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H = TN (Q) + Tel(r) + VN (Q) + VeN (Q, r) + Vee(r)
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¡�¢e£=e«F�³�¯e¬©ó�³´®r¬ã°¶¬©7®r£�¥¦³F°Ð®¦¬©«F�¬E#®¦¢e£=e£�ºBó�³F½g¬ã½�¬E½
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∫
dr ψdia †(r,Q)

∂

∂Q
ψdia(Q) =

=

∫
dr C†ψad †

(
∂ψad

∂Q
C + ψad ∂C

∂Q

)

C†V nad(Q)C + C† ∂C

∂Qº�¢e¬ã°²¢#ø4³�e¬E½r¢e£3½�¬À¤º»£�°²¢�«F½r£|
 ®r«!ó,£[³Ú½r«�§Eác®¦¬©«Fx«�¤
∂C

∂Q
= −V nad(Q)C

º�¢e¬ã°²¢x°�³´xóK£�¤�«F¥r¹ê³�§©§E¨�½r«�§Eø�£�¯�ó�¨

C = exp

{∫ ∞

Q

V nad(Q)dQ

}

ëo«4º<é�£�e£�¥²³´§E§©¨êº»£�¢�³�ø�£

V nad
ss′ (Q) =

∫
dr ψad

s (r,Q)
∂

∂Q
ψad

s′

=
∂

∂Q

∫
dr ψad

s (r,Q)ψad
s′ (r,Q)−

∫
dr

(
∂

∂Q
ψad

s

)
ψad

s′

= 0 − V nad
s′s (Q)

³´K¯8®¦¢e£�¥¦£Ì¤�«F¥r£¶®r¢�£=¹!³´®r¥¦¬ÀÄ
V nad ¬E½o³�7®r¬ã½g¨�¹!¹!£Ì®r¥¦¬ã°

V nad =

(
0 V nad

12

−V nad
12 0

)

£�K¯8®¦¢e£=£ÌÄc¿,«�e£�F®¦¬E³�§)¤�áe�°Ì®r¬E«��°�³�xó,£�£�³F½g¬E§©¨�£�ø4³´§Eá�³4®¦£�¯�®r«êéF¬©øF£

C =

(
cos ζ(Q) sin ζ(Q)
− sin ζ(Q) cos ζ(Q)

)
ζ(Q) =

∫ ∞

Q

V nad
12 (Q)dQ

¡�¢e£�¹ê³4®¦¥r¬©Ä�£�§E£�¹!£�F®²½�«´¤	®r¢e£=£�§©£3°Ð®¦¥r«Fe¬E°¶¢�³�¹!¬©§©®r«Fe¬E³�x³�¥r£
∫
dr ψdia †(Tel + V )ψdia =

∫
dr C†ψad †(Tel + V )ψadC

H̃ = C†Ead(Q)C

=

(
cos2 ζEad

1 + sin2 ζEad
2 sin ζ cos ζ(Ead

1 −Ead
2 )

sin ζ cos ζ(Ead
1 −Ead

2 ) cos2 ζEad
2 + sin2 ζEad

1

)

ö»®�®r¢e£[°�¥r«7½r½r¬EeéT¿,«�¬E7®

(cos2 ζ0 − sin2 ζ0)(E
ad
1 −Ead

2 ) = 0



¯N¾ P ° Q�VeVÎ»zR�å�Qe¹<S:µyQ U · U�P�S ° Q�Ri»�PÛV�S ² S6U�V O�Ç7Â

º�¢e¬ã°²¢#¬E¹!¿e§E¬©£3½
cos2 ζ0 = sin2 ζ0 =

1

2¾ Äc¿�³��¯c¬EeéÚ®r¢e£[½r¬©�£�³��¯±°Ì«7½g¬Ee£¶¤�áe�°Ì®r¬E«��½o³�¥r«Fáe�¯8®r¢e£[°�¥r«7½r½r¬©�éT¿,«�¬E7®�º»£=¢�³�øF£

H̃ ≈
(

E1+E2

2 + (E2 −E1)(ζ − ζ0) + · · · (E1 −E2)(
1
2 + (ζ − ζ0)2 + · · ·)

(E1 −E2)(
1
2 + (ζ − ζ0)2 + · · ·) E1+E2

2 − (E2 −E1)(ζ − ζ0) + · · ·

)

³´K¯�£�Ä�¿K³´�¯c¬Eeéê³´§ã½r«�®¦¢e£=¹ê³4®r¥¦¬©Ä�£�§E£�¹!£�7®²½

Ead
1 (Q) = Ē +

∆

2
+ v1(Q−Q0) + · · ·

Ead
2 = E − ∆

2
+ v2(Q−Q0) + · · ·

ζ − ζ0 = −V nad
12 (Q−Q0)

º�¢e£�¥r£
∆
¬E½�®r¢�£8½g¿e§E¬©®g®r¬Eeé±«´¤Þ®r¢e£ê³�¯e¬E³�ó�³4®¦¬E°T£�e£�¥réF¬©£3½�³4®¶®r¢e£ê°Ì¥¦«F½¦½r¬©eé#¿K«F¬©7®È«s®r¢e£

¬EF®¦£�¥²³�°Ì®r¬E«�x¹!³´®r¥¦¬ÀÄ�®r¢e£�xó,£�°�«�¹!£�½

H = E +
v1 + v2

2
Q+

(
−V nad

12 (Q0)∆(Q−Q0)
∆
2

∆
2 V nad

12 (Q0)∆(Q−Q0)

)
+ · · ·

ª £¶½r£�£q®r¢�³´®»¬Eê®r¢�£¶¯c¬ã³´óK³4®r¬ã°oóK³�½r¬E½Þ®r¢e£¶¬EF®¦£�¥²³�°Ì®r¬E«�ê¬ã½�éF¬©øF£�êó�¨!¢�³´§©¤�®¦¢e£¶½r¿e§E¬À®r®r¬Eeé�«�¤
®r¢�£[³�¯c¬ã³´ó�³´®r¬ã°¶£�e£�¥réF¬©£3½»³´®�®r¢e£[°�¥r«7½r½r¬©�é� 

*6¬©éFáe¥¦£�Â W �H°Ìá�¥røF£�°�¥r«7½r½r¬Eeé

E
ad
1

E
ad
2

Q

E

dia
E 1

E
dia
2

2∆

1b e¨�H `�km~ dghsizbHf�f�dgh)bHi=ac�ekmb	ae~�kmp�a
fm³��¯e³�á�³´�¯ Ð £�e£�¥�¬E�ø�£�½g®r¬EéF³´®r£3¯x®r¢e£Ú°Ìáe¥¦ø�£�°�¥r«7½r½r¬Eeé8¿e¥¦«c°Ì£�½¦½�®¦¥r£3³4®¦¬©eé8®r¢e£Ú�á�°Ì§E£�³�¥
¹!«´®¦¬©«Fx°�§E³F½r½r¬E°�³´§E§©¨êó�¨#¬©7®r¥¦«c¯cá�°�¬©eé!³Ú®r¥²³4ªz£3°Ð®¦«�¥¦¨

Q(t) = Q0 + vt



¯N¾ P ° Q�VeVÎ»zR�å�Qe¹<S:µyQ U · U�P�S ° Q�Ri»�PÛV�S ² S6U�V O3Ê�Æ

º�¢e£�¥r£�®¦¢e£�¨ê³F½r½ráe¹!£�¯ê³T°Ì«�K½z®²³´7®Þø�£�§©«c°�¬À®z¨Ú¬©8®r¢e£�ø7¬ã°Ì¬Ee¬©®z¨!«´¤s®r¢�£�°Ì¥¦«F½¦½r¬©eé=¿,«�¬E7®� 
¡�¢e£�¨8¬©�øF£�½g®r¬EéF³4®¦£�¯�®r¢e£�®¦¬©¹!£[¯c£�¿K£��¯c£�F®o¹!«c¯c£�§b7q³�¹Ú¬E§©®r«��¬E³�

H(t) =

(
E1(Q(t)) W

W E2(Q(t))

)
=

(
− 1

2
∂∆E

∂t t W
W 1

2
∂∆E

∂t t

)

³´K¯#½r«�§Eø�£3¯ê®r¢�£�®r¬E¹Ú£[¯e£�¿,£��¯c£�7®¶èc°²¢e¥1åc¯c¬©�é�£�¥�£3òFáK³4®r¬E«�

i~
∂

∂t

(
c1
c2

)
= H(t)

(
c1
c2

)

º�¢e¬ã°²¢#¥¦£�³F¯e½»£ÌÄc¿e§E¬E°�¬À®¦£�§E¨

i~
∂c1
∂t

= E1(t)c1 +Wc2

i~
∂c2
∂t

= E2(t) +Wc1

è�áeóK½z®¦¬À®¦ác®r¬Eeé
c1 = a1e

1
i~

R
E1(t)dt

c2 = a2e
1
i~

R
E2(t)dt

®r¢�£¶£3ò7á�³4®¦¬©«F�½�½g¬E¹!¿e§E¬À¤�¨

i~
∂a1

∂t
= We

1
i~

R
(E2(t)−E1(t)dta2

i~
∂a2

∂t
= We−

1
i~

R
(E2(t)−E1(t)dta1

f�£�®�á�½»°Ì«F�½r¬E¯c£�¥0®¦¢e£q§E¬©¹!¬©®»«�¤m½g¹ê³�§©§ ª ³´�¯�°�³´§ã°Ìá�§E³´®r£�®¦¢e£o®¦¥¦³��½g¬©®r¬E«�ê¿�¥r«Fó�³´óe¬E§E¬À®z¨
¬Ex§E«4º»£�½g®»«F¥¦¯c£�¥� o*�¥r«F¹æ®r¢e£=¬Ee¬©®r¬ã³´§m°�«��¯e¬À®¦¬©«F

a1(−∞) = 1
«
a2(−∞) = 0

º»£�é�£Ì®
∫ t

0

(E2(t
′)−E1(t

′))dt′ =
∂∆E

∂t

t2

2

a2(∞) ≈ 1

i~
W

∫ ∞

−∞
e−

1
i~

∂∆E
∂t

t2

2 dt =
W

i~

√
2π~

−i∂∆E
∂t

³´K¯8®¦¢e£�®r¥²³´�½r¬©®r¬E«�x¿e¥r«Fó�³´ó�¬©§E¬À®z¨�¬E½

P12 = |a2(∞)|2 =
2πW 2

~|∂∆E
∂t |fm³��¯e³�áÉ³��¯ Ð £�e£�¥[°�³�§E°�áe§E³´®r£3¯�®¦¢e£ê®r¥²³´K½g¬©®r¬E«�É¿e¥¦«�ó�³�óe¬©§E¬©®z¨�¤�«�¥[³�¥róe¬©®r¥²³´¥¦¨�°Ì«Fáe¿e§E¬©�é

