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The problem of ltering information from large correlation matrices
is of great importance in many applications. We have recenyf proposed
the use of the Kullback Leibler distance to measure the perbrmance of
Itering algorithms in recovering the underlying correlat ion matrix when
the variables are described by a multivariate Gaussian digibution. Here we
use the Kullback Leibler distance to investigate the performance of Itering
methods based on Random Matrix Theory and on the shrinkage tehnique.
We also present some results on the application of the Kullbek Leibler
distance to multivariate data which are non Gaussian distributed.

PACS numbers: 02.50.Sk, 05.45.Tp, 05.40.Ca, 02.10.Yn

1. Introduction

In many applications the monitoring of the dynamics of the system pro-
vides multivariate time series and often the number of monibred variables is
very high. Examples include gene expression level measurent in microar-
ray experiments [1], fMRI experiments [2], analysis of ecarmic or nancial
data such as rm growth rates or stock price returns [3 5]. A common way
to investigate the interaction between the variables of thesystem is through
the cross correlation matrix. As any statistical estimator, the sample cor-
relation matrix is unavoidably a ected by the statistical u ncertainty due to
the nite size of the sample. This problem becomes extremelymportant
when the number of investigated variables is comparable wit the number
of records of each variable. To cope with the problem of the stistical un-
certainty of the sample correlation matrix one needs to intoduce Itering
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methods able to remove from the correlation matrix at least @rt of the
noise. Many techniques have been proposed in the literaturim order to |-
ter out information from the correlation matrix. However, u nless one knows
in advance the model describing the system dynamics, it is diult to as-
sess the goodness of the Itering procedures. Recently [6fevwhave proposed
the use of the Kullback Leibler (KL) distance as a method of assessing the
performance of correlation matrix ltering procedures. There are several
reasons why we believe KL distance is a good performance esttor. The
main reason is that we proved [6] that for Gaussian distribued variables
the expected values of the KL distance are independent fromhe underlying
model. This fact allowed us to devise a method to assess the gff@mance
of the ltering method in recovering the underlying model without having
any knowledge on the model itself.

In this paper we consider ltering procedures based on Randa Matrix
Theory (RMT), hierarchical clustering and shrinkage and weuse the KL
distance to evaluate their performance. We consider both aircial and real
data samples. Finally we present an extension of the KL distace to an
important class on non-Gaussian distribution, speci cally the multivariate
Student's t-distribution.

2. Kullback Leibler distance for Gaussian variables

The KL distance (see for instance [7,8]) or mutual entropy isa measure of
the distance between two probability densities, say and g, which is de ned
asK (p; 0 = Epllog (p=g], whereE[:] indicates the expectation value with
respect to the probability density p. The KL distance is asymmetric since
the expectation value is evaluated according to the distrilntion p.

Here we consider the KL distance between multivariate probhility dis-
tributions and we indicate with n the dimension of the space spanned by
the variables. Let us consider rst the case of multivariate Gaussian vari-
ables. Without loss of generality we assume that the varialds have zero
mean and unit variance. In this case, the Gaussian multivaate probability
density function P( ;X)) is completely de ned by the correlation matrix
of the system. Given two di erent probability density functions P( 1;X)
and P( 2;X), we have

z .
K(P( 1X);P( X)) =  P( 1;X)log % X
. o
= > log :—i + tr 21 1 n.; (1)

wherej j indicates the determinant of . From now on we indicate
K(P( 1:X);P( 2:X)) simply with K (' 1;  2).
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Consider the matrix C of Pearson correlation coe cients ¢j obtained
from the observation of then variables each forT records. The sample cor-
relation matrix is di erent from the true correlation matri x of the system.
The Pearson estimator of the correlation matrix has the advatage that
sample covariance matrices of nite variance variables behg to the ensem-
ble of Wishart random matrices and many statistical properies of Wishart
matrices are known [9]. Since di erent realizations of the pocess give rise
to di erent sample correlation matrices, a KL distance having one or two
sample correlation matrices as arguments is a function of @nor two random
matrices. We investigated the statistical properties of KL distance involving
sample correlation matrices of multivariate Gaussian randm variables in
Ref. [6].

Let C, and C, be two sample correlation matrices obtained from two
independent realizations of the system both of lengthT. By making use of
the theory of Wishart matrices [9] we obtain [6] that

( )
X =
EIK( iCil=5 nlog = + (2,200
=T n+l
( )
X =
EIK(Cy )= 5 nlog - 2, ©
=T n+l
E[K(C1;C)o)]= %Tn(nigl)l (4)

where (x) is the usual Gamma function and qx) is the derivative of

(x). We also obtained [6] the asymptotic expectation value of tk standard
deviation of K(C4; ) by using the Bartlett statistics [10]. Speci cally if
T 1, n land Q = T=n 1 we infer that the standard deviation of
K(Cy )is k' 152Q).

