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Outline

# Approaches to High Energy QCD (s — oo, AéCD < Q* K 5)
s Color Dipole Picture
s Color Glass Condensate (CGC)- JIMWLK equation
» QCD - Statistical Physics correspondence
» Effective Action, Pomeron Vertices, Reggeized Gluons,...

o Outline:

s The BFKL Pomeron

» Pomeron Mergings, Saturation and the CGC

s The Saturation Momentum

» Pomeron Splittings and Fluctuations

» Pomeron Loops, Evolution Equations at High Energy
» Duality, Effective Hamiltonian

s The Saturation Momentum Revisited
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The BFKL Pomeron

# Probe gluon distribution of generic hadron with small color dipole

Dipole size : r? = (x — y)? < Ag¢p, Gluon momentum : Q% ~ 4/77

X -
<—— Dipole 2
y >

Lowest order in pQCD
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The BFKL Pomeron

# Probe gluon distribution of generic hadron with small color dipole
Dipole size : r? = (x — y)? < Ag¢p, Gluon momentum : Q% ~ 4/77

X -
<—— Dipole 2
y >

One soft gluon: oY

» YV =In(l/x) =In(pT/k™)
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The BFKL Pomeron

# Probe gluon distribution of generic hadron with small color dipole

Dipole size : r? = (x — y)? < Ag¢p, Gluon momentum : Q% ~ 4/77

WA
M

X -
<—— Dipole 2
y >

Two soft gluons: (v, Y )?
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The BFKL Pomeron

# Probe gluon distribution of generic hadron with small color dipole
Dipole size : r? = (x — y)? < Ag¢p, Gluon momentum : Q% ~ 4/77

N

<—— Dipole 2
y >

n soft gluons: (Y )"

# Resumall (a,Y)” terms when oY = 1
Gluon ladder : BFKL Pomeron

D.N. Triantafyllopoulos (Saclay) Cracow School of Theoretical Physics, XLV Course, Zakopane, Poland, June 2005 High Energy QCD and Pomeron Loops — p. 3/35



The BFKL Equation (1/3)

# Equivalent to diagram resummation —
Write evolution equation for scattering amplitude 1T°

# View soft gluon emission in projectile
At large-N..: Gluon — Quark-Antiquark pair
Either daughter dipole can scatter off target

s AY
X 8 S XZ C ) XZ D ( XZ 8 S
y y y i . y

# BFKL Equation (coordinate space)

d7, Qg _
T = o [ €2 M@y 2) [Tox+ Tey = Toy] = K0 Ty
(x—y)?
(x—2)%2(z—y)?

» Kernel : dipole splitting differential probability
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The BFKL Equation (2/3)

Linear evolution ~» Solve eigenvalue problem

# The easy problem: Integrate over impact parameter

Kor® = [20(1) —¢(y) =L —7)] 77 = xo(y) ™

o The hard problem: Fixed impact parameter

# Solution: Superposition of (evolved) eigenfunctions

Both cases: High energy, fixed r? same eigenvalue dominates
Energy dependence in asymptotics

T ~ agp ~a n ~ o2 explwpY]

wp = 4 In2 = axp(1/2) = hard pomeron intercept

# Exponential increase of gluon distribution ¢, dipole density n in target
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The BFKL Equation (3/3)

Pathologies of BFKL Equation

# Violation of Unitarity:
Amplitude must satisfy 7'(r,b) < 1
Maximal allowed gluon density is
p~ala~ A2 S1/g% ~ 1/a;

# Sensitivity to non-perturbative physics:
Transverse coordinates (~ momenta) not strongly ordered
Non-local in transverse coordinates (~ momentum) kernel ~~
Random-walk in In 7 ~ Diffusion to infrared: »* 2 1/A%p,
BFKL evolution is not self-consistent

# Nextto leading BFKL: resum a,(a Y )" terms
Will not save from difficulties
Simply adds O(«a?) correction to wp
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Saturation - Unitarity (1/2)

X , C ) X , QI S ¢
y y AN /
asAY O(asyp) asAY O(a?p?)

# Second diagram small in perturbation theory ¢ < 1/«
Equally important at high density ¢ ~ 1/a ~~
T() ~ T Allow both dipoles to scatter
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Saturation - Unitarity (1/2)

X , C ) X S, S ¢ X ( 3
y y -~ y
asAY O(asyp) asAY O(a?p?)

