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The possibility to simulate an e ective medium with a permittivity close
to zero in some frequency band with as consequence that such a medium
suitably excited behaves for the outside world as an ultrarefractive an-
tenna with a narrow radiation pattern was recently proved. We prove here
that slabs and cylinders made of a Tellegen chiral metamaterial with zero
permittivity excited with a time harmonic filamentous current respecting
the symmetry of these structures constitute ultrarefractive antennas. We
also analyze the equations satisfied by the electromagnetic field inside and
outside a metaTellegen paraboloid of revolution excited with an electric
current running along its axis.

PACS numbers: 41.20.Jb, 42.25.Bs

1. Introduction

Numerical evidence of ultrarefractive optics was recently proved with
the conclusions that a dielectric photonic crystal can simulated an eled
tive medium having a permittivity close to zero in some frequency band [1].
Then, introducing a radiation source in such a structure with an excita-
tion frequency that lies within the specified pass band, builds up an an-
tenna having a significantly narrow pattern in the far field outside the struc-
ture [2-5].

These results stimulated further investigations, for instance, metaslabs
are considered in [6], as well as cylinders and spheres, made of a Drude
material with zero index of refraction and matched to surrounded free space.
These structures excited by a proper electric current are shown to behave
as antennas with a narrow far field pattern.
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194 P. Hillion

A similar analysis is performed here in a somewhat di Lerent context with
slabs and cylinders made of a lossy Tellegen chiral metamaterial [7] with
zero permittivity in some frequency band so that the constitutive relations
become V

D =-i¢H, B =uH + iEE, i= —1. D)

Permeability p and chirality & are complex functions of the angular fre-
quency ®. These structures are excited with a time harmonic current, of
the filament type, respecting the slab and the cylinder symmetry. Thus,
fields are not disturbed by reflections at boundaries, but this condition is
impossible to satisfy for a sphere. These metaslabs and cylinders, excited in
this way in a convenient frequency band are shown to be antennas with an
ultranarrow radiation pattern. We also consider a meta-Tellegen paraboloid
of revolution around the z-axis with its apex at the origin of coordinates
while an excitation current runs along 0z and, we analyze the equations sat-
isfied by the electromagnetic field inside and outside this structure but we
do not discuss their solutions.

Maxwell’s equations in presence of a charge e and of a current j have
the general expressions for harmonic fields with the factor exp(iwt) implicit
throughout and c =1

[XH—ioD =j, [XE+i0B =0, CD=e, CBI=0, (2)

with the conservation relation [jl+ iwe = 0.
In a Tellegen medium of zero permittivity with the constitutive rela-
tions (1) these equations become

[XH—-wéiH = j, e+i{[H =0,
[XE —wéE +iopH = 0, MECH +ECH =0. 3

We start with a discussion of 1D-slab antennas.

2. 1D-Tellegen metaslabs with zero permittivity

As a preliminary, we consider a situation in which the fields depend only
on z, e =0, and the current j has the components

x=130@), Jy=)=0, 4
in which jg is a constant and 4(z) the Dirac distribution. Then, E; = H, =0
the divergence in Eqgs. (3) are satisfied and the curl in Egs. (3) become
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Eliminating Hy from (5a), Ey from (5b) gives the 1D-inhomogeneous wave
equations

02Hy + 0282 Hy = —0&jod(2), (62)
02Ex + W2E2Ex = i0U[20E Hy + jod(2)]. (6b)

Now, the solution of the di[efkntial equation y™T+ w282y = f(z) is
y = ¢1(2) sin(w&z) + c(z) cos(wéz), (7a)
in which the amplitudes c¢;(z), c2(z) have the derivatives
c{(z) = (1/w&) f(z) cos(wéz), c5(z) = —(1/wi) F(z)sin(wéz). (7b)
For the right hand side of (6a), f(z) = —w& jo d(z) and the corresponding

primitives c; »(z) are given in Appendix A: ¢1(z) = U(z), c2(z) = 0. Then,
according to (7a), the solution of (6a) is

Hx = —Jo sin(w&z) U(z), (8a)
while we get from (5a) and (8a)
Hy = —Jo cos(wéz) U(z). (8b)

In these expressions, U (z) is the Heaviside function U(z) =1forz=0,=0
for z <O0.
Let us now write the right hand side of Eq. (6b)

f@)=f'2)+f'(2), f@2)=iwpjod(), f'(2)=2iw’uEHx. (9)

We get Ex = EQ+ E} and comparing £°(z) with the right hand side of (6a)
gives at once according to (8a):

Ex = —(in/&) Hy = (injo/?) sin(0g 2) U (2), (10)
while for £1(z) the derivatives of (7b) become

¢’ = 2iwpHy cos(wéz) = —iwp jo sin(wiz) U (z),
c5 = —2iwuHy sin(w&z) = 2iwp jo sin®(@Ez)U(z). (11)