The most important property of the expectation values given in
Egs. (2) (4) is that they are independent of , i.e. they are independent of
the speci c true correlation matrix. This fact implies that (i) the KL dis-
tance is a good measure of the statistical uncertainty of coelation matrix
which is due to the nite length of data series and(ii) the expected value of
the KL distance is also known when the underlying model hypdtesized to
describe the system is unknown.

3. Comparison of ltering procedures

The KL distance can be used to quantify and compare the perfenance
of di erent Itering procedures of correlation matrices [6]. A good ltering
procedure should have two important properties: being ablgi) to remove
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the right amount of noise from the data in order to recover the signal
and (i) produce Itered matrices which are stable when one makes der-
ent observations of the same system. These two requiremengse often in
competition one with the other. In real cases one does not kmo the true
correlation matrix, therefore it seems impossible to know \wether a Iter-
ing procedure is removing the right amount of noise. Howeverthe above
mentioned property of the expected value of the KL distance bbeing in-
dependent from the model correlation matrix can be used to dsnate the
goodness of the Itering procedure. The proposed procedur® evaluate the
performance of a ltering procedure is the following.

Suppose we are given with a data sampl¥ and we have our favorite |-
tering procedure. We propose to generat®! bootstrap replicas X ; (i =1;
:::;M) of the data. We then compute the sample correlation matrix C;
and apply the Itering procedure obtaining the Itered matr ix Ci't to each
replica X ;. In order to measure the stability of the Itering procedure, we
consider the average over the replicas of the quantitk (C;" ;C" ). An

optimal Itering procedure should be perfectly stable (.e. hK (C;" ;C )i
= 0) because from each realization the lItering recovers the mdel ma-
trix. In order to measure the ltered information we consider the aver-
age ofK (Ci;C;" ) over the replicas. This quantity measures the information
present in the sample correlation matrixC; that has been discarded by the
ltering procedure. We have seen above that for Gaussian vaables the
KL distance hKK (C;; )i is dierent from zero and independent from the
model (see Eq. (3)). Therefore, if our ltering procedure is recoering
the true underlying model we should expect thatkK (Ci;CiIt ) is equal to
the right hand side of Eqg. (3). We have thus an optimal value fo both the
stability and the information expected from an optimal Ite ring and these
values are independent from the underlying model. We will rpresent the
result of the analysis with a plane where thex axis is related to the stability
K (C" ;C{" )i and they axis is related to the information K (C;; C;" )i. In
this plane the optimal point, labeled , has coordinatex = 0 andy equal to
the right hand side of Eq. (3). A Iltering procedure will be considered good
if the corresponding point in the stability-information pl aneiscloseto .
There are many di erent ltering procedures. A widespread procedure is
based on random matrix theory [11]. If then variables are independent and
with nite variance then in the limit T;n!1 |, with a xed ratio Q > 1,
the eigenvalues of the Pearson sample corrgjation matri€ is bounded from
above by the value max = (1 +1=Q+2 1=Q) where 2 =1 for cor-
relation matrices. In some practical cases, such as for exgte in nance,
one nds that the largest eigenvalue i of the empirical correlation matrix is
de nitely inconsistent with RMT. In these cases, the null hypothesis is mod-
i ed so that correlations can be explained in terms of a one fetor model



Shrinkage and Spectral Filtering of Correlation Matrices ... 4083

and 2 =1 1=n [3]. The ltering procedure considered here works as
follows [12]. One diagonalizes the correlation matrix andeplaces all eigen-
values smaller than 5« in the diagonal matrix with their average value.
Then one retransforms the modi ed diagonal matrix in the standard basis
obtaining a matrix H gyt of elementshifMT . Finally, the Itered correlation
matrix CFMT s the matrix of elementscfMT = hffMT = hRMT hRMT

In this paper we also consider hierarchical clustering bask Itering pro-
cedures [13]. Hierarchical clustering methods allow to hrarchically organize
the elements in a rooted tree or dendrogram. The whole inforition about
the rooted tree can be stored in an  n matrix that can be considered as
the output of the Itering procedure [13]. In a recent paper we have shown
that this ltered matrix is a proper correlation matrix at le ast when all of its
elements are non negative numbers [14]. Here we consider twidespread hi-
erarchical clustering techniques, speci cally the Singld.inkage Cluster Anal-
ysis (SLCA) and the Average Linkage Cluster Analysis (ALCA) [13]. For
more details about these techniques see Refs. [6,14]. Filyalwe also con-
sider a shrinkage Itering procedure [15,16] in which we costruct a ltered
matrix as