# Second diagram small in perturbation theory ¢ < 1/«
Equally important at high density ¢ ~ 1/a ~~
T() ~ T Allow both dipoles to scatter

# Third diagram (equiv to second): target evolution
Merging of two pomerons
Gluon recombination
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Saturation - Unitarity (2/2)

» First Balitsky Equation

dTmy Qg 2 2
v = KBrKL @ Ty — o d“zM(z, y, Z)Ta(:z);zy

# “Mean field” approximation: closed equation (Kovchegov)
T(2>(a:z; zy) ~T(x,2)T(z,y)

# Fixed points
s T'=0 ~ unstable
s T =1~ stable

# Pathologies are cured
» Amplitude satisfies unitarity bound
» Non-linear term cuts diffusion to the infrared

# Saturation line Q% ~ A% exp(\,Y) where T'(r ~ 2/Q,) = O(1)
Justifies weak coupling approximation: «a,(Q,) < 1
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The Color Glass Condensate

# Fast moving partons with momentum p™ — Large lifetime
Azt ~1/p” =2p" /p®

# Time scale separation:
“Frozen” sources for slow partons with momenta £+ = zp™ < p*
Small-z gluons ~ color field radiated by fast partons

# Solve Classical Yang-Mills equation ~ A(p) for given source p

(D,F"™), (x) = 6" po (2™, x) Non — linear

# Calculate observable O(A) = O(p)

(Olpl)y = / Dp Wy [olOls

Wy [p| = probability distribution of color sources at rapidity Y
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The JIMWLK Equation (RGE) (1/2)

# Increase rapidity Y — Y + AY
Previously slow modes now become fast
Integrate to include them in source
Obtain change of Wy [p]

# Leading orderin a,In(1/x)
All orders in classical fiels A[p| ~
Resum a,Y terms in presence of strong color field

o Still a classical theory at Y + AY

WylP]

Wysay[P]

<ip_qm g <
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The JIMWLK Equation (RGE) (2/2)

# Renormalization Group Evolution Equation (JIMWLK)

d

0 2 d_,o] Wy [p]

oY Wylpl = —H

# Hamiltonian better expressed in terms of (covariant gauge) color field
alz, )= AT (z7,x)

5 5
dag, (u) dag,(v)

H=-

1 ~ o~ ~ o~ ~, ~ ab
Q/MW%@P+W%—WE—QW}
1673

r~ ~ 1/kT — oo: “Action” takes place in last layer of longitudinal extent

# Wilson lines arise from propagator of integrated modes

o

~

VIla] = Pexp ig/dx_aa(x_,w)T“

1

— OO _
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The “Observables”

# Hilbert space . Gauge invariant operators built from Wilson lines
Ola] = tr (V) Vi, Vil Vo o) e (VI Vayy o)

# Indeed: Left moving quark with eikonal trajectory

P(x' )y AT (@) (') — 6P (&' — ) 6(a") AT (')

S-matrix — Wilson line in fundamental represenation

o Scatter single dipole off target

S(z,y) = Nitr(vjvy) =1-T(x,y)
=1 4%\2@ o (z) — a*(y)]” + O(¢°)

=1-—To(z,y) + O(g°)
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The Balitsky Equations

# Evolution of observables

00) _ _
a—Y_/Dony[oz]HO—U{O)

» First Balitsky equation

0 (Say)
oY

Qg
= 52 | M@.y.2)[(SaxSa2) — (Sen)
T z
# Second Balitsky Equation
0(SwzS2y) [/ O0Ss- 05 2y tr(6V)
oY _< oY Szy>+<5"’z oY >+O( N3

# Projectile evolution
One dipole — two dipoles — three dipoles + non-dipolar state — - - -

»# Infinite hierarchy, factorization not justified, but consistent at large-V..
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The Saturation Momentum (1/3)

Y 3
T7 T = const T = const
~ O(1) ~ O(a?)
o~
)
c
- <
SO
AN m
\c’%
DGLAP
[ — mlogy— —
log(1/a2)
wp
l Li ne-1
0 p =log(Q*/u?)

# Increase momentum, increase rapidity so that 7" = const

#® Line-1: DGLAP ~v— 0

# Line-2: Hard Pomeron Intercept v = 1/2

# Saturation-Line:0<n~y,<1/2
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The Saturation Momentum (2/3)

o Can we use BFKL dynamics?

# Yes, but put absorptive boundary ~
Cuts diffusive paths to saturation, mimics non-linear term

o Require constant 7" and saddle point
s Xo(7s) + (1 —7s)x0(7s) = 0= s = 0.372

2\ 1—7s 2
s T = (%) <ln % + c) “Scaling form”
Exact eigenfunction, valid up to diffusion radius ~ /Y towards UV
dln@Q?  _ xo(7s) 3 1 239
9 >\S — 5 f— S e i 4.88 s — ———
v 14, 20—, Y YTy

o Confirmed by rigorous analysis of non-linear equations
(Calculated 1/Y3/? term)

o Full IMWLK on lattice: AImost same ~~ Factorization (at large-/V..)
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The Saturation Momentum (3/3)

