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k2 � k±1
³´�£3òFá�¬©§E¬©ó�¥r¬Eáe¹ óK£�®zº�£�£��¥¦£�³F°Ð®²³´�¯e½�³´�¯�¥r£3³�°Ð®¦¬©øF£

°Ì«F¹!¿e§©£�Ä�º�¬E§©§�ó,£=£�½g®¦³�óe§E¬E½r¢e£�¯

A+B � {AB} c{AB}
cAcB

= K =
k1

k−1

ëo«4ºB®r¢e£=«4øF£�¥²³´§E§K¥¦£�³F°Ð®¦¬©«F#¥²³4®¦£¶¬ã½

ċc = k2c{AB} = k2KcAcB

¯c£�®r£�¥¦¹!¬©�£�¯!ó�¨[®¦¢e£o¥¦£�³�°Ì®r¬E«�Ú¥¦³´®r£
k2
³´K¯�®¦¢e£q°�«��½g®¦³�F®H«�¤,®¦¢e£q¯c¬�%)á�½g¬E«�!£3òFá�¬©§E¬©ó�¥r¬Eáe¹

¤ ¡ §ÌZx]»\I§M¥þ\I¤x]�Y {¼ê ë é Y ¡�¡ ] {bë�yh�Mz Zd¥ ¡ ]A# ídz \I§ÌY�Z
ª £Ú°�«��½r¬E¯e£�¥�³�¹!«�¯e£�§½g¨c½g®r£�¹ ��¿e¥r«�®r£�¬©#�q¬EF®¦£�¥²³�°Ì®r¬Eeé8º�¬©®r¢ü³#½gá�¥r¥¦«�áeK¯c¬©�é8¹!£�¯c¬Eáe¹
º�¢e¬ã°²¢�¬E½o«�e§E¨8®²³´¼�£�±¬©¹!¿e§E¬E°�¬À®¦§©¨±¬E7®r«8³�°�°Ì«Fáe7®�  ª £�³�¥r£=¬E7®r£�¥¦£�½g®r£3¯x¬©±®¦¢e£�¯c¨��³�¹Ú¬ã°�½
«�8³�½g§E«4º�£�¥H®r¬E¹!£�½¦°�³�§©£�®¦¢�³´ê®¦¢e£q¹!£3¯c¬©á�¹ gKá�°Ð®¦á�³4®¦¬©«F�½� ¡�¢e£�ê®r¢e£q¬©7®r£�¥¦³F°Ð®¦¬©«Fêº�¬À®¦¢
®r¢�£T¹!£�¯e¬©áe¹þ°�³´üóK£!³´¿�¿e¥r«�Äc¬E¹ê³4®r£�§©¨�½ráeó�½g®r¬©®rác®¦£�¯üó�¨#®¦¢e£ê½gá�¹ «´¤�³�ü³�ø�£�¥¦³�é�£�¤�«F¥¦°�£
³´K¯#³ê½g®r«c°²¢�³F½z®¦¬E°q¤�«�¥²°Ì£F 

��¨�1 fFact�hKnobHfFaedghBý�d?n[k���kmp�acdgbHi[k('eZob6aedzt�p v²t0� wC�etIÏÛp�dzbHp ~ t0acdgtÞp
¡�¢e£�½g¬E¹!¿e§E£�½g®6£�Äc³�¹!¿e§©£�¯c£3½r°�¥r¬EóK£3½ÞO�È�¯e¬©¹!£�K½g¬E«��³�§`&»¥¦«4º�e¬ã³´=¹!«´®¦¬©«F�«´¤,³oóe¬Eé�¿K³´¥r®r¬ã°Ì§E£
¬E�³É½g£3³ú«�¤¶½r¹ê³´§E§»¿K³´¥r®r¬ã°Ì§E£�½� ß¡�¢e£�³�ø�£�¥¦³�é�£8¬E7®r£�¥²³�°Ì®r¬E«�u§E£�³F¯e½T®r«y¯e³�¹Ú¿�¬©eéÉ«´¤�®r¢e£
¹!«´®¦¬©«F#º�¢e¬ã°²¢±¬E½�¯e£�½¦°Ì¥¦¬©ó,£�¯x¬E�®¦£�¥¦¹!½o«´¤6³ÚøF£�§E«�°�¬À®z¨#¯c£�¿,£��¯e£�7®q¯e³´¹!¿e¬EeéÚ®r£�¥r¹

dv(t)

dt
= −γv(t)

¡�¢e¬ã½¶£�ò7á�³4®¦¬©«Fú³´§E«��£�§E£�³�¯�½q®¦«�£�Ä�¿,«��£�7®r¬ã³´§¥¦£�§ã³4Äe³4®¦¬©«F
v = v(0)e−γt º�¢�¬E°²¢ü¬E½�e«´®°Ì«F¹!¿�³4®¦¬©óe§E£�º�¬©®r¢ß®r¢e£�¥r¹!«c¯c¨��³�¹Ú¬ã°�½D«0½r¬©�°�£8®¦¢e£x³�øF£�¥²³´éF£Ú¼�¬Ee£Ì®¦¬E°#£��£�¥¦é�¨C½g¢e«Fáe§ã¯yóK£

m
2 v

2 = kT
2

¬©ê£3òFá�¬©§E¬©ó�¥r¬Eáe¹± H¡�¢e£�¥¦£Ì¤�«F¥r£�º»£o³�¯e¯!³�¥²³´�¯c«F¹!§©¨|gKá�°Ð®¦á�³4®¦¬©eé[¤�«�¥²°Ì£�º�¢e¬ã°²¢
¥¦£�¿e¥¦£�½r£�7®¦½,®¦¢e£�°�«�§E§©¬ã½r¬©«F�½)º�¬À®¦¢[¹ê³´�¨�½r«�§Eø�£�7®�¹Ú«F§©£3°Ìáe§E£�½m¯cáe¥¦¬©eé�³^��e¬©®r£0®¦¬©¹!£0¬E7®r£�¥rø4³´§
τ
 0¡�¢e£=¥r£3½gá�§À®�¬ã½�®r¢e£+f	³´eéF£�ø�¬E�£�ò7á�³´®r¬E«�

dv(t)

dt
= −γv(t) + F (t)

