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∆G(AH,AH) = ∆G′
1 + ∆G′

2 +E1,1
1,2 −E0,0

1,2

∆G(A−, AH)−∆G(AH,AH) = −∆G1,int

∆G(AH,A−) −∆G(AH,AH) = −∆G2,int

∆G(A−, A−)−∆G(AH,AH) = −∆G1,int −∆G2,int +W12 =

= −∆G′
2 −∆G′

1 +E0,0
1,2¡�¢e£�é�¥²³´K¯�¿�³�¥g®¦¬À®¦¬©«F�¤�á��°Ð®¦¬©«Fx¬ã½

Ξ = 1 + e−β(−∆G1,int+µ) + e−β(−∆G2,int+µ) + e−β(−∆G2,int−∆G1,int+2µ+W )

¡�¢e£=³�ø�£�¥¦³�é�£�¿e¥r«�®r«F�³4®¦¬©«F�ø4³´§Eáe£�½�³�¥r£

s1 =
1 + e−β(−∆G2,int+µ)

Ξ

s2 =
1 + e−β(−∆G1,int+µ)

Ξ
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∆G1,intr = ∆G2,intr = 1.0

«
W = −5, 0, 5, 10
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P (X,Y ) =
e−U(X,Y )

∫
dXdY e−U(X,Y )

º�¢e£�¥r£`_ ½g®¦³´K¯e½=¤�«F¥�®¦¢e£#°�«7«F¥¦¯e¬©�³´®r£3½=«´¤�®¦¢e£#¿�¥r«�®r£�¬Eu��¬E�°�§©á�¯e¬©eéú®r¢e£x¿e¥¦«´®¦«��³´®r¬E«�
½g®¦³4®¦£È�T³´�¯ba ¤�«�¥Ú®r¢e£±°Ì«�«F¥¦¯c¬E�³´®r£�½T«´¤q®r¢e£3½g«F§©øF£�7®� u¡�¢e£x¿,«´®r£�7®r¬ã³´§�£�e£�¥réF¨y°�³´ÛóK£
¤�«�¥¦¹ê³´§E§©¨#½g¿e§E¬©®o¬©7®r«Ú®¦¢e¥r£�£¶®r£�¥¦¹ê½

U(X,Y ) = Uprot(X) + Usolv(Y ) + Uprot,solv(X,Y )

¡�¢e£!¹!£�³�Éø4³�§©áe£!«�¤�³x¿e¢�¨c½g¬ã°�³�§0ò7á�³´7®r¬©®z¨�º�¢e¬ã°²¢y¯c£�¿,£�K¯e½=«��§©¨�«FÉ®r¢e£ê¿e¥¦«´®¦£�¬E
°Ì«�«F¥¦¯c¬E�³´®r£�½

Q(X)
¬E½

Q =

∫
dXdY Q(X)P (X,Y ) =

∫
dX Q(X)P̃ (X)

º�¢e£�¥r£�º»£�¯e£M��e£[³Ú¥¦£�¯cáK°Ì£�¯#¿e¥¦«�ó�³�óe¬E§©¬©®z¨�¯c¬ã½z®¦¥r¬Eóeác®¦¬©«F�¤�«F¥�®r¢e£=¿�¥r«�®r£�¬E
P̃ (X) =

∫
dY P (X,Y )

º�¢e¬ã°²¢#¬ã½�¥¦£�¿e¥¦£�½r£�7®¦£�¯8ó�¨#¬©7®r¥¦«c¯cá�°�¬©eé!³dc�e8f.gihSf�j*k8l�e�monpg�kqhbmieqr�s>g

P̃ (X) =
e−W (X)/kT

∫
dX e−W (X)/kT
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e−W (X)/kT = e−Uprot(X)/kT

∫
dY e−(Usolv(Y )+Uprot,solv(X,Y ))/kT

= e−(Uprot(X)+∆W (X))/kT

º�¢�£�¥¦£
∆W
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qi¿,«�§ã³´¥¦¬�$3³4®r¬E«�#«´¤6®r¢e£=¹!£3¯c¬©á�¹Í¿e¥¦«c¯cá�°Ì£3½�³´x£�§E£�°Ì®r¥¦«F½g®¦³4®¦¬E°�¥¦£�³�°Ì®r¬E«�x¿K«�®r£�F®¦¬E³�§
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®r¬ã³´§m¬E½�¿e¥¦«�¿,«�¥r®r¬E«�K³´§,®r«Ú®r¢�£[°²¢�³´¥¦é�£3½

φR
i =

∑

j

fijqj

f�£�®�á�½�e«4º ½gº�¬©®¦°²¢x«�#®r¢e£[°²¢K³´¥¦é�£�½�³F¯c¬E³�ó�³4®¦¬E°�³´§E§©¨êó�¨8¬E7®r¥¦«c¯cá�°Ì¬Eeéê³T¤�³�°Ì®r«�¥
qi → qiλ 0 < λ < 1

¡�¢e£=°²¢�³�eé�£�«´¤	®r¢e£�¤�¥¦£�£�£�e£�¥¦é�¨8¬ã½

dF =
∑

i

φiqidλ =
∑

i6=j

qiqjλ

4πεrij
dλ+

∑

ij

fijqjqiλdλ

³´K¯¶®r¢e£�¥r¹!«c¯c¨��³´¹!¬ã°¬©7®¦£�é�¥²³4®¦¬©«F�éF¬©øF£�½)®¦¢e£Þ°²¢�³�eé�£«�¤7¤�¥¦£�£H£�e£�¥¦é�¨¶¯cáe£H®¦«:
�«�áe§E«�¹Tóe¬ã°
¬EF®¦£�¥²³�°Ì®r¬E«��½

∆Felec =

∫ 1

0

λdλ


∑

i6=j

qiqj
4πεrij

+
∑

ij

fijqjqi
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¡�¢e£t��¥¦½g®T¿K³´¥r®�¬E½Ú³�¿e¥¦«�¿,£�¥r®z¨É«´¤�®r¢�£�¿e¥¦«´®¦£�¬Eß³´�¯C¢�£��°�£�¬E�°Ì§Eá�¯c£3¯u¬E
Uprot

 ü¡�¢e£
½r£�°Ì«F�¯#¿�³´¥r®�¬E½»®¦¢e£=¹!£�³´x¤�«F¥¦°�£¶¿,«´®¦£�7®r¬ã³´§

∆Welec =
1

2

∑

ij

fijqiqj

['¨�1 ûut�b~�{¶izk9vxwÉnqb� Â0kmfÛdgp b�{��etHackmdgp
öoß¬©¹!¿,«�¥r®¦³´7®�£�Äe³´¹!¿e§E£8¬E½Ú³´y¬E«�ß¿�³´¬E¥[º�¬©®r¢e¬EÛ³�¿�¥r«�®r£�¬Eu�

εr = 2)
º�¢e¬ã°²¢u¬E½T½gá�¥gÈ

¥¦«�áe�¯e£�¯xó�¨8º»³´®r£�¥
(εr = 80)

  ª £�½g®ráK¯c¨#³�x¬ã¯c£3³´§E¬�$�£�¯x¹!«�¯e£�§�º�¢e£�¥r£¶®¦¢e£[¿e¥¦«´®¦£�¬E#¬ã½
¥¦£�¿e¥¦£�½r£�7®r£3¯8ó�¨#³!½r¿e¢e£�¥r£F 
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°�³��®¦¢e£�±ó,£�®r¥¦£�³´®r£�¯#ó�¨#½ráe¿,£�¥¦¿K«7½g¬©®r¬E«�x«´¤	®r¢e£=¬E�¯c¬Eø�¬E¯cáK³´§m°�«�7®r¥¦¬©ó�ác®r¬E«��½� 

Eq½r¬Eeé=¿K«F§E³�¥0°Ì«�«�¥²¯c¬E�³4®¦£�½
(r, θ, ϕ)

®¦¢e£o¿,«´®¦£�7®r¬ã³´§e«�¤)³=½r¨c½z®¦£�¹ º�¬À®¦¢8³4Äc¬E³�§e½g¨�¹!¹!£ÌÈ
®r¥¦¨½�se«�¯c£�¿K£��¯c£��°Ì£o«F

ϕ
�z°�³�êóK£qº�¥r¬©®g®¦£�8º�¬©®r¢!®¦¢e£o¢e£�§©¿8«�¤¬f�£�éF£��¯e¥r£�¿,«�§E¨7�«�¹!¬E³�§E½

³�½
φ =

∞∑

n=0

(Anr
n +Bnr

−(n+1))Pn(cos θ)

¡�¢e£Té�£��£�¥²³´§	½r«�§Eác®¦¬©«Fú°�³��óK£Úº�¥¦¬À®r®r£�É³�½q®r¢e£!½ráe¹ «´¤Þ³#½g¿,£�°�¬E³�§6½r«�§Eác®r¬E«�ü³´�¯ü³
¢�³�¥r¹!«��¬E°�¤�áe�°Ì®r¬E«�� 0¡�¢�£[½g¿,£�°�¬E³�§�½g«F§©ác®¦¬©«F#¬ã½�é�¬Eø�£�#ó�¨ê®¦¢e£=¹�á�§À®¦¬©¿,«�§E£=£ÌÄc¿�³��½g¬E«�

q

4πε1|~r − ~s+|
=

q

4πε1

1

r

∞∑

n=0

(s
r

)n

Pn(cos θ)

è�¬E�°Ì£�®¦¢e£=¿,«´®r£�7®r¬ã³´§s¢�³F½»®r«êó,£¾��e¬©®r£[³4®�§ã³´¥¦é�£�¯c¬ã½z®²³´�°�£�½D«c«�ác®²½g¬ã¯c£=¬©®o¢�³�½»®¦¢e£�¤�«�¥¦¹
φ2 =

∞∑

n=0

Bnr
−(n+1)Pn(cos θ)

³´K¯�¬E�½r¬E¯c£�®¦¢e£=¿,«´®r£�7®r¬ã³´§s¬ã½�é�¬Eø�£�xó�¨

φ1 =

∞∑

n=0

(Anr
n +

qsn

4πε1
r−(n+1))Pn(cos θ)

ö»®�®r¢�£=óK«Fáe�¯e³�¥r¨8º»£�¢�³�ø�£�®zº»«!°�«��¯e¬À®¦¬©«F�½

φ1(R) = φ2(R)→ BnR
−(n+1) = AnR

n +
qsn

4πε1
R−(n+1)

ε1
∂

∂r
φ1(R) = ε2

∂

∂r
φ2(R) = 0

→ −ε2
ε1

(n+ 1)BnR
−(n+2) = nAnR

n−1 − (n+ 1)
qsn

4πε1
R−(n+2)

¤�¥¦«�¹�º�¢e¬ã°²¢x®r¢e£[°�«�£&y8°Ì¬E£�7®¦½�°�³´xóK£=£3³�½r¬©§E¨�¯c£�®r£�¥r¹!¬Ee£�¯

An =
qsn

4πε1
R−1−2n (ε1 − ε2)(n+ 1)

nε1 + (n+ 1)ε2

Bn =
qsn

4πε1

(2n+ 1)ε1
nε1 + (n+ 1)ε2¡�¢e£�¿,«´®r£�7®r¬ã³´§�¬E�½r¬E¯c£¶®¦¢e£[½g¿�¢e£�¥¦£�¬E½

φ1 =
q

4πε1|~r − ~s+|
+ φR

º�¬©®r¢x®r¢e£=¥¦£�³F°Ð®¦¬©«F�¿,«´®r£�7®r¬ã³´§

φR =

∞∑

n=0

qsn

4πε1
R−1−2n (ε1 − ε2)(n+ 1)

nε1 + (n+ 1)ε2
rnPn(cos θ)

³´K¯8®¦¢e£=£�§E£�°Ì®r¥¦«F½g®¦³4®¦¬E°�£��£�¥¦é�¨8¬ã½�é�¬Eø�£�K��º�¬À®¦¢e«�ác®�®¦¢e£=¬E<��e¬©®r£[½r£�§©¤6£�e£�¥¦é�¨N��ó�¨
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1

2
qφ(s, cos θ = 1)

=
q

2

∞∑

n=1

qsn

4πε1
R−1−2n (ε1 − ε2)(n+ 1)

nε1 + (n+ 1)ε2
sn

º�¢e¬ã°²¢�¤�«F¥
ε2 >> ε1

¬ã½o³´¿�¿e¥r«�Äc¬E¹ê³4®r£�§©¨

q2

2

1

4πR
(

1

ε2
− 1

ε1
)
∑( s

R

)2n

= −q
2

2

1

4πR
(

1

ε1
− 1

ε2
)

1

1− s2/R2


�«�K½g¬ã¯c£�¥�e«4ºB®zº�«!°²¢�³�¥réF£�½ ±q ³4®o½r¨7¹!¹!£Ì®¦¥r¬ã°�¿K«7½g¬©®r¬E«��½ ±s  H¡�¢e£�¥¦£�³F°Ð®r¬E«�#¿K«�®r£�cÈ®r¬ã³´§ã½�«´¤6®r¢�£�®zº�«ê°²¢�³�¥réF£�½»³�¯e¯#áe¿x®r«

φR = φR
+ + φR

−
³´K¯8®¦¢e£=£�§E£�°Ì®r¥¦«F½g®¦³4®¦¬E°q¤�¥¦£�£=£��£�¥¦é�¨ê¬ã½�é�¬Eø�£�xó�¨

−q2
4πε1(2s)

+
1

2
qφR

+(s) +
1

2
qφR

−(s) +
1

2
(−q)φR

+(−s) +
1

2
(−q)φR

−(−s)