# Next to leading BFKL (collinearly improved) + boundary

! All with running coupling

a. brown :L BFKL with Y;=0
08} ¢ b. green L BFKL

' c. blue : L BFKL + boundary

d. magenta: L RG BFKL + boundary

06 L% e.black :NL RG BFKL + boundary
047
0.2 f
; 10 15 20 2

# Coupling decreases along saturation line ~~ Running is dominant effect
Analytic expression (Line-c)
1.80 0.893

As = \/(Y—I—YQ) - (Y+Yo)5/6

o Full NLO result: Close to phenomenology A\, ~ 0.3
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Deficiencies of Balitsky-JIMWLK

o Extreme sensitivity to the UV:
Reconstructing solution in two (or more) steps by completeness
Contributions from momenta up to In(Q?/Q?) < /asxp (7s)Y
Embarrassing: Some orders of magnitude in Q2

# Violation of Unitarity (1)

1
O)~T ~ 3 T, T5 and for T) < oz? then 7T, > 1

S

# Absence of Pomeron splittings:

da™ o 0 .

= H at ~aa.00—— ~ @ with m > n
av JIMWLK Qoo =
22

Two ladders merge, but how could we have them in the first place?

» Nucleus target ~~ Many sources ~~» Many BFKL pomerons
No more dynamics needed - Initial condition to be lost at high energy

» Pomeron Splittings
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The Missing Diagram(s)

# Diagrammatic illustration of splitting

asAY O(a2p?) asAY O(asp?) asAY O(asy)

# Third diagram not included in JIMWLK

# Important when ¢ ~ o, = T ~ o?, where JIMWLK has problems
o Low density region ~~ fluctuations

# “Measure” fluctuations: probe with two dipoles

9

First Balitsky equation remains unchanged
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The Color Dipole Picture (1/2)

» Evolution of dipole density

4 - a

X X X X X X
0 0 0
Yo y Yo —y Yo y

- N .

On(z,y) :%/[—M(w,y,z)n(w,y)+M($7Zay)n($az)+M(Zvy>w)n(z’y)}
= — Ka:yz ®n($7y)

# BFKL Equation for density
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The Color Dipole Picture (2/2)

# Evolution of dipole-pair density

4 x 4 x 4 ,

1 1 1
d 2o Y Xo Y1 Xo
W = 4 £+ 2 Yi= X,
yo X2 yo X2 yo
K 7z K 7z & z
2 .
O n )(wlaylawZJyZ)

Ol
oY% — % [/lewz ®n(2)<wlayl;m2ay2)

—|—M($1,y2,$2) n(wlayQ) 5<2>($2 — yl) + 12

o Multi-dipole density equations not consistent with factorization
At low density n(?) ~ n, rather than n(?) ~ n?
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Pomeron Splittings

o Measure BOTH child dipoles ~~
Evolution equation for dipole-pair scattering at large-N..

@%ﬂ
( ) S I

Y Y5
oT (2) o ) o
L1Y1;L2Y2 s
( M(u,v z)Ao(wl,yl\u z)Ao(wg,yg\z V) VaVyTuy
oY split 27
uv Dip— D1p Scatt ~Dip— den81ty

# Low density fluctuations are the seed for higher-point correlations

o Equivalent to Bartels’ 1 — 2 Vertex
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The (Large-N.) Equations

» Atlarge-N,, only 1 — 2 process ~» T'(") — T(n+1)

# Structure of the Equations (adding large-/N. Balitsky)

ar' . e
dY
2
df;) — 7@ 7B 4T
47 ()

— 7)) _phntl) | pln=1)
dY N / N\ ~~ 4—1_\ ~~ J/
BFKL  merging  splitting

o Can be summarized in a Langevin Equation
Certain approximations ~ stochastic-FKPP equation

dT 5 : N\ /
d_Y:T_T +/Tv with (Y )v(Y")) =0(Y - Y")
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Pomeron Loops

# Splittings + Mergings — Loops

—>
wo steps
¢ D

t
¢ >

o This is a simple loop
Pomeron Loops will be built through evolution

# On can construct “effective pomeron vertices"
But system is non-linear ~~ Need to solve hierarchy
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Duality (1/3)

two steps

¢ D
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Duality (1/3)

:2 g two Steps ! ! ! !

S

# Merging in target < splitting in projectile
Pomeron Loop manifestly symmetric

o Effective theory with both splittings and mergings is self-dual
High density <~ Low density or Saturation < Fluctuation Duality

# Splitting Hamiltonian
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Hamiltonian Approach

o A proposed “splitting” Hamiltonian at large-V..