½g®r¥¦£�eé�®r¢

PLZ
12 = 1− exp

(
− 2πW 2

~|∂∆E
∂t |

)
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*6¬©éFáe¥r£=ÂFÃN�ø�£�§©«c°Ì¬©®z¨�¯c£�¿K£��¯c£��°Ì£=«�¤m®r¢�£�®r¥²³´�½r¬À®¦¬©«F#¥²³4®¦£

adiabatic

diabatic

R

P

high velocity

low velocity

1b e¨�] b{q{¶igdrh)b	aedgtÞp�act ýqdgb�)�b6acdrh û�0
9 ¤º�£=¯c£3½r°�¥r¬EóK£¶®¦¢e£[¯c¬ã³´ó�³´®r¬ã°�¿K«�®r£�7®¦¬E³�§E½�³F½�¯c¬E½r¿e§ã³�°�£�¯#¢�³´¥¦¹!«�e¬ã°q«7½r°�¬©§E§ã³4®r«F¥¦½

E1(Q) =
mω2

2
Q2 E2(Q) = ∆G+

mω2

2
(Q−Q1)

2

®r¢�£¶£�e£�¥¦é�¨�éF³´¿x¬ã½�º�¬À®¦¢

Q1 =

√
2λ

mω2

E2 −E1 = ∆G+
mω2

2
(Q2

1 − 2Q1Q) = ∆G+ λ− ω
√

2mλQ

®r¢�£�®¦¬©¹!£�¯e£�¥¦¬©ø4³4®¦¬©øF£�«�¤	®¦¢e£=£��£�¥¦é�¨êéF³�¿#¬ã½

∂(E2(Q)−E1(Q))

∂t
= −ω

√
2mλ

∂Q

∂t
³´K¯8®¦¢e£[³�ø�£�¥¦³�é�£qøF£�§E«c°Ì¬©®z¨ê¬E½

<
∂Q

∂t
>=

∫∞
−∞ |v|e−mv2/2kT

∫∞
−∞ e−mv2/2kT

=

√
2kT

mπ

¡�¢e£�¿e¥¦«�ó�³�óe¬E§©¬©®z¨=«´¤s°Ìáe¥¦ø�£�°Ì¥¦«F½¦½r¬©eé¶¯cáe¥¦¬©�é¶«Fe£�¿K£�¥r¬E«c¯Ú«´¤�®¦¢e£�«F½¦°Ì¬E§E§E³´®r¬E«��¬ã½é�¬Eø�£�
ó�¨

2P12
��½r£�£¾��éFáe¥r£ �Ð 

*6¬©éFáe¥r£=Â�Ç��¹�áe§©®r¬E¿e§E£[°Ì¥¦«F½¦½g¬Eeé

P

1−P

(1−P)P
(1−P)P

¡	«�é�£�®r¢e£�¥»®r¢e¬ã½�é�¬Eø�£3½�³�®¦¥¦³��½r¹Ú¬ã½¦½g¬E«�x°Ì«�£&y8°Ì¬E£�7®

κel = 2
2πW 2

~|ω
√

2λ
√

2kT
π |

=
2πW 2

~

2π

ω

1√
4πλkT



á�Ä ³ â R ² ´�»�PHVyQe¹ ² R�U�Ò�P¼»�S6U!³ V�S ² S6U O3Ê W

³´K¯#³Ú¥²³4®r£�«�¤
k =

2πW 2

~

1√
4πλkT

e−∆Ga/kT

1b e¨�[ h)�et�f7f�drp Â dgp ~�t0�ek<ý�dg~�kmp�f7dgtÞpqf
¡�¢e£=¯c£®��e¬©®r¬E«�±«´¤³Ú¯e¬E³�ó�³4®¦¬E°¶ó�³F½g¬ã½»¬E½��«´®o½g«ê½g®r¥²³´¬Eé�¢7®g¤�«F¥rº�³´¥²¯!¬E#¹!«�¥¦£=¯c¬E¹Ú£��½r¬©«F�½� 
¡�¢e£!¥¦£�³�½r«�ú¬E½¶£�½¦½r£�7®r¬ã³´§E§©¨±®¦¢�³4®¶®r¢�£ÚéF¥¦³F¯c¬E£�7® ∂

∂Qi
C
¢�³F½�³#§E«��é�¬©®rá�¯c¬E�³�§³F½¶º�£�§©§H³�½

³±®¦¥¦³��½gøF£�¥²½r³�§0°Ì«F¹Ú¿,«��£�7®d��¬©y®¦¢e¥¦£�£�¯c¬E¹!£��½r¬E«��½�®r¢e£3½g£#³´¥¦£ê®r¢e£x°Ì«F¹Ú¿,«��£�7®¦½�º�¬À®¦¢
div = 0

³��¯
rot = 0

 �¡�¢e£�¥¦£Ì¤�«F¥r£�«Fe§©¨#¿�³´¥r®o«´¤®¦¢e£[e«F�³�¯c¬ã³´óK³4®r¬ã°�°Ì«Fáe¿e§E¬©eé8°�³´±ó,£
£�§E¬E¹Ú¬E�³´®r£�¯� �Yq¤ ®r£��³!°Ì¥¦á�¯c£=¯c¬ã³´óK³4®r¬ã°¶¬E½�áK½g£3¯#º�¢�¬E°²¢x¥r£�¤�£�¥²½�®r«8³��eÄc£�¯x°Ì«F<��é�á�¥¦³´®r¬E«�
e£3³´¥	®r¢e£�°Ì¥¦«F½¦½g¬Eeéo¿,«�¬E7®6³��¯�¯c«�£3½me«�®¯e£�¿,£��¯�«�[®¦¢e£»7áK°Ì§E£�³´¥6°Ì«�«�¥²¯c¬E�³4®¦£�½	³4®H³´§E§?  9 
³[¯c¬ã³´óK³4®r¬ã°�¥¦£�¿e¥¦£�½r£�7®²³4®r¬E«�Ú®¦¢e£i7q³�¹!¬©§©®r«Fe¬E³�8«´¤�³�®zº»«´È}½g®¦³4®¦£o½g¨c½g®r£�¹ ¢�³F½H®¦¢e£qéF£�e£�¥¦³�§
¤�«�¥¦¹

H =

(
H11(Qi) H12(Qi)
H12(Qi)

† H22(Qi)

)

ö °Ì¥¦«F½¦½r¬©eéT«´¤	®r¢e£[°�«�¥¦¥r£3½g¿,«��¯e¬©eéÚ³�¯c¬ã³´óK³4®r¬ã°¶°Ìáe¥¦ø�£3½x��®r¢e£ ¾ ¬©éF£��ø4³´§Eáe£�½»«´¤o7:��¬ã½�ø�£�¥r¨
áee§E¬E¼�£�§E¨8¬E#«Fe£=¯c¬E¹Ú£��½r¬©«F#½r¬©�°�£�¬À®o«c°�°�áe¥¦¥¦½�«�e§E¨8¬©¤6½r¬©¹Táe§©®¦³´�£�«�áK½g§E¨!®r¢e£�®zº»«!°Ì«�K¯c¬ÀÈ
®r¬E«�K½

H11(Q)−H22(Q) = H12(Q) = 0
³´¥¦£o¤�á�§©§���§E§©£3¯s  -�� 9 #®zº�«!¯c¬E¹Ú£��½r¬©«F�½�®r¢e¬ã½�¬E½�éF£�e£�¥¦³�§©§E¨Ú®r¢e£=°�³�½r£�¬Ex³Ú½r¬©eéF§©£¶¿,«�¬EF®

º�¢e¬ã°²¢y§©£3³�¯e½=®r«ú³�½r«�°�³�§©§E£�¯y°�«�e¬ã°�³�§0¬©7®¦£�¥²½g£3°Ð®r¬E«�m #¡�¢e¬ã½=®z¨�¿,£8«´¤o°Ìá�¥røF£8°Ì¥¦«F½¦½g¬Eeéx¬E½
ø�£�¥r¨Ú¬E¹Ú¿,«�¥r®¦³�7®Þ¤�«�¥�áe§©®r¥²³4¤�³�½g®Þ®¦¥¦³��½r¬À®¦¬©«F�½�  9 8¹!«�¥¦£�®¦¢�³´ê®zº»«T¯e¬©¹!£�K½g¬E«��½�°Ì¥¦«F½¦½g¬Eeé7½
³´¿�¿K£3³´¥�³´®»¢�¬©éF¢e£�¥»¯c¬©¹!£��½g¬E«�K³´§)½gáe¥r¤�³�°�£�½� 6¡�¢�£o®r£�¥r¹!¬Ee«�§E«�éF¨T«�¤m°Ì«Fe¬E°�³´§,¬©7®¦£�¥²½g£3°Ð®r¬E«�K½
¬ã½�³´§ã½g«!á�½r£�¯#¢e£�¥¦£� 

*6¬Eé�áe¥¦£=ÂFÊN�°�«�e¬ã°�³�§s¬©7®¦£�¥²½g£3°Ð®r¬E«�

æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*ææ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*ææ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*ææ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*ææ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*ææ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*ææ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*ææ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*ææ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*ææ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*ææ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*ææ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*ææ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*ææ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*ææ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*ææ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*ææ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*ææ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*ææ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*ææ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*ææ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*ææ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ*æ
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*e«F¥H³�¢�£�¥¦¹Ú¬©®r¬ã³´à7q³�¹!¬©§©®r«Fe¬E³��®¦¢e£�¿,«�§E£�½«´¤K®r¢e£i�¶¥¦£�£��½«�¿,£�¥²³4®¦«�¥³´¥¦£�«�T®r¢e£�¥¦£�³´§
³4Äc¬ã½�³´�¯�®r¢�£�®r¬E¹Ú£=£�ø�«F§©ác®¦¬©«F#«F¿K£�¥¦³´®r«F¥¾��®r¢e£[½r«ê°�³�§©§E£�¯#¿e¥¦«�¿�³�éF³4®¦«�¥��H¬ã½�¯c£M�Ke£�¯xó�¨

