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This paper is devoted to study the symmetries of the energy-ramentum
tensor for the static spacetimes with maximal symmetric transverse spaces.
We solve matter collineation equations for the four main cass by tak-
ing one, two, three and four non-zero components of the vecto 2. For
one component non-zero, we obtain only one matter collinedn for the
non-degenerate case and for two components non-zero, the malegenerate
case yields maximum three matter collineations. When we tak three
components non-zero, we obtain three, four and ve independnt matter
collineations for the non-degenerate and for the degeneratcases respec-
tively. This case generalizes the degenerate case of the staspherically
symmetric spacetimes. The last case (when all the four compeents are
non-zero) provides the generalization of the non-degeneta case of the
static spherically symmetric spacetimes. This gives eithefour, ve, six,
seven or ten independent matter collineations in which fourare the usual
Killing vectors and rest are the proper matter collineations. It is mentioned
here that we obtain di erent constraint equations which, on solving, may
provide some new exact solutions of the Einstein eld equatbns.

PACS numbers: 04.20.Gz, 02.40.Ky

1. Introduction

Let M be a spacetime manifold with Lorentz metric g of signature
(+ ). The manifold M and the metric g are assumed smooth @? ).
Throughout this article, the usual component notation in local charts will
often be used, and a covariant derivative with respect to thesymmetric con-
nection associated with the metricg will be denoted by a semicolon and
a partial derivative by a comma.

(2003)
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The Einstein's eld equations (EFES) in local coordinates ae given by
Gab Rab %Rgab = Tab; (2;b=0;1,23); (1)

where G4, are the components of the Einstein tensorR gy those of the Ricci
and Ty, of the matter (energy-momentum) tensor. Also,R = g?Ryy, is the
Ricci scalar, and it is assumed that =1 and = 0 for simplicity. In
General Relativity (GR) theory, the Einstein tensor Ggy, plays a signi cant
role, since it relates the geometry of spacetime to its souec

The EFEs (1), whose fundamental constituent is the spacetira metric
Oab, are highly non-linear partial di erential equations, and therefore it is
very di cult to obtain their exact solutions. Symmetries of the geometri-
cal/physical relevant quantities of the GR theory are known ascollineations.
In general, these can be represented & A = B, where A and B are the
geometric/physical objects, is the vector eld generating the symmetry,
and $ signi es the Lie derivative operator along the vector eld

A one-parameter group of conformal motions generated by aonformal
Killing vector (CKV) is de ned as [1]

$ Gab=2 g ab; (2

where = (x?) is a conformal factor. If ., 6 0, the CKV is said
to be proper. Otherwise, reduces to the speciakonformal Killing vector
(SCKV) if .ap =0, but .5, 8 0. Other subcases arehomothetic vector
(HV) if .3 =0 and Killing vector (KV)if =0.

Using Eqg. (2), we nd from Eg. (1) that

$ Tab= 2 .ap+ 202 ; (3

where 2 is the Laplacian operator de ned by 2 g™

a KV, or HV, or SCKV we have

-cd- Therefore, for

or in component form
Tape + Tac H+ Tep 3 =0 %)

A vector eld satisfying Eq. (4) or (5) on M s called amatter collineation
(MC). Since the Ricci tensor arises naturally from the Rieman curvature
tensor (with components R§_, and whereRa,  R$) and hence from the
connection, the study ofRicci collineation (RC) de ned by $ Rz, =0 has
a natural geometrical signi cance [2 12]. Mathematical similarities between

the Ricci and energy-momentum tensors mean many technique®r their
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study should show some similarity. Some papers have receptbeen pub-
lished on MCs [13 19]. From the physical viewpoint, a study ¢ MCs, i.e.
to look into the set of solutions to Eq. (5) seems more relevdn In addi-
tion, since energy-momentum tensorT,, is more fundamental in the study
of dynamics of uid spacetimes of GR, the remainder of this paer will be
concerned with MCs.

The plan of the paper is as follows. In the next section we shiivrite
down MC Eg. (5) for the maximal symmetric transverse metric. In Section 3,
these equations are solved for di erent cases. Finally, wehsll provide a brief
summary and discussion of the results obtained.

2. Matter Collineation equations

The general metric for a static spacetime with a maximal symratric
transverse space is given by [20 22].

ds?=e dt> e dr? r%d ?+ % )d ?; (6)

where f () is ; sinh or sin according ask = f.»=f = 0; 1lor
+1 respectively. Notice that f 2(f.,=f)., = 1 if and only if (ff )., =
2f;22 1. The non-zero components of the energy-momentum tensor fahe
above metric areTgg; T11; To2; Taz given in Appendix A. MC equations in
component form can be written as

To ' +2To 3=0; W)

To 3+ T15=0; (8)
T0;02+T2;20=0; (9)

To 3+ f%T2 3=0; (10)
T21+2T, 1 =0; (11)

Ty 5+ T2 5=0; (12)
T1;13+f2T2;31=0; (13)

TP 1+2T, 5=0; (14)

To( 3+1%23)=0; (15)
T2(’1+22—;2T22+2T2%=0; (16)

where prime denotes di erentiation with respect to the radial coordinater.
It is to be noted that we have used the notation T,y = T4 for the sake of
brevity.
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3. Solution of the MC equations

In this section, we solve the MC equations (7) (16) for the fdlowing four
cases:

I. One component of 2(xP) is di erent from zero;
Il. Two components of 2(xP) are di erent from zero;
[Il. Three components of 2(xP) are di erent from zero;

IV. All components of 2(x°) are di erent from zero.

3.1. One component of 2(xP) is di erent from zero
This case has the following four possibilities:

i) 2=( %0 0 0);
(i) 2=(0; % 0 0)
(i) 2=(0; 0, 2% 0)
(ivy 2=(0; 0, 0; 3).