The primitives c; 2(z) are also obtained in Appendix A and we get
c1 = —(ijop/&) sin(@E2) U(2), c2 = (ijol/E[wEZ —sin(2wE 2)/2] (12)
s0, according to (7a)

Ex = (ijop/&)[wE z cos(w z) — sin(w& z)]U(z), (13)
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and taking into account (10)
Ex = EQ+ E} = ipjo wz cos(w&z) U(z) = —ipwz Hy . (14)
Now, we get from (5b)
Ey = (1/0E) 8;Ex + iW/E Hy, (15a)
and according to (8b) and (14)
Ey = —iljo wz sin(w§ z) U(z) = ipwz Hy . (15b)

The average Poynting’s vector at the angular frequency w has only a non-
null component in which the asterisk denotes the complex conjugation

S; = YoRe(ExHy =+ EyHy)’ (16a)
and taking into account (14), (15b) we get according to (8a) and (8b)
S, = Im[(uw z2/2)(HxH,+ HyH)] U (2)
= Im[(nwz j5/2) cos{wE —&EH}HU (@), (16b)

so that in a lossless medium S, = 0 since W is real.

We now consider a 1D-Tellegen slab with filamentous boundaries —co <
X < oo atz=—dandz =d. A time harmonic filamentous current exists
along the axis z = 0 with the expression (4). Then, the electromagnetic field
inside this 1D-slab has the components (8a), (8b) and (14), (15b) since by
symmetry the reflected fields on the boundaries cancel each other.

To analyze the behavior of this Tellegen metaslab as an antenna, we
need the solutions of Maxwell’s equations in the outward free space. Now,
in a medium with permittivity €y, permeability po, Maxwell’s equations for
fields depending only on z reduce to E§ = HZT =0 and to

o.H) = —iwgE},  0,H}=iwgE], (17a)
0;E} = iwpo H, 0;Ef = —iopo H) . (17b)

Eliminating Ej, gives the wave equations (92 + n2w2)Hy, = 0, n = gopo,
with the solutions

Hyy = Axy cos(wnoz) + By, sin(wnoz), (18a)
and substituting (18a) into (17a), we get

igg E; = NnoAy sin(wngz) — NgBy cos(wnez),
igg E;E = —npAx sin(wngz) + ngByx cos(wnpz) . (18b)
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In (18a,b), Ax,y, Bx,y are the four amplitudes of the fields in the half-space
z = d determined by the boundary conditions on the face z = d of the
Tellegen 1D-slab and we have

HY (d) = Hyy(d),  Ef,(d) = Exy(d), (19)
in which Hy y(d), Ex,y(d) are the expressions (8a), (8b), (14), (15b) for z = d.
Then using (18a,b) we get
Ax,y cos(wnod) + By y sin(wngd) = Hyy(d),
—igono[Ay sin(wnod) — By cos(wnpd)] Ex(d),
iggng[Ax sin(wned) — By cos(wnod)] Ey(d). (20a)
The solution of (20a) is
{Ay, By} = {cos(wngd), sin(wned)}Hy(d)
+igg/np{sin(wngd), —cos(wngd)} Ex(d),
{Ax, Bx} = {cos(wngd), sin(wnpd)} Hy(d)
—igo/no{sin(wned), — cos(wnoed)} Ey(d) . (20b)

We are, of course, interested in the Poynting vector with the nonnull com-
ponent

[
Si(z) = %Re(ELH] = EIHL(2). (21a)
Taking into account (18a,b), a simple calculation gives
Si(z) = no/2eIm[{A,B/sin?(wnoz) — AJBy cos?(wnoz)}

+{AB/sin?(wngz) — ALBy cos?(wnoz)}] . (21b)
Now for z = d we have according to (20b)
Im(AyBy)'= —Im(A;B,), Im(AxBYY'= —Im(ALB,) (22)
so that
S1(z) = no/2g0Im(A, B+ ABYY (23a)

But, still using (20b):

IM(AByY = €o/no[Ex(d)Hy ) + Ext)Hy (d)],
IM(AB)' = —€0/No[Ey (d)H,(l) + Ey(t)Hx(d)], (230)
implying
Im(AyBy+ AB)'= 280/noS;(d), (24)
and substituting (24) into (23a) gives finally S;r(d) = S;(d).
The electromagnetic flow in free space surrounding the Tellegen 1D-slab
with zero permittivity is constant in the z direction with the amplitude of

the inner energy flow reaching the surface z = d. This excited structure is
an antenna with an ultra-narrow radiation pattern.
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3. Tellegen circular metacylinder medium with zero permittivity

We now consider a circular metacylinder Tellegen medium with zero
permittivity, centered along the z-axis materialized by an electric current
filament (p, @, z are the cylindrical coordinates)

Jz = 10(p)/2mp,  Jp=]jp =0. (25)

The components of the electromagnetic field inside such a medium are ob-
tained in Appendix B and we get H, = E; = 0 and

Hz(p) = (w€1o/4)[vy (p)Jo(wEpP) — Vi (P)Yo(wEP)], (26a)