G̃(t) = G+(t)−G−(t)
B � ü þ������Ûæ�� Ó����ÎßS� ÝÛß�M ßÎÕ�� þÖü ßÎÕ×ß��
�:�òþíà Ó����Ûß
�:����� Ó���� Ó1�:�×þ��R ¦ ü þ����Ûþ���C ß�� àA� ��� Ó��Ãþ�ß�� Ó1� þ��òæ�� ß�Ý Ó�6åßS� þ~�>�×æ������������×æ ÝÃÕ×ßöüI��« Ó����������íÝ���§q���íß��&6åß���� þ��òæRçÌÎÑýÝ>�×æ(�×æýÓÖÕ×æ þ~E�êþ.�(�áÓÖæ�� ÝêßS� ÓÖàA2������ Ó�2�2��òþ.=E�×à Ó1�:�×þ��Röû æ ßÎß ü þ������Ûæ�� Ó��>�½ß�§ÐÏ ³ Ï §q�Îþ��Ûþíà þ�� ØÞì��òßÎß��	í æýüI�����
���×þ��Ûæ�����D�� Ó������ÛàU2êÝ ä�æ:���ÎæçØNºE2��������íß��



á�Ä ³ â R ² ´�»�PHVyQe¹ ² R�U�Ò�P¼»�S6U!³ V�S ² S6U O3Ê´Ç

G±(t) =
1

2πi

∫ ∞±iε

−∞±iε

e−
iE
~

tG(E)

*6¬Eé�áe¥¦£=Â7·Î�¬E7®r£�éF¥¦³´®r¬E«�x°Ì«�7®¦«�áe¥

E

G+

G−

*e«F¥�®¦¬©¹!£�½
t < 0

�
t > 0)

®r¢e£»¬©7®¦£�é�¥²³4®¦¬©«F�¿�³4®¦¢T°�³�[ó,£�°Ì§E«F½r£�¯[¬©=®¦¢e£»áe¿e¿,£�¥e��§E«4º�£�¥ß�
¢�³�§À¤«´¤	®r¢e£[°�«�¹!¿e§E£ÌÄ�¿e§ã³´�£[³´�¯�®r¢e£�¥r£�¤�«�¥¦£

G+(t) = 0
¤�«F¥ ®>�oÆ

G−(t) = 0
¤�«F¥ ®>�oÆ

³´K¯�º»£=°�³´x£ÌÄc¿e¥¦£�½¦½
G+(t) = θ(t)G̃(t)ª £¶áK½g£�®¦¢e£=¥r£�§E³´®r¬E«�

lim
ε→0

1

E + iε−En
= P

1

E −En
+ iπδ(E −En)

®r«���K¯
G̃(t) =

1

2πi

∑
|n > P

∫ ∞

−∞
dE

e−
iE
~

t

E −En
< n|+

∑
|n >

∫ ∞

−∞
δ(E−En)e−

iE
~

tdE < n|

=
∑
|n > e−

iE
~

t < n| = exp

(
t

i~
H

)

7o£��°Ì£
G+

¬ã½�®r¢e£T®r¬E¹!£Ú£�ø�«F§©ác®¦¬©«F�«�¿,£�¥²³4®¦«�¥q¤�«�¥
t > 0

 +*�«�¥�®r¬E¹!£�½
t < 0

®r¢e£�¥r£
³´¥¦£=³�¯e¯e¬À®¦¬©«F�³´§s¬E7®r£�¥²³�°Ì®r¬E«��½»º�¢e¬ã°²¢x¿e¥r£�¿�³´¥¦£�®r¢e£=¬Ee¬©®r¬ã³´§m½g®¦³´®r£

ψ(t = 0) = |s >



á�Ä ³ â R ² ´�»�PHVyQe¹ ² R�U�Ò�P¼»�S6U!³ V�S ² S6U O3ÊFÊ

*e«F¥q³!e«F�¢e£�¥¦¹!¬À®¦¬E³�½7�³´¹!¬E§À®¦«�e¬ã³´±®¦¢e£[¬EF®¦£�éF¥¦³´®r¬E«�±°Ì«�7®¦«�áe¥q°�³´±ó,£�°²¢e«F½r£��³F½�®r¢e£
¥¦£�³´§�³´Äc¬E½�¤�«�¥

G+(t)
º�¢e¬ã°²¢x�«4º óK£3°Ì«F¹Ú£3½�®r¢�£+*e«�á�¥r¬E£�¥»®r¥²³´K½z¤�«F¥r¹æ«�¤	®¦¢e£=¥r£3½g«F§©øF£�7®� (�¬©ø�¬ã¯c¬©�é�®¦¢e£x7�³´¹!¬E§À®¦«�e¬ã³´#¬©#®r¢e£�¯c¬ã³´éF«��³�§K¿�³�¥g®

H0 ³´�¯8®r¢e£¶¬EF®¦£�¥²³�°Ì®r¬E«� ú�º»£¢�³�øF£
(G0)−1 = E −H0

G−1 = E −H = (G0)−1 − V-�áe§©®r¬E¿e§E¬E°�³4®¦¬©«FT¤�¥¦«�¹�§©£�¤ ®0º�¬À®¦¢
G0 ³´�¯�¤�¥r«F¹�¥¦¬©éF¢7®6º�¬©®r¢ G é�¬Eø�£3½m®¦¢e£o½r«�°�³´§E§©£3¯�(�¨c½g«F£�ò7á�³´®r¬E«�
G = G0 +G0V Gª £¶¬©®r£�¥¦³´®r£�®¦¢�³4®�«�K°Ì£�¹!«�¥¦£

G = G0 +G0V (G0 +G0V G) = G0 +G0V G0 +G0V G0V G
³´K¯�¿e¥¦«´ªz£3°Ð®�«�#®r¢�£[½z®²³4®r£ |s >

< s|G|s >=< s|G0|s > + < s|G0V G0|s > + < s|G0V G0V G|s >
ëo«4º

G0 ¬E½q¯c¬E³�é�«F�³´§s³´K¯ V ¬ã½�e«��¯c¬ã³´éF«��³�§? ¡�¢e£�¥r£�¤�«�¥¦£

< s|G0V G0|s >=< s|G0|s >< s|V |s >< s|G0|s >= 0
³´K¯

< s|G0V G0V G|s >=< s|G0|s >< s|V |l >< l|G0|l >< l|V |s >< s|G|s >

Gss = G0
ss +

∑

l

G0
ssVslG

0
llVlsGss

Gss =
G0

ss

1−G0
ss

∑
l VslG0

llVls
=

1

E −E0
s −Rsº�¬©®r¢x®r¢e£=§E£�øF£�§�½r¢e¬©¤ ®o«�¿,£�¥²³4®r«F¥

Rs =
∑

l

|Vsl|2
E − εl + iΓl

2¡�¢e£�¿,«�§E£�½�«´¤6®r¢�£ �¶¥r£�£�¬G ½»¤�áe�°Ì®r¬E«�
Gss

³´¥¦£�éF¬©øF£�xó�¨ê®r¢e£=¬E¹!¿e§E¬E°�¬À®q£3ò7á�³4®¦¬©«F

Ep = E0
s +

∑

l

|Vsl|2
Ep − E0

l�¶£��£�¥²³´§E§©¨!®¦¢e£ �¶¥r£�£�¬G ½»¤�áe�°Ì®r¬E«�±¬ã½�¹!£�¥¦«�¹!«�¥¦¿e¢e¬ã°�³��¯x°�³´xó,£=¥r£�¿e¥r£3½g£�7®r£�¯x³�½
Gss(E) =

∑

p

Ap

E −Ep

º�¢e£�¥r£¶®r¢�£=¥r£3½g¬ã¯cá�³�§E½�³´¥¦£=¯c£M�Ke£�¯xó�¨
Ap = lim

E→Ep

Gss(E)(E −Ep)

¡�¢e£�¿e¥¦«�ó�³�óe¬E§©¬©®z¨ê®r«���K¯�®¦¢e£[½r¨�½g®r£�¹Í½g®r¬E§©§�¬Ex®r¢e£[½g®¦³´®r£ |s > ³´®�®r¬E¹Ú£ t > 0
¬ã½

Ps(t) = | < s|G̃(t)|s > |2 = |G̃ss(t)|2
º�¢e£�¥r£¶®r¢�£=¿e¥r«F¿�³´é7³4®¦«�¥Þ¬ã½�®¦¢e£+*e«Fáe¥r¬E£�¥»®¦¥¦³��½z¤�«F¥r¹æ«�¤	®¦¢e£ �¶¥¦£�£�bG ½»¤�áeK°Ð®r¬E«�

G̃+ss(t) =
1

2πi

∫ ∞

−∞
e

E
i~

tGss(E)dE = θ(t)
∑

p

Ape
Ep
i~

t



á�Ä ³ â R ² ´�»�PHVyQe¹ ² R�U�Ò�P¼»�S6U!³ V�S ² S6U O3Ê�Î

Ho�Ç¨�H wyd�t�t�pÌî»t0��pqk�� ~ t�ýqkmi
ª £qº�³´7®0e«4º�®r«�½g®ráK¯c¨Ú³�½g¬E¹!¿e§©¬���£3¯!¹Ú«c¯c£�§�º�¢e¬ã°²¢8°�³�êóK£¶½g«F§©øF£�¯!³´K³´§E¨F®¦¬E°�³´§E§©¨F 	¡�¢e£
£��£�¥¦é�¨�«�¤ |s > ¬ã½�½r£Ì®o®¦«t$�£�¥¦«� o¡�¢e£[¹ê³�e¬À¤�«F§E¯ {|l >} °Ì«F�½r¬E½g®¦½�«�¤0¬©N��e¬©®r£�§E¨±£�ò7á�³�§©§E¨½r¿�³�°�£�¯x½z®²³4®r£3½�º�¬À®¦¢±£�ò7á�³´§sº�¬ã¯�®¦¢