In the case I(i), Egs. (7) (9) give Ty % = 0. It follows that either Tog =0
or To60. For To=0, we obtain °= 9(x?) and To 6 0 implies that © is
an arbitrary constant.

For the case I(ii) , Egs. (9), (10) and (16) are identically satis ed and
the remaining equations become

o1
1
T L

0=T91; (17)
0; TP'+2T4i=0: (18)

Eqg. (17) implies that Tp = constant = T,. Eq. (18) gives rise to further four
possibilities according to

(@ T2=0; T1=0;

(by T9=0; T.160;
c0 TP60; T,60:

For the rst possibility, Eq. (18) implies that 1 = 1(x®). The second
case I(ii) (b) gives T; = constant 6 0 and hence ! = constant. In the
third option I. (i) (c) when both T T; 6 0, it follows from Eq. (18) that
t= el

T1
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In the third case when 2 6 0, it follows from MC equations (9), (12),
(14) and (15) that T, 4 = 0. Also, Eq. (16) yields T, 2 = 0 which implies
that T, =0 and hence 2= ?(x?).

The last case I(iv), where 2 6 0, MC equations (10), (13), (15) and
(16) yield T, ?; = 0. This implies that either T, = 0 or T, 6 0. When

T, =0, we obtain 3= 3(x?) and for T, 6 0, we get 3= constant.

3.2. Two components of 2(x?) are di erent from zero
In this case, we have six di erent possibilities:

M 2=(9% %0 0);
(i) 2=(9%0 2%0);
(i) 2=(9%0 0 3;
(iv) 2=(0; % % 0);
(v) 2=(0; %0 3);
(vi) 2=(0;0 % 3):
Case Il (i): 2=( % % 0;0)

In this case, Eq. (15) is identically satised. From Eqg. (14) or (16), it
follows that T20 1 =0 which implies that T, = constant = ¢ (say). From the
remaining equations we have four di erent options accordig to

(@ To=0; T1=0; (b) Tp=0; T160;
() To60; T1=0; (d To60: T160:

For the rst possibility, we obtain = 9(x?); 1= 2(x?). In the second
case, it follows that © = 9(x?); 1! P For the third option, we have
0= 0t); 1= 1(x?). Finally, in the last possibility when both Ty; T, 6 0,
we see from Egs. (9), (10) and (12), (13) that ® and * become functions of
t; r, respectively and we are left with Egs. (7), (8) and (11). Fran Eqg. (11)
we have 1= #% where A(t) is an integration function. Replacing this

~
1

value of 2in Eq. (7), it follows that

Z
0
otir)= —pO—  A()dr + B(r); (19)
2To JTij



2008 M. Sharif

where B (r) is an integration function. Substituting this value of © together
with 1 in Eq. (8), we obtain

AT T9
JTa)  2To jT4j

where 2 is a separation constant which may be positive, negative orero.
When 2> 0, we have

—é’—(cosmt cicost )+ c;

0

2To jT1
1 p?(cocost +csint); (21)
1T

wherecy; c1; ¢ are arbitrary constants. It follows that MCs can be written
as

o = @;
i
@ = ——F—=-sin t@ p—cost@r,
2T o JT1J J Tij
@ = —p?— cos t@; + p— sin t@y : (22)
2T o T T

When 2< 0, 2isreplaced by 2 in Eq. (21) and we obtain the following
solution

o = @;
@ = —é’— sinh t@; p— cosht@ ;
2T o J T1j J Tij
@ = —é’—cosh t@; + p—smh t@; : (23)
2T o |Ti 1T
For 2=0, we obtain FEJTZJ = , where is an arbitrary constant. This
0 1
implies that is either non-zero or zero. For 6 0, it follows that
@ = @; - |
t? iTuj
= = dr p—
() 5 To @ o @;
1
@ = t@ p=@: (24)
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For =0, we have

1
)

(1) ’Z
- 2 Pioe+ p=0;
T i
1
3 = P=@: (25)
) T4

Thus, in the subcase II(i) (d), MCs turn out to be three in all the possibil-
ities. If Eqg. (20) is not satis ed by Tg and T; then A =0 and this reduces
to the case I(ii) .

Case Il (ii): 2=( % 0; 2 0)

In this case, Egs. (11) and (13) are identically satis ed andthe remaining
equations reduce to

Toh =0, (Mm=0;13); (26)
To3+T2% =0; (27)
T,2=0; (i=1;23); (28)
T,2=0: (29)

Eq. (29) implies that T, =0 as 26 0 and consequently, we obtain 2 as an
arbitrary function of four-vector. Egs. (26) and (27) give rise to two possibil-
ities either To =0 or To 6 0. For the rst possibility, © becomes arbitrary
function and for the second case,° turns out to be arbitrary constant.