º�¬©®r¢x®r¢e£�¤�«F¥r¹ê³�§)½r«�§Eác®¦¬©«F

v(t) = v0e
−γt +

∫ t

0

eγ(t′−t)F (t′)dt′

¡�¢e£�³�ø�£�¥¦³�é�£o«�¤m®r¢�£�½g®r«c°²¢�³´®r¬ã°o¤�«F¥¦°�£q¢�³F½»®r«ÚóK£¾$�£�¥¦«�®¦«Tó,£�°�³´á�½r£q®¦¢e£�£�ò7á�³´®r¬E«��«�¤
¹!«´®¦¬©«F�¤�«F¥�®r¢e£[³�øF£�¥²³´é�£�ø�£�§©«c°Ì¬©®z¨�½r¢e«�á�§E¯#óK£

d < v(t) >

dt
= −γ < v(t) >

ª £T³�½¦½ráe¹!£=®r¢�³´®�¯cáe¥¦¬Eeé
τ
¹ê³´�¨±°Ì«F§©§E¬E½r¬E«��½q«�°�°Ìáe¥¶³´�¯x®¦¢e£�¥¦£Ì¤�«F¥r£[¤�«�¥²°Ì£�½�³4®�¯e¬À¤ È

¤�£�¥¦£�7®�®r¬E¹!£�½o³�¥r£�e«�®o°Ì«�¥¦¥¦£�§ã³4®r£3¯

< F (t)F (t′) >= Cδ(t− t′)
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¡�¢e£�ø�£�§©«c°�¬À®z¨�°�«�¥¦¥r£�§E³´®r¬E«�ê¤�á��°Ð®¦¬©«Fx¬ã½

< v(t)v(t′) >= e−γ(t+t′)

(
v2
0 +

∫ t

0

dt1

∫ t′

0

dt2 eγ(t1+t2) < F (t1)F (t2) >

)

º�¬©®r¢e«Fác®o§©«�«7½g¬EeéÚé�£��£�¥²³´§E¬À®z¨êº»£=³�½¦½gáe¹!£
t′ > t

³��¯#½ráeó�½g®r¬©®ráe®r£
t2 = t1 + s

= v2
0e

−γ(t+t′) + e−γ(t+t′)

∫ t

0

dt1

∫ t′−t1

−t1

ds eγ(2t1+s) < F (t1)F (t1 + s) >

= v2
0e

−γ(t+t′) + e−γ(t+t′)

∫ t

0

dt1e
2γt1Cdt

v2
0e

−γ(t+t′) + e−γ(t+t′) e
2γt − 1

2γ
C

¡�¢e£=£�Ä�¿,«��£�7®r¬ã³´§)®¦£�¥¦¹!½�ø4³�e¬E½r¢xø�£�¥¦¨�ò7áe¬ã°²¼�§©¨�³��¯#º�£x���¯
< v(t)v(t′) >→ e−γ|t′−t| C

2γ
ëo«4ºh
 °�³´xóK£[¯e£Ì®r£�¥r¹!¬Ee£�¯#¤�¥¦«�¹æ®¦¢e£[³�ø�£�¥¦³�é�£o¼�¬Ee£Ì®¦¬E°�£�e£�¥¦é�¨8³F½

m < v2 >

2
=
kT

2
=
m

2

C

2γ
→ C =

2γkT

m
¡�¢e£T¹Ú£3³´ú½¦ò7á�³´¥¦£[¯c¬ã½g¿�§E³F°Ì£�¹!£�F®¶«´¤Þ³�¿�³´¥r®r¬ã°Ì§E£�½g®¦³´¥r®r¬Eeé�³´®

x0
º�¬©®r¢üø�£�§E«c°Ì¬©®z¨

v0¬ã½

< (x(t) − x(0))2 >=<

(∫ t

0

dt1v(t1)

)2

>=

∫ t

0

∫ t

0

< v(t1)v(t2) > dt1dt2

=

∫ t

0

∫ t

0

(
v2
0e

−γ(t1+t2) +
kT

m
e−γ|t1−t2|

)
dt

³´K¯#½r¬©K°Ì£
∫ t

0

∫ t

0

e−γ(t1+t2)dt1dt2 =

(
1− e−γt

γ

)2

³´K¯
∫ t

0

∫ t

0

e−γ|t1−t2|dt1dt2 = 2

∫ t

0

dt1

∫ t1

0

e−γ(t1−t2)dt2 =
2

γ
t− 2

γ2
(1− e−γt)

º»£¶«Fóc®¦³�¬©

< (x(t) − x(0))2 >= (v2
0 −

kT

m
)
(1− e−γt)

2

γ2
+

2kT

mγ
t− 2kT

mγ2
(1− e−γt)