¤�¥¦«�¹Í°�«�¹!¿�³´¥¦¬ã½g«F�º»£:�K�¯
q2

2
f++ =

1

2
qφR

+(s) = −q
2

2

1

4πR
(

1

ε1
− 1

ε2
)

1

1− s2/R2

(−q)2
2

f−− =
1

2
(−q)φR

−(−s) = −q
2

2

1

4πR
(

1

ε1
− 1

ε2
)

1

1− s2/R2

(−q)q
2

f−+ =
1

2
(−q)φR

+(−s) =
(−q)

2

∞∑

n=1

qsn

4πε1
R−1−2n (ε1 − ε2)(n+ 1)

nε1 + (n+ 1)ε2
(−s)n

≈ −q
2

2

1

4πR
(

1

ε2
− 1

ε1
)

∞∑

n=0

(−)n
( s
R

)2n

= − (−q2)
2

1

4πR
(

1

ε1
− 1

ε2
)

1

s2/R2 + 1

q(−q)
2

f+− =
1

2
qφR

−(s) =
(−q)q

2
f−+

³´K¯Ì��K³´§E§©¨�½r«�§Eø4³4®¦¬©«F#£�e£�¥¦é�¨
Welec =

∞∑

n=1

q2sn

4πε1
R−1−2n (ε1 − ε2)(n+ 1)

nε1 + (n+ 1)ε2
(sn − (−s)n)

Welec ≈ −q2
1

4πR
(

1

ε1
− 1

ε2
)

1

1− s2/R2
− (−q2)

2

1

4πR
(

1

ε1
− 1

ε2
)

1

s2/R2 + 1

=
q2

4πR
(

1

ε1
− 1

ε2
)

2

1− s4/R4
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9 ¤s®r¢�£�£�Ä7®¦£��½r¬E«�8«�¤s®r¢e£¶½g¨c½g®r£�¹ «�¤m°²¢�³´¥¦é�£3½0¬Eê®r¢e£¶¿e¥¦«´®¦£�¬E8¬E½»½r¹!³�§©§,°Ì«F¹Ú¿K³´¥¦£�¯Ú®r«
®r¢�£[¥¦³F¯c¬Eá�½

s << R
®r¢�£[¹�áe§©®r¬E¿,«�§E£[£ÌÄc¿�³��½g¬E«�±«�¤6®¦¢e£[¥¦£�³F°Ð®r¬E«�±¿,«´®¦£�7®r¬ã³´§6°Ì«��øF£�¥¦é�£�½

¥²³´¿e¬ã¯c§E¨� Hè�¬©K°Ì£o®¦¢e£�®r«´®²³´§,°²¢�³´¥¦é�£�«�¤s®r¢e£�¬©«F8¿�³´¬E¥Þ¬ã½�$�£�¥¦«=®¦¢e£q¹!«��«�¿,«�§E£q°Ì«FF®¦¥r¬Eóeác®¦¬©«F��Æw¶ÆR�
W

(1)
elec =

Q2

8πR
(

1

ε2
− 1

ε1
)

ø4³´e¬ã½r¢e£�½�³��¯8®¦¢e£=§E£�³�¯e¬©eéÚ®¦£�¥¦¹�¬E½�®r¢e£[¯c¬E¿,«�§E£�°�«�7®r¥¦¬Eóeác®r¬E«�_��ÆwTOÈ�
W

(2)
elec =

p2

4πε1R3

(ε1 − ε2)
ε1 + 2ε2

| } ]~% ê ] ë�ì�� ¥ ¡ ] � \I¤#]�Y {Iê
�e¨�1 kmigkmh,ac�etÞfFacb	aedrh f7n�dzkmirýqdrp Â�)»| ~�t9)¶dgigk<h�nqb� Â0kmf
ª £�°Ì«F�½r¬E¯c£�¥Þ³�¤�áe§E§E¨Ú¯c¬ã½¦½g«c°Ì¬ã³4®¦£�¯��?½z®¦¥r«Feé`�6£�§©£3°Ð®r¥¦«�§E¨7®r£q°�«�7®¦³�¬©�¬©eé

Ni
¹!«�ó�¬©§E£o¬E«��½H«�¤

®r¢�£�½g«F¥g®
i = 1 · · · º�¬©®r¢ú°²¢�³�¥réF£�½ Zie

¿K£�¥qáee¬©®ÃúH«F§©áe¹!£F �¡�¢�£�°²¢�³´¥¦é�£=¯c£��½r¬À®z¨#«´¤®r¢e£
¹!«�óe¬E§E£�°²¢K³´¥¦é�£�½»¬ã½�é�¬Eø�£�#ó�¨ê®¦¢e£[³�ø�£�¥¦³�é�£q�áe¹TóK£�¥¦½�«�¤6¬E«�K½�¿K£�¥�ø�«�§Eáe¹!£

ρmob(~r) =
∑

i

ZieN i(~r)

¡�¢e£�£�§E£�°Ì®r¥¦«F½g®¦³´®r¬ã°�¿,«´®¦£�7®r¬ã³´§s¬ã½�éF¬©øF£��ó�¨x½g«F§©ác®¦¬©«F#«�¤m®¦¢e£ â «�¬ã½r½r«�x£�ò7á�³´®r¬E«�

ε∆φ(~r) = −ρ(~r) = −ρmob(~r)− ρfix(~r)

(�£�ó�¨�£»³´�¯�7'��°²¼F£�§7á�½g£3¯ &»«�§©®B$�¹ê³´e¬G ½m®r¢e£�«�¥¦£�¹ ®r«�¯c£Ì®¦£�¥¦¹!¬©e£Þ®r¢e£�¹!«�ó�¬©§E£�°²¢�³�¥réF£
¯c£��½g¬©®z¨�  ª ¬©®r¢�«�ác®�®¦¢e£=¿e¥¦£�½r£��°�£¶«�¤b�eÄc£3¯x°²¢K³´¥¦é�£�½Þ®r¢�£[½g¨c½g®r£�¹ ¬E½��£�ác®¦¥¦³�§

0 = ρ0
mob =

∑

i

ZieN
0
i

³´K¯8®¦¢e£[°Ì«F�½z®²³´7®�ø4³´§Eáe£=«´¤	®r¢e£=¿,«´®¦£�7®r¬ã³´§�°�³´±óK£[°²¢�«F½r£�8®¦«êóK£|$�£�¥¦«� 
φ0 = 0

¡�¢e£��eÄc£�¯ü°²¢�³´¥¦é�£3½o¿e¥¦«c¯cá�°Ì£!³�°²¢K³´eéF£�«´¤Þ®r¢e£!¿,«´®r£�7®r¬ã³´§' [¡�¢e£T£�§©£3°Ð®¦¥r«7½z®²³4®r¬ã°[£�e£�¥¦é�¨
«´¤H³´x¬E«��½�«�¤6½r«�¥r®�¬m¬E½