Case Il (ii ): 2=( 9 0;0; 9

In this case, Egs. (11), (12) and (14) are identically satised and the remain-
ing equations turn out to be

Tod =0; (n=0;12); (30)
To 3+ Tof 3 =0; (31)
T.3=0; (i=1;23): (32)

These equations yield the following four possibilities:

@ To=0; T2=0; (b) To=0; T,60;
(c) To 80; T,=0; (d To60; T,60:
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For the rst possibility, we obtain % = 9(x?); 3= 3(x?). The second
option implies that %= 9(x®) and 2 to be an arbitrary constant. In the
case, whenTg 6 0; T» =0, we have ° = constant; 2= 3(x?®). The last
possibility yields both © and 2 to be arbitrary constant.

Case ll (iv): 2=(0; %, 2 0)

In this case, Eq. (10) is identically satis ed and Eq. (7) implies that Tg =
constant. Rest of the equations yield the following constraints

(@ Ty=0; T2=0; (b) T1=0; T,60;
(¢ T.60; T2=0; (d T,:60; T,60:

For the rst case, MC equations yield 1 = 1(x?); 2 = 2(x?). In the
second possibility, we obtain * = (x®) and 2 = cf. The third option
gives the following solution * = p%_l and 2= 2(x?). Inthe last possibility,
Egs. (8), (9) and (13) respectively imply that 1= (r; Yand 2= 2(r; ).
It follows from Eq. (11) that ! = ﬁ% Using this value of ! in Egs. (14)
and (16) and combining them, we obtain

—

5 22 %=0 (33)

which gives 2= B(r)f. Now we make use of *; 2in Eq. (9), it turns out
that
A]:_?z = BO= (34)

B

where is a constant which can be zero or non-zero. When = 0, we obtain

1
= p=—: =f@ : 35
=Prgr © @ (35)
For 60, it follows that
+ Rfd z T
1:3’—1&T:——; 2= ¢ p-dr 1 (36)
1 1

Case Il (v): 2=(0; % 0 3

It follows from Egs. (7) and (14) that To = constant = T,. From Egs. (8),
(12) and (10), (15) imply that ' and 2 are functions ofr and respectively.
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When we make use of Egs. (11), (13) and (15), it turns out that * = p%
and 2 becomes constant. Thus the two MCs will be

1
(1)=P?@; 2 = @:
1
Case Il (vi): 2=(0; 0; 2 3
In this case, MC Eqgs. (7) (16) reduce to

T2 % =0; T25=0; (m=0;1,2); (p=0;1); (37)
To(5+f23%) =0; (38)

£2
Tz(f—'g 2+2 3 =0: (39)

These imply that either T, = 0 or T, 6 0. For the rst option, Eq. (37)
(39) give 2= 2(x?); 3= 3(x?). In the second possibility, it follows from
Eq. (37)that 2= 2( )and 3= 3(; ). Using Egs. (38) and (39), it can
be shown, after some algebra, that

| |
2f2 7 : Z :

f;2 f;2 | f;2 |
2f 2 21 - ‘1

@ = szcCos exp 2 —Hd @ sin exp 2 —d @ :(40)
f5 f5 f2

3.3. Three components of 2(xP) are di erent from zero
It has four di erent possibilities:

(i) a=( 0; 1; 2; o);
i 2=(9% Lo 3;
(i) 2=(%0 2 3);
vy, 2=(; % 2 3);
Case lll (i): 2=( % 1, 2 0)

In this case, using Egs. (10), (13) and (15) we nd that °; 1 and 2 are
functions of t;r; and from Eq. (11), we have

1o B,
1T
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where A(t; ) is an integration function. If we make use of this value of !
in Eqg. (16), we obtain

2 I Af
2T2 jT—ljf;Z'

Substituting this value of 2 together with * in Eq. (14), we obtain the
value of A as follows

At )= A(t)fo; (41)
where A1(t) is an integration function. From Eq. (7), it follows that
T z
0= —p%—f, Audt+B(; ); (42)
2T jT4j

whereB (r; ) is an integration function. Using values of *and 2in Eq. (12),

we have |
o 0

n
P

Ty 2T, T4

Now plugging the values of ® and ! in Eq. (8), we obtain

|
-0
To 19 _A_ o

[a)
|

iTd 2To iTag Ar

: (44)
where 2 is a separation constant which may be positive, negative orezo.
Thus there arise six di erent possibilities:

(a) 2>0; k60; () 2?<0; k60; () 2=0; ks60;
(d) 2>0; k=0; () 2<0; k=0; (f) ?=0; k=0:

For the case I1lI(i) (a), after some algebraic manipulation, it is shown that

o 1 : .
= p——=(cpcost + ¢ysint )f.,;
1T
1 f2 Tg ; .
= —“—p—(cpsint cycost)+ cy;
2To T
S

—pZ_—(cpcost +cysint)f; To= LZT0+ c, (45
AP REY
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where c is an arbitrary constants and k can take values 1. It follows that
MCs are three which can be written as

0
@ pf—cost@t f——|E>—sm t@r —fg%cost@ ;
iTol

1T 2Ty jTij
@ = pf—sm t@; + f——p— cost@, —fp—sm @ ;
i T1j 2Ty jTij 2T, |T4j
@ = @: (46)