9 ¤[º»£ú½z®²³´¥r®r£3¯Ûº�¬©®r¢<³´ ¬Ee¬À®¦¬E³�§�øF£�§E«c°Ì¬©®z¨Û¯c¬ã½z®¦¥r¬Eóeác®¦¬©«F ¤�«�¥�®r¢e£É½z®²³4®r¬E«�K³´¥¦¨Û½g®¦³4®¦£
<

v2
0 >= kT/m

³��¯!®¦¢e£i�K¥¦½g®Þ®¦£�¥¦¹�ø4³�e¬E½r¢e£3½� o*e«F¥�øF£�¥¦¨T§ã³´¥¦é�£o®r¬E¹Ú£3½0®¦¢e£¶§©£3³�¯c¬Eeé=®¦£�¥¦¹
¬ã½ÃÊ
¥

< (x(t)− x(0))2 >= 2Dt D =
kT

mγ
Ì�¦ÖÑýÝ>�×æ(�×æ4� ÝÛßS� ßÎÕ×Õ	��Ûþ.�(��§q���Ûæ�� ß������òßÎæ:�ÛÕ �Ðüÿþ��4� ÝÛß9��� ¨G�Ûæ��×þ����Îþ��Ûæ�� Ó��&�S©
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��¨ÊH {q��t9)qb�)�drigdza´|Íýqdrf�ac��d*):ZoacdgtÞp
ª £Ú¯c¬ã½¦°Ìá�½¦½q�«4º<®¦¢e£Ú¿e¥r«Fó�³´ó�¬©§E¬À®z¨±¯c¬ã½z®¦¥r¬Eóeác®¦¬©«F

W (v)
 =¡�¢e£T®r¬E¹!£T£�ø�«�§Eác®¦¬©«F�°�³´úóK£

¯c£3½r°�¥r¬EóK£3¯#³F½
W (v, t+ τ) =

∫
P (v, t+ τ |v′, t)W (v′, t)dv′

¡	«#¯c£�¥r¬Eø�£�³��£ÌÄc¿e¥¦£�½¦½g¬E«�±¤�«F¥o®¦¢e£T¯c¬�%)£�¥¦£�7®r¬ã³´§
∂W (v, t)/∂t

º�£Te£�£3¯±®r¢�£[®r¥²³´K½g¬©®r¬E«�
¿e¥¦«�ó�³�óe¬E§©¬©®z¨

P (v, t+ τ |v′, t) ¤�«�¥o½r¹ê³´§E§ τ   9 7®r¥¦«c¯cá�°Ì¬Eeé ∆ = v − v′ º�£�£�Ä�¿K³´�¯�®r¢e£¬EF®¦£�éF¥¦³��¯8¬E�³Ú¡6³�¨�§©«F¥�½g£�¥r¬E£�½

P (v, t+ τ |v′, t)W (v′, t) = P (v, t+ τ |v −∆, t)W (v −∆, t)

=

∞∑

n=0

(−1)n

n!
∆n

(
∂

∂v

)n

P (v + ∆, t+ τ |v, t)W (v, t)

9 �½r£�¥r®r¬EeéÚ®r¢e¬ã½�¬E7®r«Ú®r¢e£=¬E7®r£�é�¥²³´§)é�¬Eø�£3½
W (v, t+ τ) =

∞∑

n=0

(−1)n

n!

(
∂

∂v

)n(∫
∆nP (v + ∆, t+ τ |v, t)d∆

)
W (v, t)

³´K¯#³F½r½ráe¹!¬©�éT®¦¢�³4®�®¦¢e£=¹!«�¹!£�7®²½�£ÌÄc¬E½g®�º�¢e¬ã°²¢±³�¥r£�¯c£®��e£�¯xó�¨
Mn(v′, t, τ) =< (v(t+ τ) − v(t))n >|v(t)=v′=

∫
(v − v′)nP (v, t+ τ |v′, t)dv

º»£:�K�¯
W (v, t+ τ) =

∞∑

n=0

(−1)n

n!

(
∂

∂v

)n

Mn(v, t, τ)W (v, t)

¾ Äc¿�³��¯c¬EeéÚ®r¢e£=¹!«�¹!£�F®²½�¬EF®¦«ê³Ú¡6³�¨�§©«F¥�½g£�¥r¬E£�½

1

n!
Mn(v, t, τ) =

1

n!
Mn(v, t, 0) +D(n)(v, t)τ + · · ·

º»£¶¢K³�ø�£x���³�§©§E¨ËÊçÊ
W (v, t+ τ) −W (v, t) =

∞∑

1

(
− ∂

∂v

)n

D(n)(v, t)W (v, t)τ + · · ·

º�¢e¬ã°²¢#éF¬©øF£�½»®¦¢e£=£�ò7á�³´®r¬E«�x«´¤	¹!«�®r¬E«�x¤�«�¥�®¦¢e£=¿e¥¦«�ó�³�óe¬©§E¬©®z¨8¯c¬E½g®r¥¦¬Eóeác®r¬E«� Ê ø

∂W (v, t)

∂t
=

∞∑

1

(
− ∂

∂v

)n

D(n)(v, t)W (v, t)

9 ¤�®r¢e¬ã½T£ÌÄc¿�³´K½g¬E«�y½g®r«�¿K½�³4¤ ®¦£�¥�®r¢e£x½g£3°Ì«�K¯É®r£�¥¦¹ Ê�+ê®r¢e£#é�£��£�¥²³´§H¤�«F¥r¹ «´¤�®r¢�£úOÌÈ
¯c¬E¹!£��½r¬©«F�½¦³´§�*e«F¼�¼�£�¥rÈ â §E³��°²¼�£�ò7á�³´®r¬E«�É¥r£3½gá�§À®²½®«�º�¥¦¬©®g®r£�Ce«4º º�¬©®r¢É®¦¢e£ê¹!«�¥¦£!°�«�cÈ
ø�£�7®r¬E«��³�§)³�¥réFáe¹!£�7®�Ä