Ho(p) = (w€lo/4)[vy (p)I1(wEP) — Vi (p)Y1(wEp)], (26b)

in which Jo 1, Yo,1 are the Bessel functions of first and second kind, of order
zero, one and

vy (p) =07 [Yo(wEPB(P)],  Va(p) =07 [Jo(wEP)B(P)]. (26¢)

0~1 is the primitive operator defined in Appendix A. The components of the
electric field are

E, = iWEH;(p) — 2iw’Eplhy (p)Jo(wEp) — ha(p)Yo(wEP)],
Eo = (L/w8)dpE; = 2iw’Eplhy (p)I1(wEP)hs (P)Y1(wEP),  (27a)
with
hy (p) = 07 [H2(p) Yo(@&pP)],  hy(p) =07 [H,(p) Jo(wEp)]. (27b)
The only nonnull component of the Poynting vector is
Sp = (1/2)Re[EoH, 1 E;H T (28)

The energy flow is radial with a rather intricate analytical expression.

This Tellegen medium is now supposed to be a tube of radius a, sur-
rounded by free space with the time harmonic current J moving along the
z-axis of this tube and generating the electromagnetic field with the com-
ponents (26a), (27a), the only field present inside the cylinder since the
symmetry of the structure makes null the reflected field at boundaries.

In the surrounding free space, the Maxwell equations in cylindrical ge-

ometry for fields that depend only on p reduce to Eg = Hg =0 and to

—0pE] +iopoH) = 0, pT'o(pE}) + iwpoH] =0, (29a)
dpH] +iwgoE) = 0,  pTldy(pH}) —iweEl =0,  (29b)
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and we look for the solutions of these equations in the form
Hi, =heo(0), 0€E] = —0ph,(p), iweE] = p  dylphy(p)] (30a)
supplying the wave equations
djh, +p~toph, +w?njh, =0, n3 = golo,
d5hy + p~tdphg — p~2hy + w?ndhy = 0. (30b)

The Bessel functions Jg, Yo, J1, Y1 are the respective solutions of (30b), so
according to (30a)

H; = AzJo(nowp) + B;Yo(Nowp),
Hl = Apdi(nowp) + BeY1(nowp),

0
|€0E(1;, = No[AzJ1(Nowp) + B2 Y1(nowp)],
ieoE] = no[AgJo(nowp) + ByYo(Nowp)], (31a)

since [8]

0:{Jo(t), Yo()} = —{J1(V), Y1 (1)},
t710t{Jo (1), Yo} = {Jo(®), Yo(t)}. (31b)

The amplitudes Az, Bz, Ay, By, are determined by the boundary conditions
on the surface p = a of the Tellegen cylinder

Hl,(@) =Hg.(@), E},(@)=Eg.(a) (32)
and, taking into account (31a), we get the four relations

AzJo(nowa) + B;Yo(nowa) = Hz(a),

ApJi(nowa) + ByYi(nowa) = Hey(a),

(=ino/€0)[AzJ1(Nowa) + B, Y1(nowa)] = Ey(a)
(=ino/go)[AgJo(nowa) + ByYo(nowa)] = E;(a). (33)
Using the Wronskian [8]: J1(npwa)Yo(npwa)-Jo(nowa)Y1(nowa) =2/ (nmnywa)

and deleting the arguments of the functions since no confusion is possible,
the solution of (33) is

A; = —(mnowa/2)[Y1H; — (igo/No)YoE,],

B, (nnowa/Z)[Jl H, — (iSo/no)JoE(p)] ,

A(p = (nnowa/Z)[Yqu, — (igg/ng)Y1E,],

B(p —(nnowa/2)[J0Hq, - (iEo/no)JlEz] . (34)
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The only nonnull component of the Poynting vector in free space is
Sy = (1/2)Re(E{H] L EIH]Y, (353)
and using (33) a simple calculation gives

ST

3 = No/go IM[ByAGI1Yo + ByAeJoY1

—B,A3hY1 — BA,J1Yo]. (35b)
But, according to (34)
IM(ByAg D= —Im(ByAy),  Im(B,A))'=—Im(B,A,), (36a)
and substituting (36a) into (35b) we get since J1Yg — JoY1 = 2/(Ttwang)
S} = [2/(Mwago)[IM(BoAgY + Im(BAD)]. (36b)
Then, still using (34) and the Wronskian, we have

IM(BoAgy) = —(m*w?a®nogo/4)Re[HgE; oY1 — HyEzJ1Yo]
= (mwagp/2)Re(HyE;), (37a)

and similarly
Im(B,AD'= —(nwago/2)Re(H, Ey) . (37b)
These two relations imply

IM(BoAy)'+ IM(B,A7)'= (nwago/2)Sy(a) . (38)

Substituting (38) into (36b) gives finally SFT,(a) = Sp(@). The electromagnetic
energy flow in the outward free space is radial, constant with the value of
the inner energy flow on the surface p = a of the cylinder. This excited
structure is, as the Tellegen slab, an antenna with an ultra-narrow radiation
pattern.