In the case III(i) (b), 2 is replaced by 2 in Eq. (40) and it follows that

w = pf—cosht@t f——|9—smh t@:; —fp—cosht@

T4 2To jTij T2 JToj
@ = pf—smh t@: f——p— cosht@, —fp—smh t@ ;
ITa] 2Ty T T2 jTij
@ = @: (47)
For the third subcase, we haveA; = ¢t + ¢; and TEO,—, , Where
0 1

is an arbitrary constant. This implies that either is non-zero or zero. If
6 0, it reduces to the case (i) . For =0, we haveTy = constant. Using
these values in Eg. (15) and (18) we obtain

1y = fop—t@ — F—t@;
() iTaj 2kT0V iTaj 2T, Taj
2 = P— 2@ —Ig—@
@ ITaj 2T, iTij
@ " @fo Zp
To=constant; T = 2k |Tij = jTajdt: (48)

The fourth and fth subcases reduce to (ii) .

0
In the case (i) (f), we obtain A1= cot+ Cq; —ﬁ"—_z and —=
() () 1= Ct+ O o P 2T, M)

where and are arbitrary constants. We see from Eq. (18) that T, =0
which implies that either =0 or T, = 0. This gives rise to the following
three possibilities

0

Q) 606 ; T,=0;
2 =0; 606 Ty,
3 =0= ; T,60:

In the subcase I1(i) (f)(1), for k =0, we have
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e %Py
W = pﬁt@ﬂ 3t e @
1
= p—@ t@ ;
@ iTaj
@ = @: (49)

For k= 1, g =0. The subcases II(i) (f)(2) and Il (i) (f)(3) reduce to the
case I(i). In the former subcaseTy becomes constant while in the latter
subcase bothTy and T, become constants.

Case lll (ii): 2=( % % 0 3

In this case, when we replace? = 0 in the MC Egs. (7) (16), it follows
eight di erent possibilities according to the values of Tp; Tp; To. If we
take at least one of these three components of the energy-memium tensor
zero, we obtain in nite dimensional MCs. The only case whichgives nite
dimensional MCs is that where allTp; Ty; T, are non-zero. Here we give
the solution of this case only. Solving MC equations (7) (1§ under the
constraints of this case, we obtain

A
0= A —=dr+ c; 1=p?; = (50)
1

with

where is a separation constant which gives three di erent possibities
according to the value of whether positive, zero or negative. For > 0O,
we have the following MCs

o = @

) p_eXp( t)@+ 4&7@
Z
@) EXp(p_t) d @ %%(7@

@ = @: (51)
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When =0, MCs turn out to be

= @;
@ Z'p_ t
_ 1
@ = T—Odr@+ p?l@'
1
@ = Pﬁ@;
@ = @: (52)
For < 0O, we obtain the following MCs
o = @; (p
— . p_ cos( t
@ = i’ Sln(p t)@+ —pT_—)@;
1
Z p_— P
— T sin(" t
@ = cos(p t) T—ldr@ Aé_i)@;
0 T1
@ = @: (53)

We see that in each case MCs turn out to be four.

Case Ill (i ): a=( % 0 2 3

When we substitute * =0 in MC equations, we obtain the following three
cases.

@ Tp=0; T,60; (b) Tp60; T2=0; (c) Tp60; T,60:

The rst two cases yield in nite dimensional MCs and the third case is
the interesting one which gives nite MCs. When we solve MC eqations
simultaneously for this case, after some algebra, we obtaiie following MCs
o = @;

z ! z !

T d . d
@ = T_éfzcos exp 2 2 @ tcos@ +tsin exp 2 2 @;
z |
_ T2 2 .- d . .
@ = T—Of sin exp 2 iz @ tsn@ tcos@ ;
; |
Z .
d

4 = Cos@ sin exp 2 @;

—

2
2
G = Sin @ +cos @ : (54)
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This gives ve independent MCs.
Case lll (iv): 2=(0; 1, 2 3)

In this case, MC equations give the following four possibities:

@ Tp=0; T2=0; (b) T160; T>=0;

(0 T.=0; T,60; (d T.60; T.60:
The rst two cases reduce to the earlier one. For the case I[lv) (c), we
are left with the MC equations (14) (16) along with = 1(r;; ); 2=

2(:); 3= 3(; ). Fork= 1, when we solve MC equations (14) (16)
we obtain the following MCs

2T ) .
@ = T—gcos sinh @ cos cosh @ +sin cosech@ ;
2

2T, . . .
@ = T—gsm sinh @ sin cosh@ cos cosech@ ;
2
@ = C0s @ sin coth @ ;

sin @ +cos coth @ ;

4
5 = @: (55)
When k =0, MCs are
2T, 2 . ,
@ = T—zocos @ cos 7@ sin E@,
2T, 2

@ = T—Zosin @, sin 7@+cos E@;

.1
?) cos @ sin —@;

. 1
@ =sin @ cos -@;

5 = @: (56)
If we take k =1, MCs turn out to be

2T . .
a = T—gcos sin @ cos cos@ +sin cosec@ ,
2

2T, . . ,
@ = T—gsm sin @ sin cos@ cos cosec@ ;
2
@ = Cos@ sin cot @ ;
@ = sin @ +cos cot @ ;