2 _ 2 2
g° Qs 0w al O 0 0 0
HI—>2: / M(U,U,Z)pupv [5 ] [ ]

16N3 27 b opt] Lo Opg

Two p’s, four 6 /6p’s ~» 1 — 2 process

o Charge density is related to dipole density

p*(x) p*(y) = —g°Ne (@, y)

Acting on n(x1,y1) n(x2, y2) ~ Splitting term in evolution

o Assume two-gluon exchange in scattering

Acting on T3 (1, y1; 29, y2) = To(x1,y1) To (22, o)
~ Splitting term in evolution
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Duality (2/3)

# Scattering of two evolved dipoles in two gluon exchange

S)y = [ Dan Daw Wy o] Wyfaw] exp [i [ i (2) (=)

A\ . 7
~N

S

e S symmetric under R < L; use VQQR/L = —pr/1, INtegrate by parts

o Lorentz (boost) invariance requires

WOy g o g o, 2| = .i,p
dy i0a

o Conceptual problem (with no answer):
Splitting in R-wavefunction <+ Merging in L-wavefunction
This is large-/N., do we understand dipole “recombination”?
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Duality (3/3)

o From duality condition

2

JFAR / M(u, v, 2) [a% — a?P[al, — ab P

C C
oas dag

2=1 7 16N3 27
# Gives correct equations of motion with Hilbert space 7j’s

0_48 2
H | Ty(z,y) = %/M(w,y,Z)To( (z,2;2,9)

» Can show that BFKL part H| is self-dual

# Self-dual Hamiltonian generating correct evolution at large V..
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Dual of JIMWLK

» JIMWLK : Expressed in terms of Wilson lines
Involves n — 1 processes with »n arbitrary, finite V.
High density limit of full Hamiltonian

o Low density limit of full A is dual of JIMWLK

0 0 n
— — P, o — —— r —
ioa 7V i0p

# Wilson lines, 1 — n processes, finite V..

_ 1 a
H = 1673 / M(ua v, Z) pgo<u)10go<v) [1 + WUW'I])L o WUW;-L B WZW"H ’
/A

oo

0
=P dx™ T
W. exp g/ x 5p (2t )

. — O -

# Full Hamiltonian: NOT any simple interpolation of high and low density
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Full Hamiltonian (1/2)

n— 1 1 —n m —n

# Resume n — min a,ln(1/x) for arbitrary n, m
# Renormalization group in rapidity (from the beginning)
® H.g expected to involve both VT and W

® H.g expected to be dual under V1 — W
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Full Hamiltonian (2/2)

1 : : :
® Hpg= mLTr [Vol(ﬁzW_oo)(é’zV_oo)Wjo] + permutations

» Three independent Wilson lines: VI W__ V. Wl =1

» Expand 1W’s to order ¢g? ~~ JIMWLK
Expand V’s to order ¢° ~ dual of JIMWLK
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The Saturation Momentum Reloaded (1/4)

# Splittings in target in dilute region — Merging in projectile — UV boundary

o Confirmed by analogy to statistical physics
Hierarchy ~ Langevin ~ sFKPP ~ cuttof at o

® A=1/(1-~,)In(1/a?) = separation of boundaries
Within A, amplitude drops from O(1) to O(a?)

o Look for a Y-independent BFKL solution

[Xo (1 + Q) — A Q] T=0, z=(Q"/Q7)

0z * 0z

o Only real combination satisfying boundary conditions

e

T ~exp[—(1—y)zlsin—, 7=

A

s
A
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The Saturation Momentum Reloaded (2/4)

# Real part ~, uniquely fixed in terms of ~; or A or a

Xo(7)

P
L —x

with Im(A\s) =0

o For large separation of boundaries A > 1 < o, < 1

Ao O 21— )Xl (s 150
_ xo(rs) (A= s)xo(0s) _ ) gq

5‘3 1 — Vs 2 1112 (Oég) lnz(oﬂ)

S

# Correction: parametrically suppressed, but coefficient huge
o Denominator : “Effective” transverse space (same in single boundary)

o Boundaries in BFKL too sharp
Full equation has well-defined solution for reasonable values of «
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The Saturation Momentum Reloaded (3/4)

Yi = 7/A

0.5

0.25

0.525 055 0575 0.6

-0.25 ¢

-0.5

# Real part of anomalous dimension: no significant change

# Reducesto vy, =0.372when A — ¢
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The Saturation Momentum Reloaded (4/4)

/s
5
4\
\

N
\

A

0.05 0.1 0.15 0.2 0.25 0.3

as

# “Speed” of saturation momentum: significant change

» Positive for reasonable values of coupling: A\;(as < 0.3) >0
But not really under control: Can change o, — k

#® Reducesto A\, = 4.88a, when A — oo
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Conclusion-Perspectives

# Evolution equations at high-density and low-density (large-N,)

# Pomeron Loops:
» Basic “building block” to reach unitarity
» Free of divergencies
» NO diffusion to IR, NO diffusion to UV (good for numerics)
» More important than Next to Leading-BFKL corrections

Go beyond multicolor limit (done)
Self-dual effective theory

Arbitrary density (semi-done)

© o o o

Phenomenology may change even at qualitative level
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