Wi = Zieφ(~r)
³´K¯8®¦¢e£[¯c£�K½g¬©®z¨8«´¤H½rá�°²¢#¬E«�K½�¬E½�éF¬©øF£�#ó7¨x³à&�«F§À®Á$�¹ê³´�x¯c¬ã½g®r¥¦¬©óeáe®r¬E«�

Ni(~r)

N0
i

=
e−Zieφ(~r)/kT

e−Zieφ0/kT

«�¥
Ni(~r) = N0

i e
−Zieφ(~r)/kT

¡�¢e£�®¦«´®¦³�§s¹!«�óe¬E§©£=°²¢�³�¥réF£¶¯e£��½r¬À®z¨�¬E½

ρmob(~r) =
∑

i

ZieN
0
i e

−Zieφ(~r)/kT
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³´K¯�º»£=«�óc®²³´¬E�®¦¢e£ â «�¬ã½r½r«�eÈA&»«�§©®B$�¹ê³´e8£3ò7á�³4®¦¬©«F
ε∆φ(~r) = −

∑

i

ZieN
0
i e

−Zieφ(~r)/kT − ρfix(~r)

9 ¤�®r¢e£x½g«F§©áe®r¬E«�y¬ã½[ø�£�¥r¨É¯c¬E§©ác®¦£�º»£#°�³´y£ÌÄc¿,£�°Ì®[®r¢�³´®�®¦¢e£�¬E«�cÈ�¬E«�C¬©7®¦£�¥²³�°Ð®¦¬©«FC¬E½
¹�áK°²¢x½r¹ê³´§E§©£�¥�®r¢�³�#®¦¢e£�¥¦¹ê³´§s£�e£�¥¦é�¨

Zieφ� kT

³´K¯�§E¬©�£�³´¥¦¬W$�£¶®r¢e£ â «F¬E½¦½g«FcÈ?&�«F§À®Á$�¹ê³´��£�ò7á�³´®r¬E«�

ε∆φ(~r) = −ρfix(~r)−
∑

i

ZieN
0
i (1− Zie

kT
φ(~r) + · · ·)

¡�¢e£x��¥²½z®o½ráe¹!¹ê³´�¯xø4³´e¬ã½r¢e£�½�¯cá�£�®r«!£�§E£�°Ì®r¥¦«�e£�ác®r¥²³´§E¬À®z¨8³��¯xº�£x��K¯t�K�³´§E§©¨
∆φ(~r)− κ2φ(~r) = −1

ε
ρfix(~r)

º�¬©®r¢x®r¢e£=¬E�ø�£�¥¦½r£x(�£�ó�¨F£¶§E£��é´®r¢

λ−1
Debye = κ =

√
e2

εkT

∑

i

N0
i Z

2
i

�e¨ÊH 1 Ä<1<k	izkmh,ac�etÞiz|�a�k	f
9 ¤e®¦¢e£�¥¦£»³�¥r£�«�e§E¨�®zº»«o®z¨�¿K£3½6«´¤�¬E«��½6º�¬©®r¢Ú°²¢�³´¥¦é�£3½

Z1,2 = ±1
��³�§E½r«q¬EÚ½r£�¹!¬ã°Ì«F�¯cá�°Ì®r«�¥

¿e¢�¨c½g¬ã°�½ß�Þ®r¢e£ â «F¬E½¦½g«FcÈ?&�«F§À®Á$�¹ê³´��£�ò7á�³´®r¬E«�±°�³�#ó,£=º�¥r¬©®g®¦£�±³�½
e

kT
∆φ(~r) +

e2

εkT
N0(e−eφ(~r)/kT − eeφ(~r)/kT ) = − e

εkT
ρfix(~r)

º�¢e¬ã°²¢x³´¤ ®r£�¥q½gá�ó�½z®¦¬À®¦ác®r¬E«�
φ̃(~r) =

e

kT
φ(~r)

®¦³�¼�£3½»®r¢e£�¤�«F¥r¹
∆φ̃(~r)− κ2 sinh(φ̃(~r)) = − e

εkT
ρfix(~r)

³´K¯�º�¬©®r¢x®r¢�£[½r°�³´§E£�¯#¥¦³F¯c¬©áK½�ø�£�°Ì®r«F¥
~r′ = κ~r → φ̃(~r) = f(~r′) = f(κ~r)

∆f(~r′)− sinh(f(~r′)) = − e

κ2εkT
ρfix(κ−1~r′)

�e¨Ê] wÉnqb6�ËÂ0kmý f7{�nqk��ek
ª £�°�«��½r¬ã¯c£�¥�³Ú½g¿e¢�£�¥¦¬E°�³´§)¿e¥¦«´®r£�¬©K��¥²³�¯c¬Eá�½�¸��»º�¬À®¦¢x³Ú°²¢�³´¥¦é�£3¯8½r¿e¢e£�¥¦£à��¥²³�¯c¬Eá�½�³R��¬E
¬©®¦½o°�£�7®r£�¥� 
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*	¬Eé�á�¥r£¶Ç�Ç#�½r¬E¹Ú¿�§©£=¹!«c¯c£�§m«´¤6³!°²¢�³�¥réF£�¯�¿e¥r«�®r£�¬©

κ

ε1 ε2

R a

*e«F¥#³Û½g¿e¢�£�¥¦¬E°�³´§q¿�¥r«Fóe§©£�¹ôº»£ú«Fe§E¨�¢K³�ø�£�®¦«Û°Ì«F�½r¬E¯c£�¥8®¦¢e£ú¥²³�¯c¬ã³´§�¿�³´¥r®#«�¤=®r¢e£fm³�¿e§ã³�°Ì¬ã³´8³��¯!®¦¢e£q§E¬©�£�³´¥¦¬W$�£�¯ â «F¬E½¦½r«�cÈ?&»«�§©®B$�¹ê³�e!£�ò7á�³4®¦¬©«F8ó,£�°Ì«F¹!£�½0«Fác®¦½r¬ã¯c£�½Þ®r¢e£
¿e¥¦«´®¦£�¬E

1

r

d2

dr2
(rφ(r)) − κ2φ(r) = 0

º�¢e¬ã°²¢#¢K³�½�®¦¢e£=½g«F§©ác®¦¬©«F
φ2(r) =

c1e
−κr + c2e

κr

rè�¬E�°Ì£[®r¢e£[¿,«´®¦£�7®r¬ã³´§	½g¢e«Fáe§ã¯#ø4³�e¬E½r¢�³4®o§ã³´¥¦é�£=¯c¬ã½g®¦³´K°Ì£�½oº�£=¢�³�øF£
c2 = 0