G = @: (57)
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The case Ill(iv) (d) yields 1; 2; 3 as functions ofr; ; with MC equations
(14) (16). For k = 1, when we solve MC equations (14) (16) we obtain
the following MCs

2T . . .
(1) a T—g(cos +sin )sinh @ (cos +sin )cosh @
2

#

(sin cos )cosech@

@) = COS @ sin coth @ ;

@ = sin @ +cos coth @ ;

@ = @: (58)
When k = 0, MCs take the following form

2T . : 2
@ = a T—g(cos +sin )@ (cos +sin )5@

? u
(sin cos )5@ ;

.1
@) cos @ sin —@;

, 1
@ = Sin @ +cos -@;
@ = @: (59)

If we take k =1, MCs turn out to be

n

2T . . .
@ = a T—g(cos +sin )sin @ (cos +sin )cos @
? u
(sin COs )cosec@ ;
@) = COs @ sin cot @ ;

3) sin @ +cos cot @ ;
@ = @: (60)

This gives four independent MCs.
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3.4. Four components of 2(xP) are di erent from zero

This is an interesting and a bit di cult case. In this section, we shall
evaluate MCs when all the four components of2(x?) are non-zero. In other
words, we nd MCs only for those cases which have non-degerage energy-
momentum tensor, i.e., det(Ta,) 6 0. To this end, we set up the general
conditions for the solution of MC equations for the non-degeerate case.

When we solve Egs. (7) (16) simultaneously, after some tedius algebra,
we get the following solution

" Z Z I #
o_ T2¢» . : . 1
= —=f* (As(t;r)sin As(t;r)cos ) — fd d
To f2
z
T2
TAstr)  fd + Agtr); (61)
1
T Z 1 Z
= T—2f2 (Adt;rysin AS(t;r)cos ) 7~ fd d
0
VA
;Ag(t;r) fd + As(t;r); (62)
1
z
2 = [A4(t;r)sin As(t;r)cos 1 fd + cgsin Cp COS
+As(t;r)f; (63)
z 1 z
3 = [(Ay(t;r)cos + Au(tr)sin )] = fd d
z 1
(c1sin C2COS ) f—zd + C3; (64)
where ¢;; Cp; 3 are arbitrary constants and A = A (t;r); =1;2;3;4;5.

Here dot and prime indicate the di erentiation with respect to time and r co-
ordinate respectively. When we replace these values of in MC Eqgs. (7) (16),
we obtain the following di erential constraints on A with ¢4 =0

2TIA + ToaAl = 0; i=1;23; (65)
2ToA4 + T0;1A5 =0; (66)
0
2TLAP+ To % A =0; (67)
0
ToA+ T1As = 0; (68)
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Ts T, 0 0 o
Tl;l_ +2T1 e Ai +2T2Ai =0 ; (69)
T T1
T1;1A5 + 2T1Ag =0 ; (70)
T21AP+2T1A; = 0; ¢ =0; (71)
T2;1A5 =0: (72)

Thus the problem of working out MCs for all possibilities of Aj; A4; As is
reduced to solving the set of Egs. (61) (64) subject to the alove constraints.
We start the classi cation of MCs by considering the constrant Eq. (72).
This can be satis ed for three di erent possible cases

(i)T9=0; As560; (i)T960; As=0; (ii)T?=0; As=0:

Case (i): In this case, all the constraints remain unchanged except &),
(69) and (71). Thus we have

172
ATO ET—2A+ =0; (73)
00 T].O 0
TiA; =0 (75)

The last equation is satis ed only if A; = 0: As a result, all the di erential
constraints involving A; and its derivatives disappear identically and we are
left with Eqgs. (66), (68) and (70) only. Now integrating congraint Eq. (70)
w.r.t. r and replacing the value ofAs in constraint Eq. (66), we have

A(t
T89%+2T0A4=0;

where A(t) is an integration function. This gives rise to the following two
possibilities:

@ TO=0; A4=0; (b) TO60; A460:
For the case I(i) (a), after some algebra, we arrive at the following MCs
o = @;
1
@ = P?@;
1
z d

@ = Cos @ +sin @ 55

—
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z d
@ = Sin @ cos@ 2
z
=1 pT_dr@ L@
(©) a 1 T,
6 = @: (76)

This shows that we have six MCs. In the case IYf) (b), we have A4, 6 0 and
T96 0. Solving Egs. (66) and (68) and re-arranging terms, we get

A To 70 °
— = — — = 77
AT T o

where is a separation constant and this gives the following three pssible
cases:
1) < O; (2) =0; (3 > o:

The rst case < 0 reduces to the case ll{j) (a) of the previous section.
The subcase IM(b)(2) gives

A(t)= cst+ ¢4
and
—p—Tg = ; (78)
To 1
where is an integration constant which yields the following two pasibilities
() 60; () =0:
The rst possibility implies that

Rp_d
To= oe 19

where g is an integration constant. Now we solve Egs. (70) and (72) by
using this constraint, we can get the following MCs

@ = @; ~ ;
@ = sin @ cos f—z@;
z d
@) = COS @ +sin f—z@;
Z p__
1 T, t _
1
6 = P=@: (79)