4. Tellegen metaparaboloid with zero permittivity

We consider twin paraboloids of revolution around the z-axis, with apex
at x =y =z = 0. Then, using the polar coordinates p, @, z, the equation
of this structure is z = *p?/2R in which R/2 is the distance apex focus
along 0z. This paraboloid is supposed made of a Tellegen meta material
with zero permittivity in a specified frequency band and characterized by the
constitutive relations (1), the excitation current (25) being directed along 0z.
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4.1. Field inside the upper paraboloid

We get from Egs. (B.4b), (B.5b) of Appendix B the wave equations
satisfied by the components of the magnetic field

07Hp+ (05 +p 10 —p 2 +wE)Hp =0,
O7H+ (05 +p 10y —p 2 + 0'E%)Hy =0,
0ZH, + (82 + p~19p + wXEHH, = —wij; . (39)

As an important di Lerknce with the situations met in the previous two sec-
tions, we have to take into account the reflected field on the paraboloid
surface and consequently, we look for the solutions of (39) in the form

Ho =H2(p.2),  Hgz=HS,(p.2) +HE, (). (40)

in which the components of H® are solutions of (39) with j, = 0 while the
(¢, z)-components of H! are the solutions (26a). Now, the solutions H°
bounded for p = 0 may be written

Ho: (P.2) = / dAexp(—A2)FS,(MJI1(yp), V2 = w28+ A2,
0

HY(p.2) = / dAexp(—Az2)F (M) Jo(yp) - (41a)
0
Substituting (41a) into (B.5b) and into the first equation 9,H¢ + wgH, =0
of the set (B.4b), still using the relations (31b) gives 7 in terms of fJ
Mo =wEf), A=y, (41b)
To sum up, taking into account (26a), we have with v, vy given by (26c)

HO(p,2) = /d)\ exp(—Az)fo(A\)J1(yp)
0

Hz(p.2) = H(p,2) + (0&lo/4)[vy (p)Jo(wEP) — V3 (P)Yo(wEP)],
Ho(0.2) = HJ(p,2) + (w€lo/4)[vy (p)J1(wEP) — Va(p)Y1(wEP)], (42a)
in which according to (41a) and (41b)

H(p.2) = / YA~LdA exp(—A2)FON)Jo(yp) .
0

Ho(p.2) = / WEA T A exp(—Az)FP (M) I (yp) - (42b)
0
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Similarly, we look for the electric field in the form
E =E°%@p,2) + EX(p) (43a)

in which H}(p) = 0 while the E;,(p)’s are the solutions (27a) and
ESo(P2) = [ ONexp(-A2)gl o (3u(yP),
0

EJ(p.2) = / dAexp(—Az)g? (A\)Jo(yp) - (43Db)
0

Substituting (43a) into the Maxwell equations (B.4a) of Appendix B, taking
into account (43b) (27, 41) and using the relations (31b) gives a set of
equations supplying the amplitudes g° in terms of f9:

—Agg — &gy + iopfy = 0,
—Agp +Yg; — &gy + iwpfy = 0,
—Agp — wEgY + iopf) = 0, (44)

a system easy to solve. According to (43a) and (27a), the components of the
electric field are

ES(P.2) = [ hexp(-AD)gIN(vP)
0

E.(p.2) = EJ(p,2) + (in/&)H; — 2iw’Eulhy (p)Jo(wEP) — i (p)Yo(wEP)],
Ee(p.2) = EJ(p,2) + 2i0*Eulhy (p)J1(wEP) — ha (p)Y1(wEpP), (45)

with hj, hy given by (27b).

Taking into account (41b) and (44), we see that the electromagnetic
field inside the paraboloid structure is not fully determined, as in slabs and
cylinders, but depends on a arbitrary constant fg to be determined by the
boundary conditions at the surface of the paraboloid. And, the boundary
conditions to be satisfied come from the continuity imposed on the tangential
components of the E, H fields and on the normal component of the B field.
Now, at the altitude z on the surface of the paraboloid z = p?/2R, we have
ps = (2Rz)¥2 and the tangential components are

{Es, Ho}(ps, 2),
{Ev.H1}(ps, z) = [ps{Hz, Ez} + R{(Hp, Ep}1(ps, 2) . (46a)
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while the normal component By = —RB; + psB, of B becomes taking into
account (1)

Bn(ps, 2) = —R(UHz + i€E2)(ps, ) + ps(UHp + 1EEp)(ps, 2) . (46b)

4.2. Outside field, boundary conditions

To get the electromagnetic field in free space surrounding the twin para-
boloids, we use the equations (B.1), (B.2) of Appendix B which become

9,E) —iopoH) = 0,  d,H} +iwgE} =0,
0,E} — 0,E] +iopH) = 0,  ,H} —a,H] —ingE} =0,
p1Op(PEY) + iwpoH] = 0, P 10p(pH}) — iweE] =0, (47a)

and
-1 1 T -1 1 t_
p ap(pHp) +0;H;, =0, p ap(pEp) +0;E, =0. (47b)