CS()= T+@ )C; (5)
where 0 1land T is a target matrix. As commonly done in nancial
literature, we choose the target matrix as a matrix witht; =1 andt; = hgj i
for i 6 j. We estimate the performance of the shrinkage procedure for

di erent values of . Itis also interesting to note that there exist analytical
methods to obtain the optimal value  according to a cost function based
on the standard quadratic (or Frobenius) norm [17]. In the gures we also
show the point (labeled C SHR( )) corresponding to the value

In Fig. 1 we show the KL distance in the plane stability-information for
these ltering procedures applied to arti cial data generated according to
two di erent models. The left panel shows the result for a black diagonal
model with 12 blocks, whereas the right panel shows the reguor a hierar-
chical model. This is a Hierarchically Nested Factor Model HNFM) with 23
factors and it has been introduced in Ref. [14]. In both panal we show the
points corresponding to the RMT, SLCA, and ALCA lItering pro cedures.
We also show the points corresponding to ltering procedure in which an
a priori xed number of eigenvalues is retained and the remaining orse
are set equal to their average. We also show the points corqesnding to the
shrinkage Itering procedure of Eqg. (5) for di erent values of . As expected
when one includes more and more eigenvalues in the Iteringrpcedure the
amount of discarded information decreases and the Itered ratrix becomes
less and less stable. Interestingly in the block diagonal ndel a clear kink
is observed close to the point corresponding to the Iteringprocedure where
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Fig.1. Stability of the ltered matrix ( x axis) against the amount of information
about the correlation matrix that is retained in the Itered matrix (y axis). The
points labeled with C™T () correspond to the ltering procedure keeping a xed
number of eigenvalues. The number of kept eigenvalues incases when one goes
from the top left to the bottom right corner. The points label ed with CS"R( )
correspond to the shrinkage procedure (see Eq. (5)) and theggameter goes from
0to 1 when one goes from the bottom right to the top left corner. Let panel shows
the result for a block diagonal model ofn = 100 elements divided in12 groups and
simulated for T = 748 points. Right panel shows the result for a hierarchically
nested model of 100 elements following the HNFM with 23 factos of Ref. [14].

12 eigenvalues are included. The point corresponding to the kk is also
the closest to the optimal point and close to the point correponding to the
RMT ltering procedure outlined above. This result shows that for simple
block diagonal models RMT and KL procedures give consistentesults. For
the hierarchical model we observe no kink when one varies theumber of
eigenvalues retained by the ltering procedure. This fact ndicates that |-
tering procedures based on spectral analysis may have praphs in Itering
correlation matrices with a hierarchical structure. Moreover, the number
of eigenvalues retained by the RMT Itering procedure is notequal to the
number of factors of the HNFM. In the case of the hierarchicalmodel the
structure of eigenvalues and eigenvectors is de nitely ma complicated than
the one observed for a block diagonal model. Such a structuiis better re-
covered in the ltering by hierarchical clustering techniques according to the
right panel of Fig. 1. Finally, the shrinkage method is capale to achieve
a very good compromise between stability and information. Fom this anal-
ysis it is possible to extract an optimal value of minimizing the distance
from the point labeled with . It should be noted that this value in general
does not coincide with the value obtained with the standard method by
minimizing the Frobenius norm [17].
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Fig. 2. Stability of the ltered matrix ( x axis) against the amount of information

about the correlation matrix that is retained in the ltered matrix (y axis) for

n = 100 stocks of the NYSE in the period 2001 2003 T = 748). The points

labeled with CRMT () correspond to the ltering procedure keeping a xed number

of eigenvalues. The number of kept eigenvalues increases arhone goes from the
top left to the bottom right corner. The points labeled with CS"R( ) correspond
to the shrinkage procedure (see Eq. (5)) and the parameter goes fromO to 1

when one goes from the bottom right to the top left corner.

We now consider an application to a real system. We investiga the daily
returns of n = 100 highly capitalized stocks traded at the NYSE in the period
2001 2003 (T = 748). In Fig. 2 we show the performance of di erent ltering
procedures in the plane stability-information. First of all it is worth noting
that no kink is observed when one varies the number of retaireeeigenvalues.
This indicates that the block diagonal matrix is far from being a faithful
representation of nancial correlation matrices. RMT, SLCA and ALCA
have di erent properties in terms of stability and informat ion [6]. SLCA is
the most stable even if it is the least informative, whereas RIT is the least
stable but the most informative. ALCA has intermediate properties both
with respect to stability and to information. As for the inve stigated models
the shrinkage seems to outperform the other Itering technques, even if in
this case a quantitative prediction of the optimal value of is more di cult
due to the non-Gaussianity of nancial returns. This point will be discussed
in the next section.