T

[uy
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This gives ve independent MCs. For the case I\(i) (b)(2)(**), To = const.
Using this fact Eq. (70) yields A4 = g(r). Thus we have the solution

o = @;

z d
@ = sin @ cos f—z@;
z d
@) = COs @ +sin f—z@;
Z
1 t

p__
- Tid —@;
@) 5 10r@ PTl@
1
6 = P?@I (80)
1

We again have ve MCs. The case I\(i) (b)(3) gives the same results as the

case IMi) (b)(2).
Case (ii ): In the case I\(ii) , when T9 6 0, it follows from Egs. (69) (72)

that for p%(ﬁjﬁ%)% 1 6 0, we obtain the following four MCs

w = @ z
@ = Ssin @ cos f—z@;
z d
@ = COsS @ +sin f—z@;
@ = @: (81)
T 9 O 9 0 ,
If p% ﬁ'gT_l +1=0 and pﬁ 6 0, we have seven MCs given by
w = @ z
@ = sSin @ cos f—z@;
z d
@ = COs @ +sin f—z@;
= @;
@ ) z 7 z
5 = pP=sn@f? S fd d+Xsn@ fd
T, f
z 1 z
+ X cos@ — fd d;

f2
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1 Z 1 Z Z
6 = p?lcos@,fz ~ fd d+Xcos@ fd
z 1 z
+ Xsin @ 2 fd d;
Z
7 = plT_l@ fd + Xf sin @ : (82)
_ 19 I S 9 O
where X = ﬁ'@f Ifwehaveig?1 EﬁT_l +1=0; Pt =0 and
% 06 0, then we get the same MCs as given by Eq. (81).
When oz 15— “r1=0; T2 °_0and X = . an arbitrar
1 2T T ! ToT1T2 T ’ y

constant. For > 0, we obtain

o = @; z |
2 = sin @ cos f—z@;
z d
3 = COs @ +sin f—z@;
= @;
* T, P p 1 p z lZ
5 = ==X sinh t@ p=cosh t@ sinf?2 5 fd d
0 Ty f
Z Z 1 Z p
sin @ fd +cos @ 2 fd d X cosh t;
Z Z
P- P- P
© = EX sinh’ t@ plzcosh t@ cosf ? E fd d
To Ty f
Z z ,Z o_
cos@ fd sin @ 2 fd d X cosh t;
Z
p— P- P-
7 = %X sinh t@ p%r:cosh t@ fd
0 ) 7 . 2T
+ X cosh t@f? =7 fd d;
Z Z
T, P- p- 1 . P- : 1
® = T.X cosh t@ p=sinh t@ sinf? = fd d
o El . ~ -

sin@ fd +cos @ fd d X sinh t;

f2
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Z Z
P-  Pp- p-
© = T2y " cosh” t@ pesinh i@ cosf? % fd d
To T1 f2
Z z ,Z 0
cos@ fd sin @ 2 fd d X sinh t;
Z
P-  Pp- . P-
1) = %X cosh t@ p:_Lr:X sinh t@ fd
0 1
Z Z
+ X sinhp_t@fz fiz fd d: (83)
If =0, we have
o = @ 2
. d
@ = sin @ cos f—z@;
24
@ = CO0S @ +sin f—z@;
@ = @; . .
5 = ya pit@ sinf?2 L fd d
To T1 f2
Z z ,Z
sin@ fd +cos @ 2 fd d Xt;
Z Z
© = y@+ pet@ cosf? L fd d
To T1 f2
Z z 2
+ cos@ fd sin @ 2 fd d Xt;
Z Z Z
@ = ¥X@ plT:t@ fd + Xt@f? fiz fd d;
0 1
Z Z
©® = plT:@f2 fiz fd d+X@ fd sin
! z 7z
+X cos @ 2 fd d;
1 z |z Z
© = 19?@f2 7z fd d+X@ fd cos
! z |z
X sin @ 2 fd d;
Z Z Z

10) = 91:@ fd X@f? fd d: (84)



2024 M. Sharif

For < 0, MCs are given by

o = @; ~ 5
) =sin @ cos f—z@;
z d
3 = CO0S @ +sin f—z@;
= @;
“ T, P p 1 p z 1Z
5 = T—ZX T sin | t@ p=—cos t@ sinf ? = fd d
i z ' 1Z p
sin@ fd +cos @ = fd d Xcos t;
Z Z
T — . P— 1 — 1
© = —2Xp smp t@[+19:cosIO t@ cosf 2 - fd d
To T1 f2
Z Z 1Z D
+ cos@ fd sin@ f? = fd d Xcos t;
Z
@ = T2y P =g i@+ prcos t@  fd
To 7 7 Ty
Xcosp_t@fz fiz fd d;
Z Z
T _ _ _
® = Ty P~ @ pisin® 1@ snf? S fd d)
To T f2
Z Vi x: 0
sin@ fd +cos @ 7 fd d Xsin t;
Z Z
p- — . P—
© = EX cosp t@ 191:S|np t@ cosf 2 1 fd d
To T1 f2
Z Z 1Z D
cos@ fd sin@f? = fd d Xsin  t;
Z
T _ _ _
1) = T—pr cosp t@ p%l_:x sinp t@ fd
0 1
Z Z
. P— 1
+Xsmp t@ f? = fd d: (85)

From Egs. (83) (85), it follows that for each value of , we obtain ten inde-
pendent MCs.