  9 �½r¬E¯c£[®r¢e£
¿e¥¦«´®¦£�¬EK�

a < r < R
��½r«�§Eác®r¬E«�x«´¤6®r¢e£ â «F¬E½¦½g«F�£3òFáK³4®r¬E«�xé�¬Eø�£3½

φ1(r) = c3 +
Q

4πε1r

ö»®�®r¢e£=ó,«�á��¯e³´¥¦¨8º»£�¢�³�ø�£¶®r¢�£[°Ì«�K¯c¬À®¦¬©«F�½

φ1(R) = φ2(R)→ c3 =
c1e

−κR

R
− Q

4πε1R

ε1
∂

∂r
φ1(R) = ε2

∂

∂r
φ2(R)→ − Q

4πR2
= c1ε2

(
−e

−κR

R2
− κe

−κR

R

)

º�¢e¬ã°²¢#éF¬©øF£�½»®¦¢e£[°Ì«F�½z®²³´7®¦½

c1 =
QeκR

4πε2(1 + κR)

³´K¯
c3 = − Q

4πε1R
+

Q

4πε2R(1 + κR)
®r«Fé�£�®r¢e£�¥�º�£x���¯#®¦¢e£=¿K«�®r£�F®¦¬E³�§s¬©K½g¬ã¯c£�®r¢�£[½g¿e¢�£�¥¦£

φ1(r) =
Q

4πε1

(
1

r
− 1

R

)
+

Q

4πε2R(1 + κR)

³´K¯�«Fác®¦½r¬E¯e£
φ2(r) =

Q

4πε2(1 + κR)

e−κ(r−R)

r
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*	¬Eé�á�¥r£�Ç7ÊN�H°²¢�³´¥¦é�£3¯�½r¿e¢e£�¥¦£�¬©±³´ ¾ §E£�°Ì®r¥¦«�§E¨7®r£

0 2 4
r

0.01

0.1

1

10

po
te

nt
ia

l Φ

R=1   a=0.1

kappa =0.1,1,2

¡�¢e£�¬E«��°²¢�³´¥¦é�£¶¯c£�K½g¬©®z¨�¬ã½�é�¬Eø�£�#ó�¨

ρmob(r) = ε2∆φ2 = ε2κ
2φ2

¢e£��°Ì£�®¦¢e£=¬©«Fx°²¢K³´¥¦é�£�³4®o¯c¬ã½z®²³´�°�£�½�ó,£Ì®zº»£�£�
r
³´�¯

r + dr
¬E½oé�¬Eø�£�#ó�¨

κ
Q

(1 + κR)
re−κ(r−R)dr

¡�¢e¬ã½¶¤�áe�°Ì®r¬E«�C¢�³�½=³x¹ê³4Äc¬E¹�áe¹þ³4®
rmax = 1/κ

³´�¯C¯c£3°�³�¨c½¶£ÌÄc¿K«Fe£�7®¦¬E³�§©§E¨�³4®
§ã³´¥¦é�£�¥�¯c¬ã½g®¦³´K°Ì£�½� 

*6¬©éFáe¥¦£¶Ç7ÎN�H°²¢�³�¥réF£�¯c£��½g¬©®z¨#³�¥r«Fáe�¯8®r¢e£[°²¢�³�¥réF£�¯#½g¿e¢�£�¥¦£

1 1.5 2 2.5 3 3.5 4
r

0

0.1

0.2

0.3

0.4

0.5

0.6

ch
ar

ge
 d

en
si

ty

kappa=0.5,1,2   a=0.1  R=1

f�£�®�®r¢e£=°²¢�³�¥réF£qó,£[°Ì«�K°Ì£�7®¦¥¦³´®r£�¯8«�#®r¢e£=½ráe¥g¤�³F°Ì£�«´¤m®r¢e£=¬Eee£�¥o½g¿e¢�£�¥¦£� H¡�¢e£�xº»£
¢�³�øF£

φ1(a) =
Q

4πε1

(
1

a
− 1

R

)
+

Q

4πε2R(1 + κR)ª ¬©®r¢e«Fác®�®r¢e£=¹!£3¯c¬©á�¹��
ε2 = ε1, κ = 0

�Þ®¦¢e£=¿K«�®r£�F®¦¬E³�§�º»«�áe§ã¯�ó,£
φ0

1(a) =
Q

4πε1a
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¢e£��°Ì£�®¦¢e£[½g«F§©ø4³´®r¬E«��£�e£�¥¦é�¨�¬E½

W =
1

2
QφR =

1

2
Q(φ1(a)− φ0

1(a)) =
Q2

8πR

(
1

ε2(1 + κR)
− 1

ε1

)

º�¢e¬ã°²¢�¤�«F¥
κ = 0

ó,£�°�«�¹!£�½»®¦¢e£=º�£�§©§m¼7�«4º�>&»«�¥¦�¤�«F¥r¹Táe§ã³
W = − Q2

8πR

(
1

ε1
− 1

ε2

)

³´K¯8¤�«F¥
a→ R

«
ε1 = ε2

éF¬©øF£�½�®r¢e£[½r«�§Eø4³4®¦¬©«F#£�e£�¥¦é�¨ê«�¤6³´±¬E«�x¬©�½r«�§Eác®r¬E«�

∆Gsol = W = − Q
2

8πε

κ

(1 + κR)

�e¨F[ wÉnqb6�ËÂ0kmý h,|oigdrpqýokm�
ëo£�Ä�®»º»£¶¯e¬E½¦°Ìá�½¦½»³�°Ì¨�§E¬©K¯c£�¥�«´¤	¥¦³F¯c¬©áK½�³T³´�¯�§©£�eé´®¦¢

l� a
°�³�¥r¥¦¨�¬©eé[®r¢e£¶e£Ì®�°²¢�³�¥réF£

Ne
á�e¬À¤�«F¥r¹!§E¨�¯c¬ã½z®¦¥r¬Eóeác®¦£�¯x«�±¬©®¦½�½ráe¥r¤�³�°Ì£! 

σ =
Ne

2πalY�ác®²½g¬ã¯c£0®¦¢e£�°�¨�§©¬E�¯c£�¥m®¦¢e¬E½6°²¢�³�¥réF£0¯c¬E½g®r¥¦¬Eóeác®r¬E«��¬E½	£�ò7áe¬Eø4³´§E£�7®m®¦«�³�§E¬©�£�³´¥6¯c¬ã½z®¦¥r¬Eóeác®¦¬©«F
«´¤H°²¢�³�¥réF£�½»³´§E«�eéT®r¢e£[³´Äc¬E½�«�¤	®¦¢e£[°Ì¨�§E¬©�¯e£�¥�º�¬©®r¢�³xOÌÈ}¯#¯c£��½r¬À®z¨

Ne

l
= 2πaσ =

e

b

*6¬©éFáe¥r£�Çc·Î�H°²¢�³´¥¦é�£3¯8°Ì¨�§E¬©K¯c£�¥o¹!«c¯c£�§

z

l

r

a

Y�ác®²½g¬ã¯c£¶®r¢e£[°�¨�§©¬E�¯c£�¥�®r¢e£=§E¬©�£�³´¥'& â0¾ ó,£�°�«�¹!£�½�á�½r¬Eeé8°Ì¨�§E¬©�¯e¥r¬ã°�³�§)°�«�«�¥²¯c¬©K³4®r£3½
1

r

d

dr

(
r
d

dr

)
φ(r) = κ2φ(r)