It is easy to get the wave equations satisfied by the components of the
magnetic field

@2 +02+p 10, —p 2+ wn)H! =0,  nd=eopo, (48a)
(07 + 05 +p 9, + wndH] =0, (48b)

from which the components of the electric field are obtained by the relations
i0eoE =—0,H), weEl=pT10,(pH]), iweoE,=0,H] —d,H] . (49)

We may write the solutions of (48a) in terms of the Bessel functions Ji, Y;
forz>0

H o 2) = / dAexp(—AD)[F] ,(N)I1(vp) + g ,(W)Y1(vp)],
0

v £Ind + A2, (50a)

while the solutions of (48b) depend on Jg, Yo

Hi(p.2) = / dAexp(—AZ)[F; (A)I1(vp) + gL (A)Yo(vp)]. (50b)
0
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Then, substituting (50a), (50b) into (49) and using the relations (31a), (31b)
give for the electric field

iweoE] = / AdAexp(—=A2)[f (W)L (vp) + Go(M)Y1(vp)],  (51a)
0

iweoE] = / vdAexp(=A2)[f(A)Jo(vp) + gy(M)Yo(vp)],  (51b)
0

ioosoE:[) = / dA(exp(=AZ)[{vF](A) — AF (M) 3}o(vp)
0

+{VgI(\) = Agi(M\)}Yo(vp)l. (51c)

But all the functions fT, g', in (50), (51) are not independent and substi-
tuting (50a), (51c) into the equation OZE:L - iwuoH}; = 0 of the set (47a)
gives the relations

vES) =AFIN, vl =gl (52)

and the solution (51c) becomes

iwgoE] = / w2n3vtdA exp(—A)[F (NI vp) + GI A1 (vp)].  (53)
0

It is easily checked that for A = 0 these expressions give the electromagnetic
field outside the Tellegen cylindrical antenna of Section 3.

So, we are left with four unknown functions fZT’ , g; obtained from the
boundary conditions on the surface of the parabolic structure which supplies
in addition, as previously noticed, the amplitude fg characteristic of the

inner field. The tangential components of the ET, H fields at the altitude
z on the surface of the paraboloid z = p?/2R, are with ps = (2Rz)/?

{E$ Hi}ps, 2),
{EL, HI}ps.2) = [ps{H], EJ} + R{H]  E[}(ps.2),  (54a)
and the normal component of the B field is
B\ (Ps. 2) = —HoRH] (s, 2) + HopsH] (ps, 2) . (54b)

Then, taking into account (46a,b) the boundary conditions are

{E} 1 Ho130s,2) = {Eq1. Ho7Hps,2). Bz, ps) = Bn(ps,2). (55)
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We illustrate these boundary conditions on the -component of the magnetic
field: taking into account (50a), we get

/ dAexp(~A2)[Fy(A)J1(vps) + G (W) Y1(Vps)] = Ho(ps,2),  (56)
0

in which Hy(ps, 2) is the expression (42a) on the paraboloid surface.

This integral equation is not easy to solve and, with the only objective
to make clear the type of di Lculities to be met, we suppose null the 9$(A)
function so that (56) reduces to

[ nexp(-AD) Ty N310p) = Hi(ps 7). (57)
0

Now on the paraboloid surface z = p2/2R, then multiplying (57) by p? and
performing the ps integration gives

[ NE) [ o2dps exp(-Api/2R)3vps) = a,
0 0

a= [ p2dpsHy(ps, p2/2R). (58)
0
But [9]
/ p2dps exp(—Ap2/2R)Im(vps) = VI(R/A)™ L exp(—v2R/2N),  (59)
0
so that the equation (58) becomes
/ d)\f(];()\)v(R/)\)z exp(—v2R/2\) = a, (60a)
0

with the solution since v2 £wn3 + A2
£/ (A) = aA®/2ngR exp(w’n3R/2\) . (60b)

Unfortunately, relations similar to (59) do not exist for the Bessel functions
Ym and clearly the boundary conditions (54a), (54b) put a challenge.
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4.8. Poynting vector

The Poynting vector S(p, z) inside the Tellegen paraboloids has the com-
ponents

Se(p,2) = (1/2)Re{E,Hy L EoH, }p,2),
Sp(p.2) = (1/2)Re{Eo,H, L E;H Hp.2),

S:(p,2) = (1/2)Re{ExH, L EgH 0. 2). (61)
The part of the energy flow able to radiate outside the Tellegen structure is
supplied by the normal component Sy = —RS; + pS, which takes the value
on the surface of paraboloids
Sn(Ps;Z) = —RSz(Ps,2) + psSp(ps,2), 2 = pi/2R. (622)
Substituting (61) into (62a) and taking into account (46a) gives
Sn(ps: 2) = (1/2)Re{E,Ht 1 ETHy}(ps, 2) . (62b)

The Poynting vector S'(p, z) in the free space outside the Tellegen struc-
ture has components formally similar to (61) and the radiation in the far
field comes from the normal component of ST which takes the values on the
surface of the Tellegen structure

Sii(ps.2) = (/2)Re{ELHL = ETH! F(ps,2)., (63)

and the boundary conditions (55) imply

SL(ps, z) = Sn(ps; 2) (64)

a result expected from those obtained in the previous two sections. This
meta-Tellegen structure behaves as a parabolic antenna with a narrow radi-
ation pattern.