Case (iii ): In this case, we haveT, = constant and A5 = 0. This can be
solved trivially and gives similar results as in the case I\i) (b)(1).
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4. Conclusion

A large part of GR research is the consequence of classifyirsglutions
of the EFEs. There are various approaches to classify spadetes, includ-
ing the Segre classi cation of the energy-momentum tensor rothe Petrov
classi cation of the Weyl tensor and have been studied extesively by many
researchers [23]. They also classify spacetimes using syetny vector elds,
in particular KVs and HVs. KVs may be used to classify spacetines as there
is a limit to the number of global, smooth Killing vector eld s that a space-
time may possess (the maximum being 10 for 4-dimensional spetimes).
Generally speaking, the higher the dimension of the algebraf symmetry
vector elds on a spacetime, the more symmetry the spacetimeadmits.
For example, the Schwarzschild solution has a Killing algeta of dimen-
sion 4 (3 spatial rotational vector elds and a time translation), whereas
the Friedmann Robertson Walker metric (excluding the Ein stein static sub-
case) has a Killing algebra of dimension 6 (3 translations ah 3 rotations).
The Einstein static metric has a Killing algebra of dimensim 7 (the previ-
ous 6 plus a time translation). The assumption of a spacetimadmitting a
certain symmetry vector eld can place severe restrictionn the spacetime.

The relation between geometry and physics can be highlighteif the
vector eld is regarded as preserving certain physical quantities ala@n
the ow lines of . Since every KV is a MC hence for a given solution
of the EFE, a vector eld that preserves the metric necessaly preserves
the corresponding energy-momentum tensor. When the energypomentum
tensor represents a perfect uid, every KV preserves the emgy density,
pressure and the uid ow vector eld. When the energy-momentum tensor
represents an electromagnetic eld, a KV does not necesséyipreserve the
electric and magnetic elds. The main application of these gmmetries occur
in GR, where solutions of EFEs may be classi ed by imposing suoe certain
symmetries on the spacetime.

This paper continues the study of the symmetries of the enesgmomen-
tum tensor for the static spacetimes with maximal symmetric transverse
spaces. We have classi ed static spacetimes with maximal symetric trans-
verse spaces according to their MCs. The MC equations are seld by taking
one non-zero component, two non-zero components, three naero com-
ponents and nally all non-zero components. The case with dlthe non-
zero components gives the generalization of the static spheally symmetric
spacetimes and we recover all the results from the spacetimender consid-
eration. The results can be summarized in the form of tablesigen below:

When we take one component non-zero (Case I), we obtain in né dimen-
sional MCs for the degenerate case and one MC for the non-deggate case.
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TABLE |
MCs when one component of 2 is non-zero.
Cases MCs Constraints
1(i) (a) In nite dimensional MCs To=0; T160; T, 60
1(i) (b) 1 To60; T160; T, 60
I(i)) (8) | Innite dimensional MCs To=const:= To; T1=0; TY=0
IGi) (b) | 1 To =const: = T,; Ty =const: 6 0
1) (c) | 1 To=const:= T2;T260; T1 60
I (iii) In nite dimensional MCs To60; T160; T, =0
I(iv) (@) | Innite dimensional MCs To60; T160; T, =0
|(IV)(b) 1 TOGO;T160;T260
TABLE I
MCs when two components of # are non-zero.
Cases MCs Constraints
11(i) (@) In nite dimensional MCs To=0= Ti; T, =const:
11 (i) (b) In nite dimensional MCs To=0; T1 60; T, =const:
11(i) (c) In nite dimensional MCs To60; T1 =0; T, =const:
To60; T1 60; T, =const:;
. 0
11() (d)(2) 3 To b;o_ = 2. 2590
iTij  2To jTij
. To60; T1 60; T2 =const:;
Q@@ |3 PR R
To60; T1:60; T, =const:;
. 2_0-
Qo @E) | 3 o O
— = 60
2Tg  jTij .
11 () (d)(3)(™) 3 To 60; Tleo,:%eo, =0;
11 (ii) (a) In nite dimensional MCs To=0; T160; T, 60
11 (ii) (b) 1 To60; T:60; T260
11 (i) (a) In nite dimensional MCs To=0; T160; T, =0
11 (iii) (b) In nite dimensional MCs To=0; T:160; T80
Cases RCs Constraints
11 (iii) (c) In nite dimensional MCs To60;, T1:60; T2=0
11 (iii) (d) 2 To60; T160; T260
11 (iv) (@) In nite dimensional MCs To=const;; T1=0= T
11 (iv) (b) In nite dimensional MCs To=const:;; T1=0; T2 60
11 (iv) (c) In nite dimensional MCs To=const:;; T160; T2=0
. To60; T:60; T, 60;
11 (iv) (d)(1) 2 p'I'TL_lBO: : -0
11 (iv) (d)(2) 2 To60; T1:60; T.60; 60
11 (v) 2 To =const:; T1 60;T, =const:
11 (vi) (a) In nite dimensional MCs To60; T160; T2=0

11 (vi) (b)