∂W (x, t)

∂t
=

(
− ∂

∂x
D(1)(x, t) +

∂2

∂x2
D(2)(x, t)

)
W (x, t)

ÌöÌ ÑýÝêßSL½ß��òþ þ����êß*�ýà þíà ß������êþ�ßS�Ûþ��3�Ûß�2 ß���� þ��
τÌ û ÑýÝ>�×æ(�×æ�����Þþ��áÓÖæ�� ÝÛß�ª�� ÓÖà ß�� æ�«¬áþçä ÓÖÕ ß�=E2 Ó��Ûæ��×þ��

Ì�/�®¯�3�½Ó��K� ß�æ ÝÛþ.�(��� Ý Ó1�(� Ý>�×æ(�×æ4� ÝÛß9�½ÓÖæ ß üÿþ�� ÓÖÕ×Õ	¬ Ó���íþ*6�2>� þ��Îß½æ æ ßÎæ
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��¨Ê] l d n Zqf�dztÞp

�«�K½g¬ã¯c£�¥6³o¿�³�¥g®¦¬E°�§©£Þ¿K£�¥g¤�«F¥r¹!¬Eeéq³o¥²³´K¯c«�¹ º»³�§©¼¶¬E�«��£Þ¯c¬E¹Ú£��½r¬©«F�¯cáe£�®r«¶°Ì«�§E§E¬E½r¬©«F�½� ª £=á�½g£¶®¦¢e£[½z®¦«c°²¢�³�½g®r¬ã°�¯c¬)%)£�¥¦£�7®¦¬E³�§s£�ò7á�³4®¦¬©«F Ê�-

dx

dt
= v0 + f(t)

º�¢e£�¥r£¶®r¢�£=ø�£�§E«c°Ì¬©®z¨8¢�³F½�³Ú¯e¥r¬©¤ ®q°Ì«F¹Ú¿,«��£�7®
v0
³´�¯±³�g�á�°Ì®rá�³´®r¬Eeé!¿�³´¥r®

f(t)
º�¬À®¦¢

< f(t) >= 0 < f(t)f(t′) >= qδ(t− t′)
¡�¢e£�¤�«F¥r¹ê³´§s½r«�§Eác®r¬E«�x¬ã½o½g¬E¹!¿e§E¨

x(t)− x(0) = v0t+

∫ t

0

f(t′)dt′

¡�¢e£x��¥²½z®�¹!«�¹!£�F®o¬ã½
M1(x0, t, τ) =< x(t + τ)− x(t) >|x(t)=x0

= v0τ +

∫ τ

0

< f(t′) > dt′0

D(1) = v0
¡�¢e£=½r£�°Ì«F�¯#¹Ú«F¹!£�7®o¬E½

M2(x0, t, τ) = v2
0τ

2 + v0τ

∫ τ

0

< f(t′) > dt′ +

∫ τ

0

∫ τ

0

< f(t1)f(t2) > dt1dt2

¡�¢e£»½g£3°Ì«�K¯�®r£�¥r¹�ø4³´e¬ã½r¢e£�½6³´�¯=®r¢e£�«�e§E¨�§©¬Ee£�³�¥m®¦£�¥¦¹�¬©
τcomes

¤�¥r«F¹<®¦¢e£�¯e«�áeóe§E£
¬EF®¦£�éF¥¦³�§

∫ τ

0

∫ τ

0

< f(t1)f(t2) > dt1dt2 =

∫ τ

0

dt1

∫ τ−t1

−t1

qδ(t′)dt′ = qτ

¢e£��°Ì£

D(2) =
q

2³´K¯8®¦¢e£[°Ì«F¥r¥¦£�½r¿K«F�¯c¬Eeéà*e«�¼�¼F£�¥rÈ â §ã³´K°²¼Ú£3ò7á�³4®¦¬©«F#¬ã½�®r¢�£[¯c¬)%)á�½r¬©«F#£3ò7á�³4®¦¬©«F
∂W (x, t)

∂t
= −v0

∂W (x, t)

∂x
+D

∂2W (x, t)

∂x2

º�¬©®r¢x®r¢e£[¯e¬)%)á�½r¬©«F±°�«��½g®¦³�7®
D = D(2)  ª £x°�³´ß£3³�½r¬©§E¨K���¯ß®r¢e£�½r«�§Eác®r¬E«�u¤�«�¥ê³ü½r¢�³�¥r¿u¬Ee¬©®r¬ã³´§o¯c¬ã½g®r¥¦¬©óeáe®r¬E«�

W (x, 0) =
δ(x− x0)

ó�¨ê®²³´¼�¬©�éT®¦¢e£+*e«Fáe¥¦¬©£�¥�®r¥²³´�½g¤�«�¥¦¹
W̃ (k, t) =

∫ ∞

−∞
dxW (x, t) e−ikx

ª £=«�óc®²³´¬E
∂W̃ (k, t)

∂t
= (−Dk2+iv0k)W̃ (k, t)→ W̃ (k, t) = W̃0 exp

{
(−Dk2 + iv0k)t+ ikx0

}

Ì B ÑýÝ>�×æ(�×æýÓ æ þ��½ÓÖÕ×Õ×ß��ùÒ°�×ß��Ûß��32��òþ��½ßÎæ æ
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³´K¯8®¦¢e£+*e«Fáe¥r¬E£�¥�óK³�°²¼ê®¦¥¦³��½z¤�«F¥r¹ê³´®r¬E«�8éF¬©øF£�½íÊ�Q
W (x, t) =