5. Discussion

So, the theoretical calculations performed in the previous three sections,
for longitudinally unbounded slabs, circular cylinders, paraboloids of revo-
lution, made of chiral Tellegen material with zero permittivity, prove that
these structures become directive antennas with a narrow radiation pat-
tern when they are excited by an electric filament along their symmetry
axis. When the excitation current is constant, inward and outward electro-
magnetic fields have simple analytical expressions for slabs but, concerning
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cylinders, coherent approximations will be necessary to make manageable
these fields obtained in the form of integrals requiring Bessel functions.

Only the equations satisfied by the field components are given for para-
boloids of revolution and numerical codes will have to be developed to get
their solution. To conclude on a practical design, we may think of a meta
Tellegen long straight (tape) antenna with a length appreciable compared
with wavelength as in most of practical antennas. Several other types of
constitutive relations exist for isotropic chiral media proposed by Drude,
Born, Fedorov, Condon, Post... with debatable merits. It has been shown
to be equivalent to each other for time harmonic fields [10], an equivalence
not necessary valid for chiral materials of zero permittivity and fields gen-
erated with an electric filament. Then if narrow pattern antennas appear
to become an important tool in future technology, it could be interesting
to devote further works to materials with dilerent constitutive relations.
To assume a constant excitation current is a bit restrictive which leads to
consider what happens with a time dependent current. With this objective,
we discuss in Appendix C a Tellegen chiral metaslab of zero permittivity
excited by a current with time history J(t)

I=J®3@), JIy=J,=0. (65)

Using the Laplace transform [11,12] f(s) = L[F (t)] shows that, roughly
speaking, we have just to change in the previous calculations: iw into s and
J into j(s) to obtain the fields {e(s), h(s)}. Of course, the inverse Laplace
transform is necessary to get the time dependent fields {E(t), H(t)} but
there now exist powerful techniques to do this job e [ciehtly [13]. Concern-
ing slabs and, assuming the chirality parameter & real positive, the inverse
Laplace transform of fields inside the slab have simple analytical expressions,
for instance

Hy = —(i/2)d(t — &z/c), Hy =—(1/2)I(t—&z/c), 0<Ez/c <t (66)

(see (C.8) for electric field components). Outward fields are sums of similar
functions such as J[t—ngz/c = (ng £ &)d/c] with di Lerknt delays (nox¢)d/c,
2d being the slab thickness.

Thus, for metachiral structures with zero permittivity, conveniently ex-
cited with currents respecting the symmetry source-structure there is a po-
tential application as highly directive antennas and this result carries on
theoretical and numerical works [3] on the design of directive antennas.

The antennas discussed here, infinite along 0z, should be truncated to
represent realistic structures. From a mathematical point of view, it su Lced
to multiply the field expressions by the function U (z—z¢)—U (z—z;) in which
U is the Heaviside function, zg, z1, the lower and upper coordinates, with
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as consequence, to make calculations a bit more intricate. But, one should
have to introduce boundary conditions at z = zp and z = z;. An interesting
situation happens for z-periodic antennas since it has been proved [14] that
these structures support infinite wavelength.

Appendix A
Primitives

Using the relations where 3(z), U(z) are the Dirac distribution and the
Heaviside unit function

d(z)dz = d[U(2)], U(z)dz = d[zU(2)], (A1)
and integrating by parts, we get for the primitive 0~1[f(2)3(z)] = [F(2)d(z)dz

oo

/f(2)5(2)d2 =g@U@), W@ =) (-1)"2"/n0}f@), (A2)

n=0

and similarly for 0 1[f(2)U(2)] = J f(z)U(z)dz
/f 2)U@)dz=gu(2)U (), gu(2) =Z(—1)”z”+1/(n+1)!az”f(z) .(A.3)
n=0

There exist similar relations with U(—z). In particular for exp(az) we get
from (A.2) and (A.3)

0~ exp(az)8(2)] = U(2),

0 exp(az)U(z)] = a exp(az) — 1]U(2), (A.4)
these relations imply
0 cos(wE2)d(2)] = U (2), 0~ sin(w€z)d(z)] = 0, (A.5)
0 [sin(2wEz)U ()] = (1/wE)sin(wEz)U(z),
0 cos(2wEz)U (z)] = (1/wf) sin(Qwiz)U (z), (A.6)
and
9 sin?(wE2)U (2)] = [2/2 — (1/4wE) sin(2wEz)]U (2) . (A.7)

These simple results are not the general rule, they do not hold for the Bessel
functions Yo(w&p), Jo(wép) solutions of the cylindrical wave equation, we
get in this case

0 [Yo(WEP)B(P)] = vy (AU (P), 0™ [Jo(w&p)d(P)] =V (PIU(p), (A.8)
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v (p) =) _(—=1)"p"/nlagYo(wEp),

n=0

va(p) = (=1)"p"/n1af Jo(wep) - (A.9)
n=0

It is di Ccullt to get consistent approximations of these sums, even with small
p, specially for vy (p) because of its logarithmic behavior in this domain.