E0
l = α+ l∆ε− iΓ

2
³´K¯!®r¢e£¶¬EF®¦£�¥²³�°Ì®r¬E«�

Vsl = V
¬E½�®¦³�¼�£�8¬©K¯c£�¿,£��¯e£�7®»«F

l
  ª ¬©®r¢#®r¢e¬ã½�½g¬E¹!¿e§E¬)�K°�³4È

®r¬E«�K½»®r¢e£=¿,«�§E£�½o³�¥r£�½r«�§Eác®r¬E«��½�«�¤

Ep =

l=∞∑

l=−∞

V 2

Ep − α− l∆ε+ iΓ2

º�¢e¬ã°²¢x°�³´xóK£=º�¥¦¬©®g®r£�±á�½g¬EeéÚ®r¢�£=¬E¯c£�7®r¬©®z¨°Q1+

cot(z) =
∞∑

l=−∞

1

z − lπ
³�½

Ep =
V 2π

∆ε
cot

(
π

∆ε

(
Ep − α+ i

Γ

2

))

*e«F¥0®¦¢e£o¤�«F§©§E«4º�¬©�é�¯c¬ã½r°�á�½r½r¬E«�ê¬©®�¬ã½�°�«��ø�£�e¬©£�7®0®r«T¹Ú£3³�½ráe¥¦£o³´§E§K£�e£�¥¦é�¨!ò7á�³´7®r¬©®r¬E£�½
¬Exá�e¬À®²½�«´¤

π/∆ε
³��¯#¯e£M��e£

α̃ = απ/∆ε Γ̃ = Γαπ/∆ε

Ẽp = Epαπ/∆ε Ṽ = V απ/∆ε
®r«!¢�³�øF£

Ẽp = Ẽr
p −

iΓ̃p

2
= Ṽ 2 cot

{
Ẽp − α̃+ i

Γ̃

2

}

º�¢e¬ã°²¢x°�³´±ó,£[½g¿e§E¬©®o¬©7®r«!¥¦£�³�§)³��¯x¬©¹ê³�é�¬E�³´¥¦¨ê¿�³´¥r®

Ẽr
p

Ṽ 2
=

sin(2(Ẽr
p − α̃))

cosh(Γ̃p − Γ̃)− cos(2(Ẽr
p − α̃))

− Γ̃p

2Ṽ 2
=

sinh(Γ̃p − Γ̃)

cosh(Γ̃p − Γ̃)− cos(2(Ẽr
p − α̃))

ª £¶¢K³�ø�£¶®r«ê¯c¬ã½z®¦¬©�é�áe¬ã½g¢±e«4ºB®zº�«!§E¬©¹!¬©®r¬Eeé8°�³F½g£3½� 
R /ÖÑýÝêßS�½þ�� Ó����íß��Ûæ ÝÛÓÖæ æ������íÕ×ß�2 þíÕ×ßÎæ Ó1�

z = lπ
�3� � Ý��òßÎæ:�����êß½æ

limz→lπ cot(z)(z − lπ) = 1



á�Ä ³ â R ² ´�»�PHVyQe¹ ² R�U�Ò�P¼»�S6U!³ V�S ² S6U O3Ê7·

Ù[�6���3�u�e���Þ�u�K�?����×6���±���?�u���
*e«F¥¶½r¹ê³´§E§	¹!«F§©£3°Ìáe§E£�½o®r¢e£!¯c£�K½g¬©®z¨±«´¤Þ½g®¦³4®¦£

1/∆ε
¬ã½¶½g¹ê³´§E§'  9 ¤Þº»£�¼F£�£�¿�®r¢e£Ú§©¬©¤�£Ì®¦¬©¹!£

«´¤	®r¢e£�§©È�½g®¦³´®r£3½��eÄc£3¯8®¦¢e£�
Γ̃
¬E½�½r¹!³�§©§)¬E�®¦¢e¬ã½�§©¬E¹!¬À®3 0¡�¢e£�¿K«F§©£3½»³�¥r£�°Ì§E«F½r£�®r«T®r¢e£�¥¦£�³´§

³4Äc¬ã½� SQ.-

*6¬©éFáe¥¦£�ÂFìN�H½r¹!³�§©§s¹!«F§©£3°Ìáe§E£�§©¬E¹!¬À®

-4 -2 0 2 4

0

é�¥²³´¿�¢e¬E°�³´§s½r«�§Eác®r¬E«�x«´¤
x = cot(x− 1)

ª £�³�¿e¿e¥¦«�Äc¬©¹ê³4®¦£q®¦¢e£=¥¦£�³´§s¿K³´¥r®�ó�¨�½r«�§Eø�¬©�éT®¦¢e£=¥¦£�³´§)£3òFáK³4®r¬E«�
Ẽ

(0)
P = Ṽ 2 cot

(
Ẽ

(0)
P − α̃

)

³´K¯ü°�«��½r¬E¯e£�¥x��¥²½z®�®r¢�£!½r«�§Eác®¦¬©«Füº�¢e¬ã°²¢É¬E½=°�§©«7½g£3½z®�®r«½$�£�¥¦«�  ¾ Ä�¿K³´�¯c¬Eeé�³´¥¦«�á��¯
Ẽ

(0)
P

º�£x���¯

Ẽ
(0)
P + ξ = Ṽ 2 cot

(
Ẽ

(0)
P + ξ − α̃+

iΓ̃

2

)

= Ṽ 2 cot
(
Ẽ

(0)
P − α̃

)
− Ṽ 2(1 + cot

(
Ẽ

(0)
P − α̃

)2

)(ξ +
iΓ

2
)

º�¢e¬ã°²¢x½r¬E¹Ú¿�§©¬���£�½�®r«
ξ = −Ṽ 2(1 + cot

(
Ẽ

(0)
P − α̃

)2

)(ξ +
iΓ

2
)

³´K¯�¢�³F½»®r¢e£[½r«�§Eác®¦¬©«F

ξ = − i
2
Γ̃p = − i

2
Γ̃

Ṽ 2(1 +
eE(0)2

P
eV 4

)

1 + Ṽ 2(1 +
eE(0)2

P
eV 4

)

º�¢e¬ã°²¢#¬Ex®r¢e£[°�³�½r£
Ṽ
½r¹ê³´§E§sóeác®

Ṽ > Ẽ
(0)
P

éF¬©øF£�½

Γ̃p ≈ Ṽ 2Γ̃

Γp ≈ π2 Ṽ
2

∆ε2
Γ

R B � ß ÓÖæ æ��Ûà ß�� Ý Ó1�
α 6= 0



á�Ä ³ â R ² ´�»�PHVyQe¹ ² R�U�Ò�P¼»�S6U!³ V�S ² S6U O3Ê�ì

¡�¢e£�«´®¦¢e£�¥�¿,«�§E£�½�³�¥r£=³�¿e¿e¥¦«�Ä�¬E¹ê³4®¦£�§E¨êáe�¯c¬ã½z®¦áe¥¦óK£3¯

Ẽr
p = α̃+ lπ

Γ̃p = Γ̃
Ṽ 2 +

eEr2
p

eV 2

1 + Ṽ 2 +
eEr2

p

eV 2

→ Γ̃

³´K¯8®¦¢e£=¥r£3½g¬ã¯cáeá�¹�«´¤6®r¢e£ �¶¥¦£�£�¬G ½»¤�áe�°Ð®¦¬©«Fx¤�«�§E§©«4ºo½�¤�¥¦«�¹
1

(Ẽp + dE)− Ṽ 2 cot(Ẽp + dE − α̃+ ieΓ
2 )

=
1

(Ẽp + dE)− Ṽ 2 cot(Ẽp − α̃+ ieΓ
2 ) + Ṽ 2dE(1 + cot(Ẽp − α̃+ ieΓ

2 )2) + · · ·
1

dE(1 + Ṽ 2(1 + cot(Ẽp − α̃+ ieΓ
2 )2)

=
1

dE

1

Ṽ 2 + Ẽp

º�¢e¬ã°²¢#½r¢e«4ºo½�®r¢�³´®�«�e§E¨!®r¢e£=°�«�7®r¥¦¬©ó�ác®r¬E«��½�¤�¥¦«�¹�¿,«�§E£�½�°�§©«7½g£�®r«à$�£�¥r«Ú³´¥¦£�¬E¹!¿K«F¥gÈ
®¦³�7®� 

Ù[�6�������c�3���������F�e�»�����ß���

�«�K½g¬ã¯c£�¥�e«4º ®r¢e£Ú§E¬©¹!¬©®

Γ̃p > 1
³´K¯

Ṽ > 1
 ¶¡�¢e¬ã½�°�«��¯c¬©®r¬E«�ú¬E½�á�½rá�³´§E§©¨#¤�áe§E§)�K§©§E£�¯

¬Exó�¬©«F¹Ú«F§©£3°Ìáe§E£�½� 

*6¬©éFáe¥r£=ÂFÂN�H°Ì«F¹Ú¿�§©£�Ä#°Ì«�®¦³´�é�£�K½

¸�£�³�§m³´K¯�¬E¹ê³´é�¬E�³�¥r¨ê¿�³�¥g®�«�¤
cot(z + 3i)

³´¥¦£=½g¢e«4º�



á�Ä ³ â R ² ´�»�PHVyQe¹ ² R�U�Ò�P¼»�S6U!³ V�S ² S6U O3Ê�Â

9 ¤s®r¢�£q¿,«�§E£�½»³´¥¦£�¤�³´¥»³�º»³�¨T£�e«Fáeé�¢ê¤�¥¦«�¹ ®r¢�£�¥¦£�³�§K³4Äc¬ã½®«�®r¢e£��«F!®r¢e£¶¥r£3³´§,³4Äc¬E½0®r¢e£
°Ì«�®¦³�eé�£��½»¬E½�øF£�¥¦¨8°Ì§E«F½r£¶®r« −1

³��¯

Rs =
V 2π

∆ε
cot

(
π

∆ε

(
Ep − α+ i

Γ

2

))
≈ −iV

2π

∆ε

³´K¯8®¦¢7áK½
Gss(E) =

1

E + iV 2π
∆ε³´K¯8®¦¢e£=¬©�¬À®²³´¬E§m½z®²³4®¦£�¯e£�°�³�¨c½�³�½

P (t) = |e−iV 2π
i~∆ε t|2 = e−kt

º�¬©®r¢x®r¢e£=¥²³4®¦£
k =

2πV 2

~∆ε
=

2πV 2

~
ρ

Ho�Ç¨�] T ~ tÞ�ek ÂÞkmpok���bi!igbý�ýok�� ~�t�ýokmi
ª £!°�«��½r¬ã¯c£�¥�e«4º�³x¹!«�¥¦£Úé�£��£�¥²³´§6¹Ú«c¯c£�§Hº�¢e£�¥¦£T®r¢e£ê½r¿�³�°�¬©eéx«´¤�®r¢e£ê½g®¦³´®r£�½�¬ã½¶e«´®
°Ì«F�½g®¦³´7®�³��¯±®¦¢e£T¹ê³´®r¥¦¬ÀÄ±£�§E£�¹!£�7®²½�³�¥r£�¯e¬)%)£�¥¦£�7®� �¡�¢e£�7q³´¹!¬E§À®¦«�e¬ã³´úe«4º�¢�³�½q®r¢e£
¤�«�¥¦¹