1√
4πDt

exp

{
− (x− x0 − v0t)2

4Dt

}

º�¢e¬ã°²¢ü¬ã½=³���³´á�½¦½r¬E³�ü¯c¬ã½z®¦¥r¬Eóeác®¦¬©«FÉ°�£�7®r£�¥r£3¯ú³´®
xc = x0 + v0t

º�¬©®r¢y³xø�³�¥r¬ã³´K°Ì£�«�¤
< (x− xc)

2 >= 4Dt

*6¬Eé�áe¥¦£[Ê´ìN�H½r«�§Eác®r¬E«�x«´¤	®r¢e£[¯e¬)%)á�½r¬©«Fx£3ò7á�³4®¦¬©«F�¤�«F¥o½g¢�³�¥r¿#¬©�¬À®¦¬E³�§m°Ì«F�¯c¬©®r¬E«��½

�`Q��e�yÝ���8±��eð6�3����ð���6ØCðÞ�,×	�6�	�e�3Ô

�«�K½g¬ã¯c£�¥�³T¿�³´¥r®r¬ã°Ì§E£�¤�¥r«F¹Í½g¿,£�°�¬©£3½�ö º�¢e¬E°²¢x°�³�#áeK¯c£�¥¦é�«!³T°²¢�£�¹!¬E°�³´§)¥¦£�³�°Ì®r¬E«�#º�¬À®¦¢
³Ú¿�³´¥r®r¬ã°Ì§E£¶¤�¥r«F¹Í½r¿K£3°Ì¬E£�½'& ³´®o¿K«7½g¬©®r¬E«�

xA = 0

A+B → AB9 ¤H®r¢�£�¥¦£�³�°Ì®r¬E«��¥²³4®¦£[¬E½�ø�£�¥r¨�¤�³�½g®D«K®r¢e£��®¦¢e£T°�«��°�£�7®r¥²³4®¦¬©«Fx«�¤Þö ø4³´�¬E½r¢e£�½�³4®
x = 0º�¢e¬ã°²¢#éF¬©øF£�½�³�x³F¯e¯c¬©®r¬E«��³�§sóK«Fáe�¯c¥¦¨�°Ì«F�¯c¬©®r¬E«�

W (x = 0, t) = 0
è7®²³´¥r®r¬Eeéß³´é7³´¬E º�¬À®¦¢<³y§E«c°�³�§©¬W$�£3¯ ¿�³´¥r®r¬ã°Ì§E£ú³´®�®r¬E¹!£P$�£�¥¦«uº�¬À®¦¢

W (x, 0) = δ(x −
x0) v0 = 0

®¦¢e£=¿e¥¦«�ó�³�óe¬©§E¬©®z¨�¯c¬ã½z®¦¥r¬Eóeác®¦¬©«F

W (x, t) =
1√

4πDt

(
e−

(x−x0)2

4Dt − e−
(x+x0)2

4Dt

)

¬ã½Ú³É½r«�§Eác®r¬E«�uº�¢�¬E°²¢Û¤�áe§E§)��§E§ã½�®¦¢e£±óK«Fáe�¯e³�¥r¨y°�«��¯c¬©®r¬E«�K½� u¡�¢e¬ã½!½g«F§©áe®r¬E«�ß¬ã½!½g¬E¹!¬©§ã³´¥
®r«�®r¢e£8¹!¬E¥r¥¦«�¥=¿�¥r¬E�°Ì¬E¿e§E£8¼�e«4º�É¤�¥r«F¹�£�§©£3°Ð®r¥¦«F½g®¦³´®r¬ã°�½� #¡�¢e£8®r«´®²³´§Þ°�«��°�£�7®r¥²³4®¦¬©«Fü«�¤
½r¿K£3°Ì¬E£�½�ö�¬E±½r«�§Eác®¦¬©«F#¬ã½�®r¢�£�±é�¬Eø�£��ó�¨

∫ ∞

0

dx W (x, t) = erf

(
x0√
4Dt

)

Ì�R.�3� � Ý�� ÝÛßS2��òþ�2 ß����Ûþ��òà ÓÖÕ���L½Ó1�:�×þ��ÃüÙÓ��
� þ��
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*6¬Eé�áe¥¦£[Ê´Â��½r«�§Eác®¦¬©«F�¤�¥¦«�¹æ®¦¢e£=¹!¬©¥¦¥¦«�¥�¿e¥¦¬©�°�¬©¿�§©£

2

0

1

-1

-2

x

40-4 2-2

0.9

0.7

0.5

t~

108640 2

1

0.8

0.6

0.4

��¨F[ k�t��e�0km� Ä3ùÉizbHpqh���k('eZob6aedztÞp v²t0� wC�etIÏÛpqdgbHp ~�tHaedgtÞp
*e«F¥'&»¥r«4º�e¬ã³´#¹!«´®r¬E«�xº»£¶¢K³�ø�£¶¤�¥r«F¹æ®r¢�£�¤�«�¥¦¹!³�§�½g«F§©áe®r¬E«�

v(τ) = v0(1− γτ + · · ·) +

∫ τ

0

(1 + γ(t1 − τ) + · · ·)F (t1)dt1

¡�¢e£¾��¥²½g®�¹!«F¹Ú£�7®�¬ã½ Ê��
M1(v0, t, τ) =< v(τ) − v(0) >= −γτv0 + · · ·

D(1)(v, t) = −γv
¡�¢e£[½r£�°�«��¯#¹!«�¹!£�7®�¤�«�§E§©«4ºo½»¤�¥¦«�¹

< (v(τ) − v0)2 >= (v0γτ)
2 +

∫ τ

0

∫ τ

0

(1 + γ(t1 + t2 − 2τ · · ·))F (t1)F (t2)dt1dt2

¡�¢e£[¯c«Fáeóe§E£�¬©7®r£�é�¥²³´§)é�¬Eø�£3½
∫ τ

0

dt1

∫ τ−t1

−t1

dt′(1 + γ(2t1 + t′ − 2τ + · · ·)2γkT

m
δ(t′)