Appendix B

Electromagnetic field in a zero permittivity cylinder

For fields that do not depend on azimuth, Maxwell’s equations in cylin-
drical coordinates p, @, z with a current j and a charge e are

—0,E, +iwB, = 0,

P10, (pEg) +iwB, = 0, (B.1a)

p'0p(PEy) — i0D; = jz, (B.1b)
with the divergence equations

p~10,(pBy) +0,B, =0, (B.22)

p0p(pDp) +9;D, = 0. (B.2b)

For the zero permittivity Tellegen medium with constitutive relations (1)
and with the electric current

Jz = 1d(P)/2mp,  Jp=]jp =0 (B.3)

these equations become

—0;Ep — wEE, + lwpH, =0,
0;Ep — 0pE; — WEE + iopuHy =0,
P10, (PEy) — WEE, + iwuH, =0, (B.4a)
9;Hy + wEH, =0,
9;Hp — 9pH; —wEH, =0,
p 0o (PHg) — WEH, = jg, (B.4b)
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and
P10, (pEp) +0,E, =0, (B.53)
P19, (pH,) + 9;H, =0, (B.5b)

the charge e est null and the electromagnetic field depends only on p, so that
the equations (B.4a), (B.4b) imply Hy, = 0 and reduce to

p10p(PH¢) — WEH, = —wElod(p)/2mp, (B.6a)
0pH; + wEH, =0, (B.6b)

while we get from (B.4a) E, = 0 and
0,E; + WEE, = iwpuHy, p 10, (PEg) — WEE; = —iwpH,.  (B.7)

Eliminating H, from (B.6) and E, from (B.7) gives the inhomogeneous
equations
03H, +p 10, H, +w*E?H, = —w&lodp/2mp, (B.8a)
05, +p 0B, +WXEPE, = iwp(dpHe+p THe+wEH;). (B.8b)
We first look for the solutions of Eq.(8b): consider the inhomogeneous dif-

ferential equation
y ™ p 7ty 0?8 = f(p) (B.9)

the homogeneous wave equation y™+ p~lyU+ 0282 = 0 has the Bessel
functions of the first and second kind of order zero Jo(wép), Yo(wép) as

solutions so that since dp(Jo, Yo) = —(J1, Y1) and since the Wronskian
J1Yo — JoY1 = 2/(nwép) [8] the solution of (B.9) is
y = Ca(p)Jo(wép) + C2(p)Yo(wép) (B.10a)

in which the amplitudes C; »(p) are defined by their derivatives

Cilp) = —mp/2f (p)Yo(wEp),  Calp) = mp/2f (p)Jo(wEp) . (B.10b)
For f(p) = —w&lod(p)/2mp which is the right hand side of (B.8a), we get

Ci(p) = (w&lo/4)vy , Ca(p) = —(w€lo/4)vy,  (B.1lla)
vy (p) = 07 [Yo(wEPB(P],  Vi(p) = 0™ [Jo(wEP)S(P)], (B.11b)

obtained in the form of two infinite series in Appendix A. Substituting (B.11a)
into (B.10a) gives the solution of (B.8a)

Hz(p) = (w&1o/4)[vy (p)Jo(wEP) — Vi (P)Yo(wEP)], (B.12a)
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and taking into account (B.12a), we get from (B.6b)

Ho(p) = (w€lo/4)[vy (p)I1(wEP) — Vi (P)Y1(wEP)]. (B.12b)

We now look for the solution of (B.8b) which becomes, taking into ac-
count (B.6a),

05Ez + p 10,Ez + w*E?Ez = i0p[20EHZ + 103(p)/2mp] (B.13)
and we write the right hand side of (B.13)
f(P)=F)f(p), Fo(p)=iwplod(p)/2np, F1(p)=2iw*EuH,. (B.14)

Then, the solution of (B.13) takes the form E, = E? + E} and comparing
f0(p) with the right hand side of (B.6a) gives at once