H =




Es Vs1 · · · VsL

V1s E1         
VLs EL




ª £�®²³´¼F£�®¦¢e£=£��£�¥¦é�¬E£�½�¥¦£�§ã³4®r¬Eø�£�®r«Ú®¦¢e£=§©«4º»£�½g®�§ÀÈ}½g®¦³4®¦£
Es = E0 + ∆E El = E0 + εl

*6¬Eé�áe¥¦£!O�Æ�Æ��	¹!«F¥r£�é�£�e£�¥²³´§)§ã³�¯e¯e£�¥�¹!«c¯c£�§

Es

E∆ ε lE o

ª £�½g®¦³�¥g®�¤�¥¦«�¹Í®r¢e£ �¶«F§E¯c£�#¥¦áe§E£�£ÌÄc¿e¥¦£�½¦½g¬E«�
k =

∑

l

2πV 2
sl

~
δ(Es −El) =

∑

l

2πV 2
sl

~
δ(∆E − εl)

º�¢e£�¥r£¶®r¢�£[¯c£��½r¬©®z¨8«´¤¼���³�§�½z®²³4®r£3½�¬E½oé�¬Eø�£�xó�¨
ρ(Es) =

∑

l

δ(Es −El) =
∑

l

δ(∆E − εl)

ª £=¥r£�¿e¥r£3½g£�7®�®¦¢e£[¯c£�§©®¦³Ú¤�á��°Ð®¦¬©«Fxó�¨�³à*�«�áe¥¦¬©£�¥�¬©7®¦£�é�¥²³´§ º»£ ½g¢e«Fáe§ã¯
°²¢e£3°²¼ ®r¢e£
½r¬©éF ¬Eµ®r¢e£
£�Ä�¿,«��£�7®
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δ(ω) =
1

2π

∫ ∞

−∞
e−iωtdt

ω =
E

~
→ δ(E) =

1

2π~

∫ ∞

−∞
e

E
i~

tdt

k =
∑

l

V 2
sl

~2

∫ ∞

−∞
e

∆E−εl
i~

tdt

9 7®r£�¥¦°²¢�³�eé�¬EeéÚ¬©7®¦£�é�¥²³4®¦¬©«F#³��¯#½ráe¹!¹ê³4®¦¬©«F#º»£¾���¯
k =

∫ ∞

−∞
dt
∑

l

V 2
sl

~2
e

∆E−εl
i~

t

ª £¶¬E7®r¥¦«c¯cá�°Ì£
z =

∑

l

V 2
sl

~2
e

iεl
~

t

³´K¯�º�¥¦¬À®¦£�®r¢e£=¥²³4®¦£=³�½
k =

∫ ∞

∞
dt e−

i
~
∆E t+ln(z)

¡�¢e¬ã½ê¬EF®¦£�éF¥¦³�§oº�¬©§E§q�«4º ó,£�£�ø4³�§©á�³´®r£3¯ ³´¿e¿e¥¦«�Äc¬©¹ê³´®r£�§E¨yº�¬©®r¢ ®¦¢e£ú½¦³�¯e¯c§E£�¿,«�¬EF®
¹!£Ì®¦¢e«c¯�Q.QF 
Ò#;¬ãà¬?� Ù[�6�������	�6����Ý��K�?�)�Ú�u�7�3�	���
¡�¢e£[½¦³�¯e¯e§©£�¿,«�¬EF®o¹!£�®r¢e«c¯x¬E½�³��³�½r¨7¹!¿c®¦«´®¦¬E°¶¹!£Ì®¦¢e«c¯�®¦«ê°�³´§ã°Ìá�§E³´®r£�¬©7®¦£�é�¥²³´§ã½»«´¤6®r¢e£
®z¨�¿K£

∫ ∞

−∞
enφ(x)dx

¤�«�¥�§ã³´¥¦é�£T�  9 ¤»®r¢�£T¤�á��°Ð®¦¬©«F
φ(x)

¢�³�½�³x¹ê³4Äc¬E¹�áe¹ ³´®
x0
®r¢�£�ü®r¢e£ê¬E7®r£�éF¥¦³��¯

³´§ã½r«ü¢�³F½!³ú¹ê³4Äc¬E¹�áe¹ ®¦¢e£�¥¦£±º�¢e¬ã°²¢ßó,£�°Ì«F¹!£�½Úø�£�¥r¨u½r¢�³´¥¦¿u¤�«F¥!§E³�¥réF£�� �¡�¢e£�Û®r¢e£
¬EF®¦£�éF¥¦³�§)°�³´xóK£[³�¿e¿e¥¦«�Äc¬©¹ê³4®¦£�¯�ó7¨#£ÌÄc¿�³��¯c¬Eeé�®¦¢e£=£ÌÄc¿,«�e£�7®q³´¥¦«�áe�¯

x0

nφ(x) = nφ(x0) +
1

2

d2(nφ(x))

dx2 |x0

(x− x0)
2 + · · ·

³�½�³¢��³�á�½r½r¬ã³´x¬©7®r£�é�¥²³´§
∫ ∞

−∞
enφ(x)dx ≈ nφ(x0)

√
2π

n|φ′′(x0)|
¡�¢e£�¹!£Ì®¦¢e«c¯x°�³´xóK£=£�Ä�®r£�K¯c£�¯#®r«ê¬E7®r£�é�¥²³´§ã½�¬E#®r¢e£[°�«�¹!¿e§E£ÌÄ�¿e§ã³´�£

∫

C

enφ(z)dz =

∫

C

en<(φ(z))ein=(φ(z))dz

9 ¤H®r¢�£�¬EF®¦£�éF¥¦³´®r¬E«��°Ì«F7®r«�á�¥o¬E½¶¯c£�¤�«�¥¦¹Ú£3¯�½rá�°²¢±®r¢�³´®q®¦¢e£T¬E¹ê³´éF¬©�³�¥r¨#¿�³´¥r®q¬ã½�°�«�cÈ
½g®¦³´7®È«�®r¢e£�#®¦¢e£+fm³�¿e§ã³�°Ì£�¹!£Ì®¦¢e«c¯x¬E½�³�¿e¿e§E¬E°�³´óe§E£=³´�¯xé�¬Eø�£3½

∫

C

enφ(z)dz = ein=(φ(z0))

∫

C′

en<(φ(z))dz

R
RÖÓÖÕ×æ þ~��Ûþ.�(� ÓÖæ à ß
� ÝÛþE�ÃþÖüËæ�� ßÎß*2 ßÎæ��3�ÛßÎæ:�Îß��&� þ���ï Ó�2ÛÕ Ó��Îß à ß
� ÝêþE�
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¡�¢e£=°Ì«F7®r«�á�¥
C ′ ³´�¯�®r¢�£=£ÌÄc¿�³´K½g¬E«�x¿K«F¬©7®o³´¥¦£=¯c£Ì®¦£�¥¦¹!¬©e£3¯8¤�¥¦«�¹

φ′(z0) = 0

φ(z) = u(z) + iv(z) = u(z) + iv(z0)ëo«4º °Ì«F�½g¬ã¯c£�¥�®¦¢e£=¬E¹!³�é�¬E�³´¥¦¨ê¿�³�¥g®o³�½�³T¤�áeK°Ð®r¬E«�±¬E
R

2  0¡�¢e£=éF¥¦³F¯c¬©£�7®»¬ã½

5v(x, y) = (
∂v

∂x
,
∂v

∂y
)

e«4º ¤�«F¥q³´±³´K³´§E¨F®¦¬E°�¤�áeK°Ð®r¬E«�
φ(x+ iy)

º»£�¢�³�ø�£

u(x+dx+iy+idy)+iv(x+dx+iy+idy)−(u(x+iy)+iv(x+iy)) =
∂(u+ iv)

∂x
dx+

∂(u+ iv)

∂y
dy

º�¢e¬ã°²¢x°�³´xóK£=º�¥¦¬©®g®r£��³�½
dφ

dz
dz =

dφ

dz
(dx+ idy)

«��§©¨8¬©¤
i
∂(u+ iv)

∂x
=
∂(u+ iv)

∂y«�¥
∂u

∂x
=
∂v

∂y

∂v

∂x
= −∂u

∂y7o£��°Ì£¶®¦¢e£=é�¥²³�¯c¬E£�7®�«´¤	®r¢e£=¬E¹ê³´éF¬©�³�¥r¨ê¿K³´¥r®
5v(x, y) = (−∂u

∂y
,
∂u

∂x
)

º�¢e¬ã°²¢#¬ã½�¿,£�¥¦¿K£��¯c¬ã°Ìáe§ã³´¥�«F�®¦¢e£=é�¥²³�¯e¬©£�F®�«�¤m®r¢�£=¥r£3³´§s¿�³�¥g®

5u(x, y) = (
∂u

∂x
,
∂u

∂y
)

º�¢e¬ã°²¢#éF¬©øF£�½�®r¢�£[¯c¬©¥¦£�°Ì®r¬E«�x«´¤H½z®¦£�£�¿K£3½z®q¯c£3½r°�£�7®� 
¡�¢e£=¹!£Ì®¦¢e«c¯±¬E½q¼�e«4º��³�½o½¦³�¯e¯e§©£=¿,«�¬E7®q¹!£Ì®r¢�«�¯�½r¬E�°Ì£�³!¹ê³´Ä�¬E¹�á�¹ «�¤	®¦¢e£[¥¦£�³´§

¿�³�¥g®o³´§Eº�³�¨�½»¬ã½�³!½r³F¯e¯c§E£¶¿,«�¬E7®oº�¢e¬ã°²¢±°�³´xóK£[½r£�£��¤�¥¦«�¹�®r¢e£=£�Ä�¿K³´�½r¬©«F