=

∫ τ

0

dt1
2γkT

m
(1 + γ(2t1 − 2τ + · · ·)

=
2γkT

m
τ + · · ·

³´K¯�º»£=¢�³�ø�£
D(2) =

γkT

m¡�¢e£o¢�¬©éF¢e£�¥0¹!«F¹Ú£�7®¦½0¢K³�ø�£�e«�°�«�7®r¥¦¬©ó�ác®r¬E«��½0§©¬Ee£�³�¥0¬E
τ
³´�¯Ú®¦¢e£o¥¦£�½ráe§À®¦¬©�é+*e«�¼�¼F£�¥rÈ

â §ã³´�°²¼�£�ò7á�³4®¦¬©«F#¬ã½

∂W (v, t)

∂t
= γ

∂

∂v
(vW (v, t)) +

γkT

m

∂2

∂v2
W (v, t)

Ì��ÖÝÛß�� ß Ó���������� ÝÛß�ü þíÕ×Õ×þ*�(�����5� ßS�êæ ß
< F (t) >= 0
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��¨Ê� fFacb	aedgtÞpob�c| f7tÞiBZ�aedzt�pÍt0v�aenok�k!ù k3'^Zqb6acdgtÞp
¡�¢e£i*�«�¼�¼�£�¥gÈ â §ã³´�°²¼=£3ò7á�³4®¦¬©«F!°�³´!ó,£oº�¥r¬©®g®¦£�ê¬EÚ®r¢e£�¤�«F¥r¹ «´¤�³=°Ì«F7®r¬E7á�¬À®z¨T£�ò7á�³4®¦¬©«F

∂W (v, t)

∂t
= − ∂

∂v
S(v, t)

º�¬©®r¢x®r¢e£=¿�¥r«Fó�³´óe¬E§E¬À®z¨8°�áe¥r¥¦£�7®

S(v, t) = −γkT
m

(
mv

kT
W (v, t) +

∂

∂v
W (v, t)

)

*e«F¥o³!½z®²³4®r¬E«�K³´¥¦¨!½r«�§Eác®¦¬©«FK��º�¬À®¦¢x«F¿K£�±óK«Fáe�¯e³�¥r¬E£�½ −∞ < v <∞ ��®¦¢e£�¿e¥¦«�ó�³�óe¬©§E¬©®z¨°Ìá�¥r¥¦£�7®�¢�³�½»®¦«!ø�³�e¬ã½g¢
∂

∂v
W (v, t) = −mv

kT
W (v, t)

º�¢e¬ã°²¢#¢K³�½o³F½�¬©®¦½q½g«F§©ác®¦¬©«F�®¦¢e£+-�³´Ä�º»£�§E§�¯c¬ã½z®¦¥r¬Eóeác®¦¬©«F
Wstat(v, t) =

√
m

2πkT
e−mv2/2kT

¡�¢e£�¥r£�¤�«�¥¦£oº�£¶°Ì«F�°Ì§Eá�¯c£q®r¢�³´®�®¦¢e£x*�«�¼�¼�£�¥gÈ â §ã³´�°²¼T£�ò7á�³´®r¬E«��¯c£3½r°�¥r¬Eó,£�½»½g¨c½g®r£�¹ê½D«�®¦¢�³4®
¥¦£�³�°²¢Û®r¢�£�¥¦¹!³�§o£�ò7áe¬E§E¬©óe¥¦¬Eáe¹ô½g®¦³�¥g®¦¬©eéC¤�¥¦«�¹ç³Ée«� £3òFá�¬©§E¬©ó�¥r¬Eáe¹ô¯e¬E½g®r¥¦¬©ó�ác®r¬E«��  ª £
º�³´7®�®r«!§©«�«F¼�³4®�®¦¢e£=¥r£�§E³´Äe³4®r¬E«��¿e¥r«c°�£�½¦½�¬À®²½g£�§À¤¬©x®¦¢e£�¤�«�§E§©«4º�¬EeéK  ª £¶½g®¦³�¥g®�º�¬©®r¢

∂W (v, t)

∂t
= γW (v, t) + γv

∂W (v, t)

∂v
+
γkT

m

∂2W (v, t)

∂v2

³´K¯�¬E7®r¥¦«�¯eá�°Ì£�®¦¢e£�e£�º ø4³´¥¦¬E³�óe§©£3½

ρ = veγt y(ρ, t) = W (ρe−γt, t)

º�¢e¬ã°²¢�®¦¥¦³��½g¤�«�¥¦¹!½»®¦¢e£[¯c¬�%,£�¥r£�7®r¬ã³´§ã½
∂W

∂v
=
∂y

∂ρ

∂ρ

∂v
= eγt∂y

∂ρ

∂2W

∂v2
= e2γt∂

2y

∂ρ2

∂W

∂t
=
∂y

∂t
+
∂y

∂ρ

∂ρ

∂t
=
∂y

∂t
+ γρ

∂y

∂ρ¡�¢e¬ã½�§E£�³�¯�½»®r«Ú®r¢e£=�£�º�¯c¬)%)£�¥¦£�7®¦¬E³�§s£�ò7á�³4®¦¬©«F
∂y

∂t
= γy +De2γt∂

2y

∂ρ2

¡	«!½r«�§Eø�£�®r¢�¬E½�£3ò7á�³4®¦¬©«F#º»£�¬©7®r¥¦«c¯cá�°�£¶�£�º ø�³�¥r¬ã³´ó�§©£3½»³�éF³�¬©

y = χeγt

º�¢e¬ã°²¢#¥¦£�½ráe§©®¦½�¬E
∂χ

∂t
= De2γt∂

2χ

∂ρ2
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ëo«4º<º�£�¬E7®r¥¦«�¯eá�°Ì£=³!e£�º ®r¬E¹!£[½r°�³´§E£

