

1% from phenomenology,
10% from the model

NO phenomenology,
50% from the existing model,
The aim to get 10% accuracy

Lowest Order
(EM and Tau data;
Adler function)

Higher Order
(OPE and Triangle diagram)

Vacuum Polarization Light-by-Light scattering



  

The hadronic light-by-light contribution is likely
to provide the ultimate limit to the precision of 
the standard-model value of aμ.



  

1q

2q

3q

4q

OPE

2
2

2
4

2
3

2
1 ,0

qqq

q

> >≈

=

1q

2q

LBL, OPE and Triangle diagram VAV

3q

4q

A
X

XX

( ) ( ){ } ( ) ( ) ...ˆ
ˆ
2, 52

444
21

43

21

43 += +−−− ∫∫ zjq
q

izedyjxjTyedxdi zqqiyiqxiq ρδ
δ ρµµµµ ε

(Similar to π0γ∗γ∗ amplitude at large photon virtualities)



  

Triangle diagram 



  

The structure of V *AV amplitude
For specific kinematics  0h photon wit real is    ,arbitrary - 112 →≡ qqqq

Only 2 structures survives in the triangle amplitude
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The amplitude is transversal with respect to vector current
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but longitudinal with respect to axial-vector current
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Operator Product Expansion and  
V *AV amplitude

In local theory for massive quarks one gets
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Which in chiral limit  (m=0) becomes
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22
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Perturbative nonrenormalization of wL (Adler-Bardeen theorem, 1969)
Nonperturbative nonrenormalization of wL (‘t Hooft duality condition, 1980)
Perturbative nonrenormalization of wT (Vainshtein theorem, 2003)
Nonperturbative corrections to wT at large q are O(1/q6) (De Rafael et.al., 2002)
Absence of Power corrections at large q in Instanton model (this work)



  

VAV * correlator
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Anomalous wL structure (NonSinglet) 

Diagram with Local vertices

5
λγ

µγ

X

νγ
Diagram with NonLocal Axial vertices

µγ

X

νγ

+
+ rest

5
λΓ

( )
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3 1
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2
q

Nw C
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With accordance with Anomaly
and ‘t Hooft



  

Anomalous wL structure (Singlet) 

Diagram with Local vertices

5
λγ

µγ

X

νγ
Diagram with NonLocal Axial vertices

µγ

X

νγ

+
+ rest

5
λΓ

( ) 0)(
0

202
2 =

→qL qwq

With accordance with Anomaly
and ‘t Hooft duality principle
(no massless states in singlet)



  

wLT structure
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( ) ( )22 qfqwLT ≅∞→ Exponentially suppressed, no power corrections!



  

wLT in the Instanton Model (NonSinglet)

( ) ( ) 2
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Perturbative nonrenormalization of wL (Adler-Bardeen theorem, 1969)
Nonperturbative nonrenormalization of wL (‘t Hooft duality condition, 1980)
Perturbative nonrenormalization of wT (Vainshtein theorem, 2003)
Nonperturbative corrections to wT at large q O(1/q6) (De Rafael et.al., 2002)
Absence of Power corrections at large q in Instanton model (this work)



  

wLT in the Instanton Model (Singlet)

( ) ( ) 220 GeV 6.00 ==qw LT

TLLT www 2−≡



  

Z*γγ∗ contribution to aµ
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VMD + OPE
(Melnikov, Vainshtein, 2003)

11EW 1002.2 −⋅−≈∆ µa

Instanton model:
(Dorokhov, 2005)

11EW 1048.1 −⋅−=∆ µa

Perturbative QCD
(Anomaly cancelayion)

0EW =∆ µa



  
Instanton Vector Meson 

Dominance



  

Light-by-Light contribution to muon AMM

Vector Meson Dominance like model:
(Knecht, Nyffeler 2002)

( ) 80LbL)3( 10058.0 −⋅=πµa

VMD + OPE
(Melnikov, Vainshtein 2003)

( ) ( ) 8LbL)3( 1007.0136.0PVPS, −⋅±=µa

• This contribution must be 
determined by calculation.

• the knowledge of this 
contribution limits knowledge of 
theoretical value.

Instanton model:
(Dorokhov 2005)

( ) ( ) 8LbL)3( 1001.0105.0, −⋅±=PVPSaµ



  

Conclusions for the second part
• Instanton model is appropriate for the study of vacuum and light 

meson internal structure.
• The longitudinal structure of triangle diagram is norenomalized by 

nonperturbative corrections in agreement with ‘t Hooft arguments
• Transverse structure is calculated for arbitrary q.
• At large q the transversal amplitude has exponentially decreasing 

corrections, that reflects nonlocal structure of QCD vacuum in terms 
of instantons

• Instanton model is a way to extrapolate the results of OPE and 
χPT to the regions not achievable by these methods.   



  

Summary
• g-2 continues to be at the center of 

interest in particle physics.
• E821 reached 0.5 ppm precision with a  

2.7 σ  discrepancy with SM 
• The e+e- & τ puzzle remains
• LO hadronic error could be reduced by a 

factor about 2 over the next few years.
• Hadronic LBL piece could be realistically 

estimated within Instanton model
• New BNL experiment is proposed to 

improve precision of (g-2)µ by a factor 2.5.