φ(z) = φ(z0) +
1

2
φ′′(z0)(z − z0)2 + · · ·

e«4º
dz2 = dx2 − dy2 + 2idx dy

³´K¯8¤�«F¥�®r¢e£=¥¦£�³�§s¿�³´¥r®�º�£x���¯
<(φ(z)) = <(φ(z0))−

1

2

(
<(φ′′(z0))(dx

2 − dy2)− 2=(φ′′(z0))dx dy
)

= <(φ(z0))−
1

2
(dx, dy)

(
<(φ′′) −=(φ′′)
−=(φ′′) −<(φ′′)

)(
dx
dy

)

¡�¢e£ ¾ ¬Eé�£�7ø4³�§©áe£3½�«´¤6®r¢e£=¹ê³´®r¥¦¬ÀÄ#³�¥r£

±
√
<(φ′′)2 + =(φ′′)2 = ±|φ′′|
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Ò#;¬ãà¬ Ò ð8Ý6Ý6�?���F�c���?�K� �3�ü�3�	�ú���e�6�	�7���ß���	���
¡�¢e£[½¦³�¯e¯e§©£�¿,«�¬EF®�£3òFáK³4®r¬E«�#¤�«�¥�®¦¢e£=§ã³�¯e¯c£�¥�¹!«�¯e£�§�ó,£�°�«�¹!£�½

− i
~
∆E +

d ln z

dt
= 0

³´K¯#°�³´§ã°Ìáe§ã³4®¦¬©eéÚ®¦¢e£[¯c£�¥¦¬Eø�³´®r¬Eø�£

d ln z

dt
=

1

z

∑

l

V 2
sl

~2

iεl
~
e

iεl
~

t

º»£:�K�¯
∆E =

1

z

∑

l

V 2
sl

~2
εle

iεl
~

t

è�¬E�°Ì£
∆E

¬E½�¥¦£�³´§�«�º»£q§E«�«�¼T¤�«�¥»³[½r³F¯e¯c§E£q¿,«�¬E7®�«�!®¦¢e£¶¬©¹ê³´éF¬©K³´¥¦¨T³4Äc¬ã½Þ³��¯êº�¥¦¬À®¦£
its
~

= −β
º�¢e£�¥r£±®¦¢e£úe£�º ø�³�¥r¬ã³´ó�§©£

β
¬ã½8¥¦£�³�§?  ¡�¢e£É½r³F¯e¯c§E£�¿K«F¬©7®x£�ò7á�³4®¦¬©«F e«4º ¢�³�½#³

ò7á�³�½r¬©È?®¦¢e£�¥¦¹!«�¯e¨7K³´¹!¬E°�¹!£�³�e¬©�é

∆E =
1

z

∑

l

V 2
sl

~2
εle

−βεl =< εl >

º�¢e£�¥r£
β
¿e§ã³�¨c½6®r¢e£o¥¦«�§E£�«´¤

1/kT
³´�¯

gl = V 2
sl/~

2 ®¦¢�³4®0«�¤)³=¯c£�é�£�e£�¥²³�°�¨�¤�³�°Ð®¦«�¥3 	¡�¢e£½r£�°Ì«F�¯x¯c£�¥¦¬©ø4³´®r¬Eø�£�¥r£�§E³´®r£3½Þ®¦«!®r¢e£=º�¬ã¯�®¦¢x«�¤m®¦¢e£=£�e£�¥réF¨�¯c¬ã½z®¦¥r¬Eóeác®¦¬©«F

d2 ln z

dt2
=

d

dt

(
d ln z

dt

z

)
=

d2 ln z
dt2

z
−
(
d ln z

dt

)2

=
1

z

∑

l

gl
−ε2l
~2

e−βεl− 1

z2

(
∑

l

gl
iεl
~
e−βε

)2

= − < ε2

~2
> + <

ε

~
>2

ª £[³´¿e¿e¥¦«�Äc¬©¹ê³´®r£¶e«4º ®¦¢e£=¬©7®¦£�é�¥²³´§)ó�¨ê®¦¢e£[°Ì«FF®¦¥r¬Eóeác®¦¬©«Fx³�¥r«Fáe�¯�®r¢e£=½¦³�¯e¯e§©£=¿,«�¬E7®� 

k =

∫ ∞

∞
dt e−

i
~
∆E t+ln(z) = z(ts)e

β∆E

√
2π~2

< ε2 > − < ε >2

=
∑

l

V 2
sl

~
e−β(εl−∆E)

√
2π

< ε2 > − < ε >2

*e«F¥o°Ì«F¹Ú¿K³´¥¦¬E½r«�x§©£�®qá�½�°Ì«�K½g¬ã¯c£�¥�®¦¢e£�½r¬©¹!¿e§E¬���£�¯±¹!«c¯c£�§	º�¬À®¦¢
Vsl = V

«
εl = l∆ε 0¡�¢e£�

z =
V 2

~2

∞∑

l=0

e−βl∆ε =
V 2

~2

1

1− e−β∆ε

¡�¢e£[½¦³�¯e¯e§©£�¿,«�¬EF®�£3òFáK³4®r¬E«�x¬ã½

∆E = − ∂

∂β
ln z =

∆ε

eβ∆ε − 1
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º�¢e¬ã°²¢x¯e£Ì®r£�¥r¹!¬Ee£�½»®¦¢e£¢G ®r£�¹!¿,£�¥²³4®¦áe¥r£RG
β =

1

∆ε
ln(1 +

∆ε

∆E
) ≈ 1

∆E¬©¤
∆ε� ∆E

 0¡�¢e£�
< εl >=

∆ε

e∆ε/∆E − 1
≈ ∆E

< ε2l > − < ε >2=
∂2

∂β2
ln z =

∆ε2e∆ε/∆E

(
e∆ε/∆E − 1

)2 ≈ ∆E2

z(ts) =
V 2

~2

1

1− e−∆ε/∆E
≈ V 2

~2

∆E

∆ε
³´K¯8®¦¢e£=¥¦³´®r£�ó,£�°Ì«F¹!£�½

k =
V 2

~2

∆E

∆ε
e1
√

2π~2

∆E2
=

2πV 2

~∆ε
e1
√

1

2π

º�¢e£�¥r£¶®r¢�£=7á�¹Ú£�¥r¬ã°�³�§)ø�³�§©á�£=«´¤
e/
√

2π = 1.08

Ho�Ç¨�[ 0Énok ýqdrf7{�izbHh)kmý tÞf�hsdrigizb6act0�u~�t�ýokmi
ª £êº»³�F®=e«4º ®r«�¯e¬E½¦°Ìá�½¦½=³x¹!«�¥¦£!½r¿,£�°Ì¬��K°!¹!«c¯c£�§0¤�«�¥=®¦¢e£!®r¥²³´�½r¬©®r¬E«�ÉóK£�®zº�£�£�É®r¢e£
ø�¬©ó�¥¦³´®r¬E«��³�§7¹ê³�e¬À¤�«F§E¯�½«´¤�®zº»«¶£�§E£�°Ð®¦¥r«Fe¬ã°�½g®¦³´®r£�½�  ª £�³�½¦½ráe¹!£�®¦¢�³4®®¦¢e£Ç&�«F¥rÌY�¿e¿,£�cÈ
¢e£�¬©¹!£�¥�½r£�¿�³�¥¦³´®r¬E«��«´¤0�á�°�§©£3³´¥¶³´�¯�£�§©£3°Ð®¦¥r«Fe¬E°[¹Ú«�®r¬E«��¬ã½¶³´¿e¿e§E¬ã°�³´ó�§©£F x*�áe¥g®¦¢e£�¥¦¹!«�¥¦£
º»£¶áK½g£�®¦¢e£�
�«��¯e«�±³´�¯�®r¢e£=¿K³´¥²³´§E§©£�§s¹Ú«c¯c£[³�¿e¿e¥¦«�Äc¬©¹ê³4®¦¬©«F�½Þ®r«êº�¥¦¬À®¦£�®¦¢e£=¥²³4®r£�£�Ä7È
¿e¥¦£�½¦½g¬E«�[³F½m³�¿�¥r«c¯cá�°Ì®	«�¤�³´[£�§©£3°Ð®r¥¦«��¬E°H¹ê³´®r¥¦¬ÀÄ�£�§E£�¹!£�7®³´�¯+*�¥¦³��°²¼7È 
�«F�¯c«Fq¤�³F°Ð®r«F¥¦½
«´¤6®r¢�£¶¬E�¯c£�¿K£��¯c£�F®�e«�¥¦¹ê³´§)¹!«�¯e£�½ Q.�

V 2
if = V 2

∏

r

FCr(n
i
r, n

f
r )

εi =
∑

r

ni
r~ωr εl =

∑

r

nf
r ~ωr

*6¬Eé�áe¥¦£ÚO�ÆeOR�H¯c¬E½r¿e§ã³�°�£�¯#«F½¦°Ì¬E§©§ã³4®¦«�¥�¹!«�¯e£�§
§

E∆

ε
εi

f

R �ÖÑýÝêßSL½ß��òþA2 þ������ýß��Ûß������×ßÎæ Ó�� ß9�����ÎÕ����Ûß������
∆E
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¡�¢e£#¥¦³´®r£8£�Ä�¿�¥r£3½r½r¬©«FC¤�«�§E§©«4ºo½[¤�¥r«F¹l³�ø�£�¥²³´éF¬©�éx«4øF£�¥�®r¢e£#¿K«7½r½r¬©ó�§©£#¬©e¬©®r¬ã³´§�½g®¦³´®r£�½
³´K¯#½ráe¹!¹!¬©eéê«4øF£�¥»®r¢�£=¿K«7½r½r¬©ó�§©£x���³�§�½z®²³4®¦£�½

k =
2πV 2

~

∑

ni
r,nf

r

P ({ni
r}
∏

r

FCr(n
i
r, n

f
r )δ(∆E + (ni

r − nf
r )~ωr)

9 #®r¢e£�¤�«F§©§E«4º�¬©�éÚº»£=³�½¦½gá�¹Ú£=³!°�³�e«��¬E°�³´§s¯c¬ã½z®¦¥r¬Eóeác®¦¬©«Fx«�¤	¬Ee¬©®r¬ã³´§m½g®¦³´®r£�½