θ =
1

2γ
(e2γt − 1)

dθ = e2γtdt
½¦³4®r¬ã½g¤�¨7¬Eeé�®r¢e£Ú¬©�¬À®¦¬E³�§°�«��¯e¬À®¦¬©«F

θ(t = 0) = 0
 =ëo«4º º»£T¢�³�øF£[®¦«#½r«�§Eø�£T³#¯c¬�%,á�½r¬E«�

£�ò7á�³´®r¬E«�
∂χ

∂θ
= D

∂2χ

∂ρ2

º�¢e¬ã°²¢#éF¬©øF£�½

χ(ρ, θ, ρ0) =
1√

4πDθ
exp(− (ρ− ρ0)

2

4πDθ
)

ö�¤ ®¦£�¥oóK³�°²¼c½gá�ó�½z®¦¬À®¦ác®r¬E«�x«´¤H³´§E§sø4³´¥¦¬E³�óe§E£�½»º�£x��K¯
W (v, t) =

√
m

2πkT (1− e−2γt)
exp

{
− m

2kT

(v − v0e−γt)2

(1− e−2γt)

}

¡�¢e¬ã½o½r«�§Eác®r¬E«�±½g¢�«4ºo½Þ®¦¢�³4®�®¦¢e£[½r¨�½g®r£�¹�ó,£�¢�³�øF£�½�¤�«�¥o½r¹ê³´§E§s®r¬E¹!£�½�§E¬©¼F£

W (v, t) ≈ 1√
4πDt

exp

{
− (v − v0)2

4Dt

}

³´K¯�¥¦£�§ã³4Äc£�½�®¦«!®r¢e£+-�³´Äcº�£�§©§�¯c¬ã½g®r¥¦¬©óeáe®r¬E«�xº�¬À®¦¢±³T®¦¬©¹!£[°Ì«F�½g®¦³´7®
∆t = 1/2γ

 

��¨Ê� l d n Zqf�dztÞp dgpæbHp k4t�ack���pobHi�{=tHackmp�acdgbHi ÄO²<�ebH~�k���fük('eZob6aedztÞp
ª £o°Ì«�K½g¬ã¯c£�¥H¹!«�®r¬E«�!«´¤s³¶¿�³´¥r®r¬ã°Ì§E£�áe�¯c£�¥H®r¢e£�¬E<g�á�£��°�£�«´¤s³´!£ÌÄ�®r£�¥rK³´§¬��¹!£3³´#�	¤�«F¥¦°�£
K(x) = − d

dxU(x)
 H¡�¢e£=½z®¦«c°²¢�³�½g®r¬ã°�¯e¬)%)£�¥¦£�7®r¬ã³´§s£�á�³4®¦¬©«F8¤�«F¥�¿K«7½g¬©®r¬E«�±³´�¯�ø�£�§©«c°Ì¬©®z¨

¬ã½
ẋ = v

v̇ = −γv +
1

m
K(x) + F (t)ª £Tº�¬E§©§°�³�§E°�áe§ã³4®r£�®r¢e£Ú¹!«�¹!£�7®²½o¤�«F¥q®¦¢e£�,�¥²³´¹!£�¥²½gÈA-�«4¨7³´§s£�Ä�¿K³´�½r¬©«F� :*�«�¥�½g¹ê³�§©§

τº»£¶¢K³�ø�£
Mx =< x(τ) − x(0) >=

∫ τ

0

v(t)dt = v0τ + · · ·

Mv =< v(τ)−v(0) >=

∫ τ

0

(−γv(t)+ 1

m
K(x(t))+ < F (t) >)dt = (−γv0+

1

m
K(x0))τ+· · ·

Mxx =< (x(τ) − x(0))2 >=

∫ τ

0

∫ τ

0

v(t1)v(t2)dt1dt2 = v2
0τ

2 + · · ·

Mvv =< (v(τ)−v(0))2 >= (−γv0+
1

m
K(x0))

2τ2+

∫ τ

0

∫ τ

0

F (t1)F (t2)dt1dt2 =
2γkT

m
τ+· · ·

¢e£��°Ì£¶®r¢�£[¯c¥r¬©¤ ®q³´K¯#¯c¬�%)á�½g¬E«��°�«7£�y8°Ì¬E£�7®¦½�³�¥r£
D(x) = v

D(v) = −γv +
1

m
K(x)
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D(xx) = 0

D(vv) =
γkT

mº�¢e¬ã°²¢#§E£�³F¯e½»®r«!®¦¢e£+,�§E£�¬EcÈA,�¥²³´¹!£�¥¦½�£�ò7á�³´®r¬E«�
∂W (x, v, t)

∂t
=

[
− ∂

∂x
D(x) − ∂

∂v
D(v) +

∂2

∂v2
D(vv)

]
W (x, v, t)

∂W (x, v, t)

∂t
=

[
− ∂

∂x
v +

∂

∂v
(γv − K(x)

m
) +

γkT

m

∂2

∂v2

]
W (x, v, t)