è�áeóK½z®¦¬À®¦ác®r¬E«�
r → x = κr

éF¬©øF£�½�®r¢e£=£3ò7á�³4®¦¬©«F

d2

dx2
φ(x) +

1

x

d

dx
φ(x) − φ(x) = 0

¡�¢e£±½g«F§©áe®r¬E«�u«�¤o®r¢e¬ã½Ú£�ò7á�³´®r¬E«�ß³�¥r£ê®¦¢e£±¹!«�¯e¬)��£3¯ &»£�½¦½r£�§0¤�á��°Ð®¦¬©«F�½Ú«´¤q«F¥¦¯c£�¥ $�£�¥¦«
¯c£�e«´®¦£�¯±³�½

I0(x)
³´�¯

K0(x)
 !*e«F¥�§E³�¥réF£�ø4³´§Eáe£3½�«´¤6Ä

lim
x→∞

I0(x) =∞ lim
x→∞

K0(x) = 0
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³´K¯�¢e£��°Ì£�®¦¢e£=¿,«´®r£�7®r¬ã³´§s¬E#®¦¢e£=«�áe®r£�¥�¥¦£�éF¬©«F�¢�³F½»®r¢e£�¤�«F¥r¹

φ(r) = C1K0(κr)9 �½r¬E¯e£�®r¢e£[°�¨7§E¬E�¯c£�¥o½ráe¥r¤�³�°�£q®¦¢e£=£�§E£�°Ì®r¥¦¬E°:��£�§E¯x¬ã½�é�¬Eø�£��ó�¨d��³�á�½r½DG�®r¢�£�«�¥¦£�¹
2πrlε1E(r) = Ne

E(r) = −dφ(r)

r
=

Ne

2πε1rl
³´K¯�¢e£��°Ì£�®¦¢e£�¿K«�®r£�F®¦¬E³�§�¬E�½g¬ã¯c£=¬ã½

φ(r) = C2 −
Ne

2πε1l
ln r

¡�¢e£�ó,«�áe�¯�³´¥¦¨�°Ì«F�¯c¬©®r¬E«��½�³�¥r£

φ(a) = C1K0(κa) = C2 −
Ne

2πε1l
ln a

ε1
dφ(a)

dr
= − Ne

2πal
= ε2

dφ(a)

dr
= ε2C1(−κK1(κa))

¤�¥¦«�¹�º�¢e¬ã°²¢±º�£x��K¯
C1 =

Ne

2πalε2κK1(κa)³´K¯
C2 =

Ne

2πalε2κ

K0(κa)

K1(κa)
+

Ne

2πε1l
ln a

¡�¢e£�¿,«´®r£�7®r¬ã³´§s®¦¢e£�±¬ã½�«�ác®²½g¬ã¯c£

φ(r) =
Ne

2πalε2κ

K0(κr)

K1(κa)

³´K¯�¬E�½r¬E¯c£
φ(r) =

Ne

2πalε2κ

K0(κa)

K1(κa)
+

Ne

2πε1l
ln a− Ne

2πε1l
ln r

*e«F¥m½r¹!³�§©§
κa→ 0

º�£Þ°�³´�á�½r£H®r¢�£Þ³�½r¨�¹Ú¿e®r«´®¦¬E°ó,£�¢K³�ø7¬E«�á�¥s«´¤�®r¢e£�&�£3½r½r£�§´¤�áe�°Ð®¦¬©«F�½
K0(x)→ ln

2

x
− γ + · · · γ = 0.577 · · ·

K1(x)→
1

x
+ · · ·

®r«!¢�³�øF£=³´¿e¿e¥¦«�Äc¬©¹ê³´®r£�§E¨

C1 ≈
Ne

2πalε2κ
κa =

Ne

2πlε2

C2 ≈
Ne

2πlε2
(ln

2

κa
− γ) +

Ne

2πε1l
ln a
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¡�¢e£=¿,«´®¦£�7®r¬ã³´§s«Fác®¦½r¬E¯e£¶¬ã½

φ(r) = − Ne

2πlε2
(γ + ln

κ

2
+ ln r)

³´K¯�¬E�½r¬E¯c£
φ(r) =

Ne

2πlε2
(ln

2

κa
− γ) +

Ne

2πε1l
ln a− Ne

2πε1l
ln r

=
Ne

2πl

(
− γ
ε2
− 1

ε2
ln
κ

2
+

(
1

ε1
− 1

ε2

)
ln a− 1

ε1
ln r

)

Y�ác®²½g¬ã¯c£�®¦¢e£�¿,«´®¦£�7®r¬ã³´§,°Ì«F�½g¬ã½g®¦½�«´¤)®r¢e£¶¿,«´®r£�7®r¬ã³´§,«´¤)®r¢e£�°²¢�³�¥réF£�¯Ú§©¬Ee£��
ln r

�Þ³��¯
³´±³�¯�¯c¬À®¦¬©«F�³´§�°�«�7®r¥¦¬Eóeác®r¬E«�#¤�¥¦«�¹æ®¦¢e£[½r°�¥r£�£�e¬Eeé!«´¤	®r¢e£=¬E«�K½� 

*6¬Eé�áe¥¦£�ÇFì�� â «�®r£�7®¦¬E³�§�«´¤³Ú°²¢K³´¥¦é�£�¯#°Ì¨�§E¬©�¯e£�¥�º�¬©®r¢±áee¬©®q¥²³�¯c¬Eá�½�³`wTO

r

3

2

1084

1.5

1

2.5

62

¡�¢e£�¤�áe�°Ð®¦¬©«F
K0(κr)/(κK1(κ))

³´K¯y¬À®²½!³´¿e¿e¥¦«�Äc¬©¹ê³´®r¬E«�Có�¨ − ln κ
2 − ln r − γ ¬ã½½r¢e«4º��¤�«F¥

κ = 0.05

�e¨Ê� wÉnqb6�ËÂ0kmý ~�km~�)��ebHpok��N� t��o| ÄiwÉnob{¶~ bHp ýqt!Z�)¶izk izb�|Þk����
ª £�³´¿�¿e¥r«�Äc¬E¹ê³4®r£�®¦¢e£�½ráe¥r¤�³�°�£q°²¢�³´¥¦é�£�«�¤�³=¹!£�¹�ó�¥¦³�e£oó�¨Ú³[®r¢e¬E8§ã³�¨�£�¥Þ°²¢�³´¥¦é�£3¯Úº�¬À®¦¢
³Ú¢e«�¹!«Fé�£��£�«�áK½»°²¢K³´¥¦é�£�¯c¬E½g®r¥¦¬Eóeác®r¬E«�m 