P ({ni
r}) =

∏

r

e−ni
r~ωr/kT

Zr

¡�¢e£|*e¥²³´K°²¼d
�«��¯e«�#¤�³�°Ð®¦«�¥²½�³´¥¦£�®¦¢e£=«4ø�£�¥r§ã³´¿K½Þ«�¤	«F½¦°Ì¬E§E§E³´®r«�¥»¤�áeK°Ð®r¬E«�K½
FCr(n

i
r, n

f
r ) = | < ni

r|nf
r > |2 =< ni

r|nf
r >< nf

r |ni
r >f�£�®�á�½e��¥²½z®o°�«��½r¬E¯e£�¥�®r¢�£|$�£�¥¦«T®r£�¹!¿,£�¥²³4®¦áe¥r£�§E¬©¹!¬©®� 

¸�£�¿e§E³F°Ì¬Eeé!³´éF³�¬©#®r¢�£[¯c£�§©®¦³T¤�áe�°Ì®r¬E«�±ó�¨#³à*e«Fáe¥¦¬©£�¥»¬E7®r£�é�¥²³´§sº»£¶¢K³�ø�£
k =

V 2

~2

∫ ∞

−∞
dt e

−it
~

∆E
∑

nf
r

< 0i
r|nf

r > eitnf
r ωr < nf

r |0i
r >

=
V 2

~2

∫ ∞

−∞
dt e

−it
~

∆E < 0i
r|e

it
~

Hf |0i
r >=

V 2

~2

∫ ∞

−∞
dt e

−it
~

∆EF (t)

º�¢e£�¥r£
Hf

¬E½�®r¢e£+7�³´¹!¬©§©®r«Fe¬ã³´x«´¤m®¦¢e£=�á�°Ì§E£�³�¥�ø�¬©óe¥²³4®¦¬©«F�½»¬©x®¦¢e£¾���³�§�½z®²³4®r£F 
Ò#;¬Eñb?� Ù[�6�����?�u�±���K�3�4�����e�����,� ��×	�6�´�3���,� Ó+p}� r ¹ê³�¨�óK£»º»£»¥¦£ÌÈ

¿e§ã³�°�£
λr

ó�¨
gr

¸
9 x®r¢e£[³�¿e¿e¥¦«�Äc¬©¹ê³4®¦¬©«F8«´¤¬E�¯c£�¿,£�K¯c£�7®q¯c¬ã½g¿�§E³F°Ì£�¯#«F½¦°Ì¬E§E§E³´®r«�¥²½»º�£�¢�³�øF£

Hi =
∑

r

~ωrb
†
rbr Hf =

∑

r

~ωr(b
†
r − λr)(br − λr)


�«�K½g¬ã¯c£�¥»®¦¢e£�¤�«�§E§©«4º�¬EeéÚáee¬©®¦³�¥r¨�®r¥²³´�½g¤�«�¥¦¹ê³4®r¬E«�
A = eλ(b†−b)b†be−λ(b†−b)

³´K¯�¹ê³´¼F£=³Ú½r£�¥¦¬E£�½»£ÌÄc¿�³��½g¬E«�

A = A(0) + λ
dA

dλ
+ · · ·

º�¢e£�¥r£¶®r¢�£[¯c£�¥¦¬©ø4³´®r¬Eø�£�½�³�¥r£

dA

dλ
|λ=0 = [b† − b, b†b] = b†[b†, b] + [−b, b†]b

= −(b+ b+)

d2A

dλ2
|λ=0 = [b† − b, [b† − b, b†b]]

= −[b† − b, b† + b] = 2
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dnA

dλn
|λ=0 = 0

¤�«�¥
n ≥ 3

³´K¯Ì��K³´§E§©¨
A = b†b− λ(b† + b) + λ2 = (b† − λ)(b− λ)7o£��°Ì£

Hf = e
P

λr(b†r−br)Hie
− P

λr(b†r−br) =
∑

eλr(b†r−br)
~ωrb

†
rbre

−λr(b†r−br)

³´K¯
F (t) =

∏

r

Fr(t)

º�¬©®r¢

Fr(t) =< 0|eλr(b†r−br) exp

{
it

~
~ωrb

†
rbr

}
e−λr(b†r−br)|0 >

ëo«4º °Ì«F�½g¬ã¯c£�¥
A = eβb†bbe−βb†b β = −iωt-�³�¼7¬Eeéê³´é7³´¬E#³!½r£�¥¦¬©£3½�£ÌÄc¿�³´K½g¬E«�

dA

dβ
= [b+b, b] = −b

d2A

dβ2
= [b+b,−b] = b

£�®¦°� 

A = b(1− β +
β2

2
− · · ·) = b(1 + itω +

(itω)2

2
+ · · ·) = b eiωt

³´K¯8®²³´¼�¬©�éT®¦¢e£=¢e£�¥r¹!¬©®r¬ã³´±°Ì«�´ªzáeéF³´®r£�º�£�¢�³�øF£=³´§ã½g«

e−iωtb†bb+eiωtb†b = b†e−iωt

³´K¯8®¦¢e£�¥¦£Ì¤�«F¥r£

Fr(t) =< 0| exp

{
it

~
~ωrb

†
rbr

}
exp

{
λr(b

+
r e

−iωt − breiωt)
}
e−λr(b†r−br)|0 >

=< 0| exp
{
λr(b

+
r e

−iωt − breiωt)
}
e−λr(b†r−br)|0 >

½r¬©�°�£¶®r¢e£¾��¥²½g®o£ÌÄc¿K«Fe£�7®¦¬E³�§sé�¬Eø�£�½»«Fe£� 
öq½�®¦¢e£Ú°�«�¹!¹�áe®¦³4®¦«�¥ |b, b+] = 1

¬ã½�³#°�«��½g®¦³�7®�º»£T°�³�úº�¥¦¬À®¦£�®¦¢e£Ú£ÌÄc¿K«Fe£�7®¦¬E³�§E½
³�½�¿�¥r«c¯cá�°Ì®¦½�³F°�°Ì«F¥¦¯e¬©eéT®r«Ú®¦¢e£=¥rá�§©£

eA+B = eAeBe−
1
2 [A,B]

exp
{
λr(b

+
r e

−iωt − breiωt)
}

= exp
{
λrb

+
r e

−iωt
}

exp
{
−λrbre

iωt
}
e−λ2/2

e−λr(b†r−br) = e−λrb†reλrbre−λ2/2
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³´K¯�º»£¾���¯
Fr(t) = e−λ2

< 0|e−λrbreiωt

e−λrb+r |0 >
³´K¯8¤�¥¦«�¹

eAeB = eBeAe−[B,A]

Fr(t) = e−λ2

< 0|e−λrb+r e−λrbreiωt

eλ2eiωt |0 >

Fr(t) = e−λ2

eλ2eiωt

= egr(t)

º�¬©®r¢
gr(t) = λ2(eiωt − 1)

¾ Äc¿�³��½g¬E«�x«´¤
Fr(t)

éF¬©øF£�½

eλ2(eiωt−1) =
∑

j

λ2j

j!
e−λ2

ejiωt

º�¢e¬ã°²¢ß°Ì«F¥r¥¦£�½r¿,«��¯e½[®r«C³�¿e¥¦«�éF¥r£3½r½r¬E«�y«´¤o«4øF£�¥r®r«Fe£�½
niω

º�¬©®r¢C*e¥²³´K°²¼FÈ�
�«�K¯c«�
¤�³�°Ì®r«F¥¦½

FC(0, j) =
λ2j

j!
e−λ2

ö»®e��e¬©®r£=®¦£�¹!¿,£�¥²³4®rá�¥r£3½Þ®¦¢e£[°Ì«F¥r¥¦£�§ã³4®¦¬©«F8¤�áeK°Ð®r¬E«�±éF£�e£�¥¦³�§©¬W$�£3½Þ®¦«
Fr(t) =

∑
P (ni) < ni|e t

i~
~ω(ni−nf )|nf >< nf |ni >

º�¢e¬ã°²¢x°�³´xóK£=º�¥¦¬©®g®r£��³�½

Fr(t) =
1

Zr
Tr(e−βHie

−it
~

Hie
it
~

Hf )

º�¢e¬ã°²¢x³´¤ ®r£�¥q½g«F¹!£¶¹!«F¥r£¶«�¿,£�¥²³4®¦«�¥�³´§Eé�£�óe¥¦³Ú°�³�#ó,£=£�ø4³�§©á�³´®r£3¯#³F½.Q �

Fr(t) = exp
{
λ2
[
(n+ 1)(eiωt − 1) + n(e−iωt − 1)

]}

º�¬©®r¢x®r¢e£[³�øF£�¥²³´éF£q¿e¢e«Fe«�x�áe¹�ó,£�¥

n =
1

eβ~ω − 1*6¬©K³´§E§©¨�°Ì«F�½g¬ã¯c£�¥r¬Eeéo³�§ã³´¥¦é�£H�áe¹TóK£�¥m«´¤�¯e¬E½r¿e§ã³�°Ì£3¯�«F½¦°Ì¬E§©§ã³4®¦«�¥²½,®r¢e£�¥¦³´®r£0£�Äc¿e¥r£3½r½r¬E«�
ó,£�°Ì«F¹!£�½

k =
V 2

~2

∫ ∞

−∞
dt e

−it
~

∆E exp

{
∑

r

λ2
r

[
(nr + 1)(eiωrt − 1) + nr(e

−iωrt − 1)
]
}

*e«F¥�¯c¬E½¦°ÌáK½r½r¬©«F#§E£Ì®oáK½e��¥²½z®o³´¿�¿e§©¨
R � ®��?� ÝÛß Õ�� � ß�� Ó1�:���òß æ þíà ß
���×à ß½æ Ó���� ¨Åß*�òß���� æ:�����?�Îþ���6åß��&�:�×þ��»üÿþ���� ÝêßÃÍ þ��>���×ß��9�:� Ó��Ûæ üÿþ��òà þÖü4� Ýêß�ÛßÎÕ � Ó ü;�>���
�:�×þ��K�×æ��Ûæ ß����ýÝ���� ÝùÕ×ßçÓ��êæ�� þ Ó æ�������� ÝÛÓ����íß þÖü�� ÝÛß�üI� ß�D��Ûß����öä Ýêß*�òßíÏ
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Ò#;¬Eñb Ò ���6���3�	�K���Ú�3���u�±�cÝ6Ý6���ÎQ��?�u�c�3���,�
£ÌÄc¿�³��¯c¬EeéÚ®r¢e£=«7½r°�¬©§E§ã³4®r¬EeéT¤�áe�°Ì®r¬E«��½

eiωrt = 1 + iωrt−
ω2

r t
2

2º»£¶¢K³�ø�£¶®r¢e£[³�¿e¿e¥¦«�Äc¬©¹ê³4®¦¬©«F

k =
V 2

~2

∫ ∞

−∞
dt e

−it
~

∆E exp

{
∑

r

λ2
riωrt−

∑

r

λ2
r(2n̄r + 1)