¡�¢e¬ã½�£�ò7á�³´®r¬E«�±°�³´xó,£[¯c¬©ø�¬ã¯c£�¯x¬E7®r«ê³Ú¥r£�ø�£�¥²½r¬©óe§E£�³´�¯±³´x¬E¥r¥¦£�øF£�¥²½g¬Eóe§E£q¿�³�¥g®

∂W

∂t
= (Lrev + Lirrev)W

Lrev =

[
−v ∂

∂x
+

1

m

∂U

∂x

∂

∂v

]
Lirrev =

[
∂

∂v
γv +

γkT

m

∂2

∂v2

]

¡�¢e£o¥¦£�øF£�¥²½g¬Eóe§E£�¿�³´¥r®�°�«�¥¦¥r£3½g¿,«��¯�½®r«�®r¢e£xf�¬E«�áeø�¬E§©§E£o«�¿,£�¥²³4®¦«�¥H¤�«F¥�³=¿K³´¥r®r¬ã°Ì§E£o¹!«4øFÈ
¬Eeé!¬©x®r¢�£=¿K«�®r£�7®¦¬E³�§�º�¬À®¦¢e«�áe®�¤�¥r¬ã°Ð®¦¬©«F

L =

[
∂H

∂x

∂

∂p
− ∂H

∂p

∂

∂x

]
H =

p2

2m
+ U(x)

«�ó�ø�¬E«�á�½r§©¨
LH = 0

³´K¯

Lirrev exp

{
− H

kT

}
= exp

{
− H

kT

}[
γ − γvmv

kT
+
γkT

m
((
mv

kT
)2 − m

kT
)

]
= 0

¡�¢e£�¥r£�¤�«�¥¦£q®¦¢e£+,�§©£�¬©eÈA,�¥²³´¹!£�¥²½�£�ò7á�³4®¦¬©«F#¢K³�½»®r¢�£[½z®²³4®r¬E«�K³´¥¦¨8½g«F§©ác®¦¬©«F

Wstat(x, v, t) = Z−1e−(mv2/2+U(x))/kT

Z =

∫ ∫
dvdx e−(mv2/2+U(x))/kT

¡�¢e£Ç,�§E£�¬EcÈA,�¥²³´¹!£�¥¦½	£�ò7á�³´®r¬E«�!°�³´Úó,£»º�¥¦¬©®g®r£�!¬©T®r¢e£�¤�«F¥r¹�«´¤,³�°�«�7®r¬E�áe¬À®z¨�£�ò7á�³4®¦¬©«F
∂

∂t
W = − ∂

∂x
Sx −

∂

∂v
Sv

º�¬©®r¢x®r¢e£=¿�¥r«Fó�³´óe¬E§E¬À®z¨8°�áe¥r¥¦£�7®

Sx = vW

Sv = −
[
γv +

1

m

∂U

∂x

]
W − γkT

m

∂W

∂v
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��¨�� izb� ÂÞk<v²��drh,acdgtÞpÍirdg~ d}a Äy`�~�tÞiBZqhKnotIÏÛf`��d�k('eZob6aedztÞp
*e«F¥�§ã³´¥¦é�£ê¤�¥¦¬ã°Ð®r¬E«�Û°Ì«�K½z®²³´7®

γ
º»£�¹ê³�¨Ée£�éF§©£3°Ð®T®r¢e£x½g£3°Ì«�K¯C¯e£�¥¦¬©ø4³4®¦¬©øF£8º�¬©®r¢u®¦¬©¹!£

³´K¯�«Fóc®¦³�¬©x®r¢�£[½z®¦«�°²¢K³�½g®r¬ã°�¯c¬�%)£�¥¦£�7®r¬ã³´§s£3òFáK³4®r¬E«�
ẋ =

1

mγ
K(x) +

1

γ
F (t)

³´K¯8®¦¢e£[°Ì«F¥r¥¦£�½r¿K«F�¯c¬Eeéà*e«�¼�¼F£�¥rÈ â §ã³´K°²¼Ú£3ò7á�³4®¦¬©«F#¬ã½�®r¢�£�è�¹!«�§Eá�°²¢e«4ºo½r¼7¬)£3òFáK³4®r¬E«�
∂W (x, t)

∂t
=

[
− 1

mγ

∂

∂x
K(x) +

kT

mγ

∂2

∂x2

]
W (x, t)

º�¢e¬ã°²¢x°�³´xóK£=º�¥¦¬©®g®r£�±º�¬À®¦¢#®¦¢e£=¹!£�³��¤�«F¥¦°�£¶¿,«´®¦£�7®r¬ã³´§
U(x)

³�½

∂W (x, t)

∂t
=

1

mγ

∂

∂x

[
kT

∂

∂x
+
∂U

∂x

]
W (x, t)

��¨�¡ jlbHfFack�� k('eZob6aedztÞp
öÛø�£�¥¦¨�é�£�e£�¥²³´§7§©¬Ee£3³´¥6£�ò7á�³4®¦¬©«F[¤�«F¥m®¦¢e£�¿e¥r«Fó�³´ó�¬©§E¬À®z¨�¯c£��½g¬©®z¨=¬ã½m®¦¢e£�¹ê³�½g®r£�¥6£�ò7á�³´®r¬E«�� 9 ¤6®r¢e£=ø4³´¥¦¬ã³´óe§E£qÄ#®¦³�¼�£�½�«F#«Fe§E¨8¬©7®¦£�é�£�¥�ø4³´§Eáe£�½D«c¬À®o¢K³�½»®r¢�£�¤�«�¥¦¹
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