*	¬Eé�á�¥r£�ÇFÂ����¶«�áe¨7È�
�¢�³´¿e¹ê³�#¯c«Fáeóe§E£=§E³�¨F£�¥
+
+
+
+
+
+
+
+
+
+
+
+
+
+

−
−

−

−

−

−

−

−

−

−−

−

−

−

−

+

+

+

+

−

−

−
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�¶«�á�¨ �zO3ÂeO�Æ`�q³��¯L
�¢�³´¿�¹!³�V�gO�Â�O�ÃR��¯c£�¥r¬Eø�£3¯�®¦¢e£ê¿K«�®r£�F®¦¬E³�§Þ½r¬©¹!¬E§E³�¥�®r«�(q£�ó�¨�£ÌÈ7'�K°²¼�£�§�®¦¢e£�«F¥r¨F  *�«�¥�³ OÌÈ²Oü£�§©£3°Ð®r¥¦«�§E¨7®r£C��ë�³`
�§�¤�«�¥�£�Äe³´¹!¿e§E£È�8®r¢e£ O�È�¯c¬E¹!£��½r¬E«��³�§
â «�¬ã½r½r«�eÈA&»«�§©®B$�¹ê³´e=£3òFáK³4®r¬E«�T¢�³�½	®¦¢e£»¤�«�¥¦¹~��º�¬©®r¢T®r¥²³´�½g¤�«�¥¦¹!£�¯=ø4³´¥¦¬ã³´óe§E£�½6³�½6³´ó,«4ø�£ �

d2

dx2
f(x)− sinh(f(x)) = g(x)

º�¢e£�¥r£T®r¢e£ê½r«�áe¥²°Ì£T®r£�¥r¹
g(x) = − e

κ2εkT ρ(x/κ)
¢�³F½q®¦¢e£8°²¢�³�¥¦³F°Ð®r£�¥q«�¤»³>(�£�§©®¦³´È

¤�áe�°Ì®r¬E«�±°Ì£�F®¦£�¥¦£�¯x³4®
x = 0

 !
�«��½r¬E¯e£�¥�³´±³´¥¦£�³Tö<«�¤m®¦¢e£=¹!£�¹�ó�¥¦³�e£¶³��¯#¬©7®r£�é�¥²³4®¦£
³´§E«��é�®¦¢e£�Ä�È�³´Ä�¬ã½D�

∫
dA

∫ +0

−0

ρ(x)dx = σ0A

∫
dA

∫ +0

−0

dx g(x) = − e

κ2εkT

∫
dA

∫ +0

−0

κdx′ρ(x′)

= − e

κεkT
σ0A

7o£��°Ì£=º»£�¬E¯e£�7®r¬©¤�¨
ρ(x) = σ0δ(x) g(x) = − eσ0

κεkT
δ(x)

¡�¢e£ â &C£�ò7á�³´®r¬E«�Ú°�³´TóK£�½r«�§Eø�£�¯T³´�³�§©¨7®¦¬E°�³´§E§©¨F b&»ác®U��¥¦½g®º�£»½z®¦á�¯c¨=®¦¢e£�§E¬Ee£�³�¥r¬ã½g£3¯
¢e«F¹Ú«Fé�£�e£�«Fá�½»£�ò7á�³4®¦¬©«F

d2

dx2
f(x)− f(x) = 0

º�¬©®r¢x®r¢e£[½r«�§Eác®¦¬©«F
f(x) = f0e

±x

«�¥�éF«�¬Eeé!ó�³�°²¼!®¦«!®r¢e£=¿,«´®¦£�7®r¬ã³´§

φ(x) =
kT

e
f0e

±κx = φ0e
±κx

¡�¢e£±¹!£�¹Tóe¥¦³�e£±¿K«�®r£�F®¦¬E³�§�¬E½8¥r£�§E³´®r£�¯ß®r«É®¦¢e£�½gá�¥g¤�³F°Ì£�°²¢�³´¥¦é�£±¯c£��½g¬©®z¨� ufm£Ì®êá�½
³�½¦½ráe¹!£�®¦¢�³4®�«�ú®r¢e£!§E£Ì¤ ®[½g¬ã¯c£½� Ä4�oÆR�o®r¢�£T¹!£�¯e¬©áe¹�¢�³�½�³x¯c¬©£�§©£3°Ð®¦¥r¬ã°T°�«��½g®¦³�7®�«´¤

ε1³´K¯�«F8®r¢�£=¥r¬Eé�¢7®�½g¬ã¯c£
ε
 Hèc¬©�°�£�¬©±«��£¶¯c¬E¹!£��½r¬E«�#®r¢e£x��£�§E¯#¬©�³Ú¯c¬E£�§E£�°Ð®¦¥r¬ã°¶¹!£�¯c¬Eáe¹

¯c«�£�½��«´®[¯c£�°�³�¨±º�£!¬EF®¦¥r«c¯cáK°Ì£!³x½r¢e¬E£�§ã¯c¬Eeé�°Ì«�K½z®²³´7®
κ1
«�ü®r¢e£!§E£Ì¤ ®�½r¬E¯e£Ú³��¯�®²³´¼F£

®r¢�£[§©¬E¹!¬À®
κ1 → 0

®¦«8¥¦£�¹!«4ø�£[°�«�7®r¥¦¬©ó�ác®r¬E«��½oe«´®q¥¦£�§ã³4®¦£�¯#®r«8®r¢e£[¹!£�¹�óe¥²³´e£[°²¢K³´¥¦é�£� 
¡�¢e£=¿,«´®¦£�7®r¬ã³´§)®¦¢e£�±¬ã½�é�¬Eø�£��ó�¨

φ(x) =

{
φ0e

−κx Ä4�oÆ
φ0e

κ1x Ä4�oÆ
³´K¯

φ0
¬ã½�¯c£Ì®¦£�¥¦¹!¬©e£3¯#¤�¥r«F¹æ®r¢e£=óm  °� 

ε
dφ

dx
(+0)− ε1

dφ

dx
(−0) = −σ0

º�¢e¬ã°²¢#éF¬©øF£�½
−εκφ0 − ε1κ1φ0 = −σ0
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9 x®r¢e£=§E¬E¹Ú¬©®
κ1 → 0

º»£¾���¯
φ0 =

σ0

εκ*e«F¥
x < 0

®r¢�£=¿K«�®r£�7®¦¬E³�§�¬E½�°�«��½g®¦³�7®�³��¯�¤�«�¥
x > 0

®¦¢e£[°²¢�³�¥réF£�¯c£��½g¬©®z¨�¬ã½

ρ(x) = −εd
2φ(x)

dx2
= −σ0κe

−κx

º�¢e¬ã°²¢x³F¯e¯e½�á�¿#®¦«ê³�®¦«´®²³´§se£�®q°²¢�³´¥¦é�£¶¿K£�¥oáee¬©®q³´¥¦£�³T«´¤
∫ ∞