ω2
r t

2

2

}

=
V 2

~2

√
2π∑

r λ
2
rω

2
r(2n̄r + 1)

exp

{
− (∆E

~
−∑r λ

2
rωr)

2

2 (
∑

r λ
2
rω

2
r(2n̄r + 1))

}

³´K¯�º�¬©®r¢x®r¢�£[¯c£M���¬À®¦¬©«Fx«�¤	¥¦£�«F¥ré7³´e¬W$�³´®r¬E«�8£�e£�¥¦é�¨
Er =

∑

r

λ2
r~ωr =< ~ωr >

³´K¯�º�¬ã¯�®r¢
∆2 =

∑

r

λ2
r(~ωr)

2(2n̄r + 1) =< (~ω)2 >

®r¢�¬E½�®²³´¼F£�½�®r¢e£�¤�«F¥r¹

k =
V 2

~2

√
2π~2

∆2
exp

{
− (∆E −Er)

2

2∆2

}

*6¬Eé�áe¥¦£!O�Æ�Ã�����³´á�½¦½g¬ã³´#£��ø�£�§©«F¿K£

E∆Er

∆

9 ¤T³�§©§¶¹!«�¯e£�½±°�³� óK£ü®r¥¦£�³´®r£3¯ °Ì§ã³�½r¬E°�³´§E§©¨
~ωr � kT

®r¢e£É¿e¢e«Fe«� �áe¹TóK£�¥#¬ã½
n̄r = kT/~ωr

³´�¯

∆2 ≈ 2kT
∑

r

λ2
r~ωr = 2kTEr

º�¢e¬ã°²¢#éF¬©øF£�½»®¦¢e£=¥¦³´®r£�¬E�®¦¢e£[°Ì§ã³�½¦½g¬ã°�³�§s§©¬E¹!¬À®�®¦¢e£+-�³�¥¦°�á�½»£ÌÄc¿e¥¦£�½¦½g¬E«�
k =

2πV 2

~

√
1

4πkTEr
exp

{
− (∆E −Er)

2

4ErkT

}



á�Ä ³ â R ² ´�»�PHVyQe¹ ² R�U�Ò�P¼»�S6U!³ V�S ² S6U O�ÎFÂ

Ò#;¬Eñbãà ð8Ý6Ý6�?���F�c���?�K� �,�����6���3�e�	�6���±Ý��K�?�)�!�ß�F�3�	�m�
ª £=º»³�F®�e«4ºB®r«ê³´¿�¿e§©¨8®r¢e£[½¦³�¯e¯e§©£=¿,«�¬E7®� 0¡�¢e£=½¦³�¯e¯c§E£�¿K«F¬©7®o£3òFáK³4®r¬E«�x¬ã½

− i
~
∆E =

∑

r

λ2
r

[
iωr(nr + 1)eiωrt − iωrnre

−iωrt
]

= i
∑

r

λ2
rωr

[
(nr + 1)e−iωrt − nre

iωrt
]

º�¢e¬ã°²¢#º»£=½g«F§©øF£=³´¿e¿e¥¦«�Äc¬©¹ê³´®r£�§E¨!ó�¨�§E¬©e£3³´¥¦¬�$3³4®¦¬©«F
−i∆E = i~

∑

r

λ2
rωr [1− (2n̄r + 1)iωrt+ · · ·] =

= iEr −∆2 t

~
+ · · ·

ts = −i~∆E −Er

∆2ö»®�®r¢e£[½¦³�¯�¯c§©£�¿,«�¬E7®oº�£�¢�³�øF£

− its
~

∆E + g(ts) = − its
~

∆E +
∑

r

λ2
r [(nr + 1)(iωrts)− nriωrts + · · ·]

= − its
~

∆E + i
∑

r

λ2
rωrts −

∆2

~2

t2s
2

= − its
~

(∆E −Er)−∆2−(Er −∆E)2

2∆4

= − (∆E −Er)
2

2∆2®r¢�£�½r£�°�«��¯x¯c£�¥r¬Eø4³4®r¬Eø�£�¬ã½

−
∑

r

λ2
rω

2
r

[
(nr + 1)e−iωrt + nre

iωrt
]

= −∆2

~2
+ · · ·

³´K¯Ì��K³´§E§©¨ê®¦¢e£=¥²³4®r£�¬ã½o³´é7³´¬E
k =

V 2

~2

√
2π~2

∆2
exp

{
− (∆E −Er)

2

2∆2

}

ö»®�§©«4ºB®r£�¹Ú¿,£�¥²³4®¦áe¥¦£�½
kT � ~ω

®¦¢e£[½r³F¯e¯c§E£�¿,«�¬E7®�£3ò7á�³4®¦¬©«Fx½r¬©¹!¿e§E¬���£�½�®¦«
∆E =

∑

r

λ2
r~ωre

iωrt

¡	«�½r«�§Eø�£ü®r¢e¬ã½±£�ò7á�³´®r¬E«�<º�£É¬©7®¦¥r«c¯cá�°�£y³´<³�øF£�¥²³´éF£�¤�¥r£3ò7áe£��°�¨���¹ê³4ªz«F¥�³�°�°�£�¿c®¦¬©�é
¹!«c¯c£�½ß�

ω̃
º�¬©®r¢

∑

r

λ2
r~ωr =

∑

r

λ2
r~ω̃ = S~ω̃

ω̃ =

∑
r λ

2
rωr

S
S =

∑

r

λ2
r

º�¢e¬ã°²¢8³4¤ ®¦£�¥Þ¬E�½r£�¥r®r¬E«�ê¬E7®r«[®¦¢e£�½¦³�¯�¯c§©£q¿K«F¬©7®�£3ò7á�³4®¦¬©«Fêé�¬Eø�£�½H®r¢e£¶³´¿e¿e¥¦«�Äc¬©¹ê³´®r¬E«�

∆E = S~ω̃eitseω
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º�¬©®r¢x®r¢e£[½r«�§Eác®¦¬©«F
its =

1

ω̃
ln

∆E

S~ω̃¡�¢e£=½r£�°Ì«F�¯#£�¥¦¬©ø4³4®¦¬©øF£�¬E½

−
∑

r

λ2
rω

2
re

iωrts ≈ −Sω̃2eln(∆E/S~eω) = −1

~
∆Eω̃

³´K¯8®¦¢e£=¥¦³´®r£�¬ã½

k =
V 2

~2

√
2π~

∆Eω̃
exp

{
−∆E

~

1

ω̃
ln

∆E

S~ω̃
+ S

∆E

S~ω̃
− S

}

k =
V 2

~

√
2π

∆E~ω̃
exp

{
−S − ∆E

~ω̃

[
ln

∆E

S~ω̃
− 1

]}

º�¢e¬ã°²¢#¬ã½�¼�e«4º�±³�½»®¦¢e£=£�e£�¥réF¨êéF³�¿#§ã³�º

èà� },ZT\	] { �õY � ]Ç¥ í>�®z|{ ! Z#] {Uî|ê \ {Uz Z#^I£4] {
HÇ1o¨B1 drpqh)tÞnqk��ekmp�auac�ebHpqf7v²k��
ª £#°Ì«F�½r¬E¯c£�¥[®¦¢e£8®¦¥¦³��½z¤�£�¥�«�¤o£�e£�¥réF¨�¤�¥¦«�¹l³´y£�Äc°�¬À®¦£�¯u¯e«�e«F¥�¹!«�§E£�°�áe§©£>(Kñ±®r«ü³�
³�°�°Ì£�¿c®r«F¥»¹!«F§©£3°Ìáe§E£=ö

D∗ +A→ D +A∗

ª £Ú³F½r½ráe¹!£[®¦¢�³4®¶®r¢e£Ú«�¿e®r¬ã°�³´§	®r¥²³´K½g¬©®r¬E«��½q«´¤Þó,«´®¦¢ú¹!«�§E£�°�áe§E£�½¶°�³´üóK£!¯c£3½r°�¥r¬EóK£3¯
ó�¨[®¦¢e£�®r¥²³´�½r¬©®r¬E«�!óK£�®zº�£�£�Ú®r¢�£�¢e¬©éF¢e£�½g®0«c°�°�áe¿e¬E£�¯½��7¾Yx-=Y¾�³´�¯Ú§E«4º�£3½z®Háe�«�°�°Ìáe¿�¬©£3¯��f Ei-=Y¾�H¹Ú«F§©£3°Ìáe§ã³´¥H«F¥ró�¬À®²³´§ã½� ¡�¢e£'7q³�¥g®¦¥r£�£ÌÈ?*e«c°²¼[éF¥r«Fáe�¯e½g®¦³´®r£�«´¤)«�e£q¹Ú«F§©£3°Ìáe§E£o°�³�
ó,£=º�¥r¬©®g®¦£��³�½�³êè�§ã³4®¦£�¥o¯c£�®r£�¥¦¹!¬©K³´7®�«´¤H¯c«�áeó�§©¨8«c°�°Ìáe¿e¬E£�¯x¹!«�§E£�°�áe§ã³´¥�«�¥¦óe¬©®¦³´§ã½

|HF >= |φ1↑φ1↓ · · ·φHO↑φHO↓|

*6¬©éFáe¥¦£ÚO3Æ´Ç#�¼7¾Yx-=YqÈAf Ei-=Y�®r¥²³´�½r¬©®r¬E«�
E

orbitals
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HOMO

LUMO

â ¥¦«�¹!«´®¦¬©«F!«´¤m³´ê£�§©£3°Ð®¦¥r«FT¤�¥¦«�¹�®¦¢e£i7xYx-KY ®¦«[®¦¢e£ifýE:-=Y °Ì¥¦£�³´®r£3½0³[½r¬©eéF§©£�®Þ«�¥
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