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Nαα = Mα − 1
2
Nαβ

Nββ = Mβ − 1
2
Nαβ

w = wαα + wββ − 2wαβ
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W = wαα(Mα − 1
2
Nαβ) + wββ(Mβ − 1

2
Nαβ) + wαβNαβ
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2
Nαβ
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Z(Mα, T ) = zMα
α z

Mβ

β

∑
Nαβ

g(Mα, Nαβ)e−
W (Nαβ)

kT

=
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zαe−wαα/kT

)Mα
(
zβe−wββ/kT

)(M−Mα) ∑
Nαβ

g(Mα, Nαβ)e
Nαβw
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Nαβ
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Nαβ
� � � � � � � � 
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N∗

αβ
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0 =
∂

∂Nαβ
ln

(
g(Mα, Nαβ)e

wNαβ
2kT

)
=

w

2kT
+

∂

∂Nαβ
ln g(Mα, Nαβ)

" � � � � � � �  � � � � � ! � � � � � � � � � � � 
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w

2kT
+

1
2

ln(Mα − N∗
αβ

2
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1
2

ln(M − Mα − N∗
αβ

2
) − ln(

N∗
αβ

2
)
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w
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+ ln

(
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αβ

2 )(M − Mα − N∗
αβ

2 )

(
N∗

αβ

2 )2
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(Mα − N∗
αβ

2
)(M − Mα − N∗

αβ

2
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w
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(
Nαβ

2
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NααNββ

N2
αβ

=
e−w/kT
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2αβ � αα + ββ
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δ =
Mα

M
γ =

N∗
αβ

2M
 � � � � � � �  � � � � � � � # � � � � � � � � � # � � � � � �

(δ − γ)(1 − δ − γ) = γ2e−
w

kT
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γ =
−1 ±

√
(1 − 2δ)2 + 4e−w/kT δ(1 − δ)

2(e−w/kT − 1)
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γ =
kT

2w
+

1
4
− w

24kT
+ · · · ±

(
−kT

2w
+ δ(1 − δ) − 1

4
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+ · · ·
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1 − ξ
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(1 − 2δ)2 + 4e−w/kT δ(1 − δ)
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(1− ξ)(1 + ξ) = 1− (1− 2δ)2 − 4e−w/kT δ(1− δ) = 4δ(1− δ)− 4e−w/kT (1− δ)δ

= 4δ(1 − δ)(1 − e−w/kT )
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(1 + ξ)
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F = −kT lnZ(Mα, T ) ≈ −kTMα ln zα−kT (M−Mα) ln zβ+Mαwαα+(M−Mα)wββ

−kT ln g(Mα, N∗
αβ) − wN∗

αβ
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κ =
∂F

∂L
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∂Mα

∂(L−Mlβ
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1
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∂Mα
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(
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∂

∂Mα
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