0

ρ(x)dx = −σ0

¢e£��°Ì£�®¦¢e£[½g¨c½g®r£�¹�¬E½��£�ác®¦¥¦³�§�³´�¯xó,£�¢�³�øF£�½»§©¬E¼�£=³ê°�³´¿�³F°Ì¬©®z¨ê«´¤
σ0A

φ0
= εκA = ε

A

LDebye¿,£�¥q³�¥r£3³

*6¬Eé�áe¥¦£[Ê´ÆN�£�§©£3°Ð®r¥¦«�§E¨7®r¬ã°�¯c«�áeó�§©£�§ã³�¨�£�¥

x

φo

x

ρ(x)

φ(x)

*6¬Eé�áe¥¦£[ÊcO	�H°²¢�³�¥réF£�¯c£��½r¬À®z¨#«´¤6°�«�áe7®¦£�¥rÈÞ³´�¯x°Ì«�È'¬E«��½
1

0

0.5

-0.5

-1

x

2 5310 4

φ
co−ions

counter−ions
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¡�¢e£¶½g«F§©ác®¦¬©«Fê«´¤�®¦¢e£q�«�e§E¬©�£�³´¥�¢e«�¹!«Fé�£��£�«�áK½0£�ò7á�³´®r¬E«�8°�³´8ó,£q¤�«Fáe�¯ê¹Táe§©®r¬E¿e§©¨7È
¬EeéÚ®r¢e£=£3òFáK³4®r¬E«�xº�¬©®r¢ df(x)

dx

df

dx

d2f

dx2
= sinh(f)

df

dx
³´K¯�¥¦£�º�¥¦¬À®¦¬©�éT®¦¢e¬ã½o³�½

1

2

d

dx

(
df

dx

)2

=
d

dx
cosh(f)

º�¢e¬ã°²¢x°�³´±ó,£=¬©7®r£�é�¥²³4®¦£�¯
(
df

dx

)2

= 2 [cosh(f) + C]

¡�¢e£[°�«��½g®¦³�F®i
 ¬E½�¯c£�®r£�¥r¹!¬Ee£�¯xó�¨ê®r¢�£[³�½r¨7¹!¿c®¦«´®¦¬E°¶ó,£�¢�³�ø�¬E«�áe¥
lim

x→∞
f(x) = lim

x→∞
df

dx
= 0

³´K¯�«Fó7ø�¬E«�á�½r§E¨ê¢�³�½»®¦¢e£=ø4³´§Eáe£
C = −1

 -�³�¼7¬EeéÚá�½r£=«´¤m®¦¢e£=¥¦£�§ã³4®r¬E«�
cosh(f)− 1 = 2 sinh(

f

2
)2

º»£:�K�¯
d

dx
f(x) = ±2 sinh

(
f(x)

2

)

è�£�¿�³´¥²³4®¦¬©«F�«´¤ø4³´¥¦¬E³�óe§E£�½�®r¢e£�±é�¬Eø�£�½

df

2 sinh(f/2)
= ±dx

º�¬©®r¢x®r¢e£[½r«�§Eác®¦¬©«F

f(x) = 2 ln

(
± tanh

(
x

2
+
C

2

))

*e«F¥
x > 0

«��§©¨�®r¢�£ú¿e§Eá�½x½g¬Eé� éF¬©øF£�½�³u¿e¢�¨�½r¬ã°�³´§E§E¨Û¹!£�³�e¬Eeé´¤�áe§¶¥¦£�½ráe§À®3 �¡�¢e£
°Ì«F�½g®¦³´7®o°�³�#ó,£=¥¦£�§ã³4®r£3¯8®¦«Ú®r¢e£=¿,«´®¦£�7®r¬ã³´§m³´®�®r¢e£=¹!£�¹Tóe¥²³´e£=½ráe¥g¤�³F°Ì£¶ø�¬E³

C = arctanh
(
ef(0)/2

)
=

1

2
ln

(
1 + ef(0)/2

1− ef(0)/2

)

®r«!éF¬©øF£

f(x) = 2 ln

(
tanh

(
x

2
+
C

2

))
= 2 ln

(
1− e−x−C

1 + e−x−C

)

¡�¢e£o¬E7®r£�é�¥²³4®r¬E«�!°Ì«F�½g®¦³´7®Þ¬ã½0³�éF³´¬Eê°Ì«Fee£�°Ì®r£3¯Ú®r«=®¦¢e£q½ráe¥g¤�³F°Ì£q°²¢K³´¥¦é�£�¯c£�K½g¬©®z¨Tó�¨
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dφ

dx
(0) = −σo

ε
³´K¯8¤�¥¦«�¹

d

dx
φ(x) =

kT

e

d

dx
f(κx) =

kT

e
κf ′(κx)

º»£:�K�¯
σ0

ε
= −kT

e
κf ′(0)

ëo«4ºB®r¢e£[¯e£�¥¦¬©ø4³4®¦¬©øF£�¬ã½

f ′(x) =
1− (tanh(x

2 + C
2 ))2

tanh(x
2 + C

2 )

³´K¯�£3½g¿,£�°�¬E³�§©§E¨

f ′(0) =
1− tanh(C

2 )2

tanh(C
2 )

³´K¯�º»£�¢�³�ø�£¶®r«ê½r«�§Eø�£�®r¢e£=£3ò7á�³4®¦¬©«F

1− t2
t

= − eσ0

kTκε
= B

º�¢e¬ã°²¢#¨�¬E£�§ã¯e½1�
t = −B

2
−
√
B2 + 4

2

C = 2
³´¥²°Ð®²³´e¢

(
−B

2
−
√
B2 + 4

2

)

*6¬©éFáe¥¦£»Ê W �¼
�«�¹!¿�³�¥r¬ã½r«�[«�¤e¤�áe§E§e³´�¯=§E¬Ee£�³�¥r¬W$�£3¯8OÌÈ}¯c¬E¹ â &C£�ò7á�³´®r¬E«��¤�«�¥I�eÄc£�¯�½ráe¥r¤�³�°�£
°²¢�³�¥réF£

σ

1

0.6

0.8

x

0.4

0

0.2

53 420 1

12

8

0

10

6

2

4

x

51 40 2 3

1

0.6

0.8

0.4

0

0.2

x

2 5310 4

5

3

4

2

0

1

x

80 1062 4

φ ’’(x) φ ’’(x) 

φ(x)φ(x) B=−5

B=−5B=−1

B=−1

x x

xx

f�¬Ee£3³´¥¦¬E½¦³4®¦¬©«F�°�³�xó,£[³´¿�¿e§©¬E£�¯#¥¦«�áeéF¢e§©¨ê¬©¤ |f(0)| < 1
«�¥ |eφ(0)| < kT

�1� ÝÛß æ ß*�Îþ������ þ þ�� Õ×ßçÓ��êæ(� þ~�×à Ó������ Ó�� äA6íÓÖÕ��ÛßÎæ