E2(p) = iW/EH,(p), (B.15)
while for f1(p)
Ci{p) = —2iw&uH;(p)Yo(wEp),  C3(p) = 2iwEuH,(p)Jo(wEp), (B.16)
with the primitives
Ci(p) = —2iw?€phy, Ca(p) = 2iw?Ephj, (B.17a)
where
hy (p) = 07 [Hz(P)(Yo(@EP)],  hy(p) = 07 [H(p)(Jo(wEP)], (B.17b)
so that according to (B.10a)
E; = —2iw*Eplhy (p)Jo(wEP) — hy (P)Yo(wEp)]. (B.18a)
and since E, = E9 + E} we get, taking into account (B.15),
E, = ipn/&H,(p) — 2iw’Eu[hy (0)Jo(wEP) — ha(p)Yo(wEP)]. (B.18b)
Now, according to (B.7a)
Eo = (/0E)I,EQ — (in/&)H, + (1/0E)d,EL (B.19a)
but, according to (B.6b) and (B.15) (1/co£)apE§’ = (iW/&)Hy, so that

Ep = (/08)dEL = 2i02Eulhy (0)J1(0Ep) — hy (P)Y1(0EP)]. (B.19b)
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Appendix C

Time dependent excitation current
For fields depending only on z and for a source driven according to
Jx = J(1)d(2), Jy=3,=0, (C.1)

the Maxwell equations inside a Tellegen metamedium with the constitutive
relations (1) reduce to

9, Hy—i&c 1aHx=—J3(1)3(2), 9, Hy+iéc toHy =0,
0,Ey—c 1o (MHx+iEEx) =0, 9,Ex+c o (uHy +iE,)=0. (C.2)

Using the Laplace transform [11,12] f(s) = L[F ()], Egs. (C.2) become

9;hy—i&ctshy=—j(s)3(2), 9,hy+i&c tshy =0, (C.3a)
0,6y —C ts(uhy+i&ex) =0, 9,ex+c 's(uhy +igey)=0. (C.3b)

The comparison of the relations (C.3a,b) and (C.5a,b) shows that we have
just to change w into —isc™* and jo into j(s) in the expressions of Section 2
to get the solutions of (C.3a,b) and this substitution applied to (8a), (8b),
assuming to simplify ¢ real, positive gives

hy = ij(s)sinh(s§z/c)U(2), hy = —j(s) cosh(s§z/c)U(z), (C4H)
while according to (14) and (15b)

ex = [(—ip/8)j(s) sinh(s&z/c) — psc™zj(s)]U (2),
ey = (ip/€)j(s)[2 cosh(séz/c) — 1JU(z) . (C.5)

Now, we have the inverse Laplace transforms [11]

L™ [exp(%sEz/c)] = d(t+&z/c),

t
L~1[j (s) exp(sEz/c)] / dtd(t — 1)3(t % £2/¢). (C.6)
0

Assuming the source launched at t = 0 : 3(t + &z/c) = 0 in the half
space z > 0 while with 8(t — &z/c) the convolution integral is nonnull for
0 =< &z/c < t so that the inverse Laplace transform of the (C.4) fields is

Hy = —(i/2)d(t—&2/c)U(z),  Hy = (1/2I(t—Ez/c)U(z), (C.7)
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and from (C.5) with the current derivative Jt)

Ex = [(—W/&)I(t — &z2/c) — pe 23t — E2/0)|U(2),
Ey = [(in/&)I (t — &z/c) = I(H]U(2) . (C.8)
We have a similar result in the half space z < 0 with J(t + &z/c) and an

opposite sign for Hy. In the free space surrounding the Tellegen metaslab,
the Maxwell equations have the Laplace transform

o;hl +eoctsel = 0, 9,8 —pocT shy =0,
a.hf —eocTsel = 0,  a,ef +pocish) = 0. (C.9)

Here also, the comparison of (C.9) and (17a,b) shows that we have only to
change iw into s/c in the relations (18a,b) to get the solutions of (C.9)

hly = Axycosh(snoz/c) + By, sinh(snoz/c),
igel, = npA, sinh(snoz/c) — noBy cosh(sngz/c),
ieoe;r, = —npAx sinh(sngz/c) + ngByx cosh(sngz/c). (C.10)

The boundary conditions hiy(d) = hxy(d), eky(d) = exy(d) supply the
amplitudes Ay, Bxy and we get for instance from (20b)

Ay = hy(d) cosh(snoed/c) — (g0/No)ey(d) sinh(sned/c) . (C.11)

To illustrate the form of the electromagnetic field in the outward free
space, we consider the truncated expression h;r, = Ay cosh(sngz/c) in (C.10),
with as approximation of Ay, the first term of (C.11) which becomes accord-
ing to (C.4)

Ay = hy(d) cosh(sngd/c) = —j(s) cosh(s&d/c) cosh(sngd/c) . (C.12)

Substituting (C.12) in the first relation of the set (C.10) and also only keep-
ing the first term of the resultant expression give

h; = —j(s) cosh[s(ngz/c — ngd/c — &d/c)] (C.13)
with, according to (C.6) the inverse Laplace transform,
H) = —J[t — (noz/c — npd/c — &d/c)]. (C.14)

So, the electromagnetic field in the outward free space has the same form as
inside the Tellegen metaslab and is made of a sum of terms similar to (C.14)
with ngz/c instead of £z/c and diLerknt delays ®ngd/c £ d/c).
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