4. A rst extension to non-Gaussian variables

The results obtained so far are valid for multivariate Gausgan variables.
However, in many real systems the random variables of intest are non-
Gaussian, and have often the property that the tails of the dstribution
are signi cantly fatter than in the Gaussian case. A paradignatic example



4086 M. Tumminello, F. Lillo, R.N. Mantegna

is nancial price return discussed above. In this section wepresent some
numerical results obtained for a specic class of non-Gaugan variables.
A non-Gaussian multivariate distribution useful in describing nancial re-
turns is the multivariate Student's t-distribution [18].

The multivariate distribution is

P(X1;X2;1115Xn) = Pt 5 —: (6)
2
2o xC Dix

The parameter describes the tail behavior of the marginal distribution of
any x;j sinceP(Xi)  X; LA process distributed as Eq. (6) can be obtained
by setting x;(t) = (t) i(t), where the s are multivariate Gaussian variables
with correlation matrix ~ and (t) is a suitably distributed random variable.

In order to check whether the results on the KL distance for Gassian
distributions described above also hold for Student's-distributions we have
generated samples oflf records of a multivariate Student's t-distribution
of n = 100 variables. The correlation matrix of the underlying Gaussan
variables is the HNFM described in Ref. [14] and this model ithe same as
the one used in Ref. [6] and in the right panel of Fig. 1. We madéhis choice
in order to have a correlation matrix with a non trivial struc ture. By using
Eq. (1) we then compute the KL distance between the model coglation
matrix and a sample correlation matrix obtained with the Pearson estimator.
We compare this value with the expected value oK ( ;C1) of Eq. (2) and
we nd that these values are signi cantly di erent. Speci c ally, the value of
Eqg. (1), obtained by using the sample Pearson correlation ntax, is larger
than the expected value given by Eq. (2) (see Fig. 3). At rst 9ght this seems
to indicate that the results on the KL distance for Gaussian dstributions
cannot be applied to non-Gaussian variables. However, it i&known [18]
that the Pearson estimator of the correlation matrix is not the maximum
likelihood estimator when the variables are non-Gaussianin the case of the
Student's t-distribution of Eq. (6) there exists a recursive equation br the
maximum likelihood estimator C which is [18]

n+ X _ o xi(t)x (1)

Cij = P .
T e+ pgp®(C HpgXg(t)

()

Fig. 3 compares the KL distance of Eq. (1) between the model celation
matrix  and the two estimators, speci cally the Pearson estimatorC and
the maximum likelihood estimator C of Eq. (7). The gure shows that,
while K ( ;C) is not described by Eg. (2), the KL distanceK ( ;C) using
the maximum likelihood estimator C is well described by Eqg. (2). This
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Fig.3. KL distance of Eq. (1) between the model correlation natrix and two
estimators of the sample correlation matrix, speci cally the Pearson estimatorC
and the maximum likelihood estimator C of Eq. (7). The data are generated
according to the multivariate Student's t-distribution of Eq. (6) with =4. The
correlation matrix of the model is the one of a hierarchicaly nested model of 100
elements following the HNFM with 23 factors obtained in Ref.[14].

result suggests that in some cases one can extend the resudibtained for

Gaussian variables to non-Gaussian variables provided thiahe maximum

likelihood estimator is used in the computation of the KL digance instead
of the Pearson estimator. An analytical extension of the KL dstance to
non-Gaussian distributions is presented in Ref. [19] of tl§ issue. One of
the obtained results con rms the conclusion drawn in this setion about the

maximum likelihood estimator of Student's t correlation matrices.

5. Conclusions

We have considered the application of the KL distance to the reasure-
ment of the performance of correlation matrix Itering procedures in giv-
ing reliable and stable estimates of the underlying correldon matrix. Our
analysis suggests that the optimal number of eigenvalues tbe retained in
Itering correlation matrices by mean of spectral procedues is close to the
number of eigenvalues indicated by RMT. Our investigation & models also
indicates that spectral Itering procedures are slightly more e cient in Iter-
ing separable systems, like those described by block diagal models, than
hierarchical clustering ltering procedures, whereas thelatter work better
for systems with a clear hierarchical structure of correlaibns. We have also
shown that the shrinkage approach is very e cient in Iterin g a sample cor-
relation matrix, although the estimate of the optimal shrinkage intensity in
terms of the Frobenius norm is far from being optimal in termsof the KL
distance. Finally, we have suggested a possible extensiofi @ur method to
non-Gaussian variables.
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