2

To60;, T1:60; T260
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TABLE llI
MCs when three components of 2 are non-zero.
Cases MCs Constraints
To60; T160; k60
0
0
1TN( 3 To A 2. 250
M@ iTii  2To jTij ' '
T, = —kz-To + C
] To60; T:60; k60; *<0;
11 (i) (b) 3 To= KTo+ ¢
'go = consot:; TlpG_O'RIﬁS_O;
11 (i) (c)(1) 1(ii) =0, 'I;z =2k Ti T1dt;
== 60
Q 1
To =const:; T1,60; lbeo;
: 2 0 P—Rp
11 (i) (c)(2) 3 =0; T,=2k T1 T1dt;
=0
I G (d) 11 (i) T060;T16(g;>T860;k:0;
I (i) () 11 () TOGO;Tleg;TZSO;k=O;
<0
Cases RCs Constraints
To60; T160; T.=0; k=0;
; 2_0- T8 _ . T
1 @) (M) 3 =0; ZToﬁﬁ— ; 2T2,@ﬁ—
60, 60
. . To=const:;; T160; T 60;
1 @) M2 1(ii) k=0: 60: =0
. . To=const:; T1 60;
@ ME) 1) T, =const;; k=0; =0=
11 (i) (a) In nite dimensional MCs To=0; T1=0; T2=0
11 (i) (b) In nite dimensional MCs To=0; T1=0; T, =const: 60
11 (i) (c) In nite dimensional MCs To=0; T160; T, =0
11 (i) (d) In nite dimensional MCs To60; T1=0; T.=0
11 (i) (e) In nite dimensional MCs To=0; T160; T, =const: 60
11 (i) (f) In nite dimensional MCs To60; T160; T2=0
11 (i) (9) In nite dimensional MCs To60; T1=0; To=const: 60
1 Gy (h(1 4 To@Op;T epo;Tzzconst:GO;
0P’ — il
(i) (M)(1) B nR - s o
I @Gi) (h)2) | 4 To60; T160; T=const:60; =0
1 @iy (h)(3) | 4 To60; T160; T=const:60; < O
I (iii) (a) In nite dimensional MCs To=0; T1:60; T-60
11 (iii) (b) In nite dimensional MCs To60; T1:60; T2=0
11 (iii) (c) 5 To60;, T:60; T260
I (iv) () In nite dimensional MCs To60; T1=0; T2=0
11 (iv) (b) In nite dimensional MCs To60;, T1:60; T2=0
11 (iv) (c) 5 To60; T1 =0, T60

M (v) (d)

4

To60; T 60; T, 60
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TABLE IV
MCs when all components of 2 are non-zero.
Cases MCs Constraints
. =0; As(t;r)60; Tg=0;
IV(I) (a) 6 A4(t;r):0;
T,60; As(t;r)80; Ty :OO;
V() (b)) UG @) | As(r) 805 s sl =
<0
_ ) T960; A5(tr)60; T9=0;
vV () (D)) 5 0. 50
: TU60; As(Gr) 60, T9=0;
IV () (D)) 5 ’ 5_(0 e 0
. . T;60; As(t;r)60; Tg=0;
IV () (0)(3) V@ By | 280 AT 80 To
IV (i) (a) 4 T260; As(t;r)=0; pT—l m&—l 4160
)
T260; As(t;r)=0; T8 +1=0;
IV (i) (b)(1) 7 2 s(tr) p_g 273" 11
(2T2 T1) 60 —
T960; As(t;r)=0; o= ] +1=0;
IV (i) (0)()() 4 2 s(tr)= | h
(;2#)°=0; (74)°6 0
T960; As(t;r)=0; T "ri-0
IV (i) (b)(2)(**)(+) 10 ’ o )o " m
(2T2 T1) ;T_%:; > 0
T960; As(t;r)=0; T8 "+1=0;
IV (i) (D)) | 10 i g )o "k
(2T2 Tl) ;_Uz; =0
T960: As(t;r)=0; ¥ i1=0;
IV (i) ()@)()(+++) | 10 Fo0 Al )o pT T
(2Tz Tl) = ’ _%: < 0
VA (i) V(i) 9b)(T) | Tz =const:; As=0

For two components non-zero (Case Il), the degenerate casévgs in nite di-
mensional Lie algebra while the non-degenerate case yieldsaximum three
MCs. The case Il has four di erent possibilities. For the r st possibil-
ity, we obtain three MCs and the second possibility gives fouindependent
MCs. It is mentioned here that nite results have been obtaired for the non-
degenerate cases. The cases (iil) and Ill (iv) are interesting one where we
obtain nite MCs even for the degenerate case. These are vendependent

MCs.

It is worth noticing that this (Case Ill) generalizes the degenerate

case of the static spherically symmetric spcetimes [15]. Wenow that every
KV is an MC, but the converse is not always true. The last case Case V)
generalizes the non-degenerate case of the static sphetigg@ymmetric space-
times [15] for the casek = 1. Here we take all the components of the vector
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a non-zero and solve the MC equations generally. We obtain dier four,
ve, six, seven or ten independent MCs in which four are the ugal KVs and
rest are the proper MCs.

Finally, it is remarked that RCs obtained by Akbar [24] are similar to
MCs. However, the constraint equations are dierent. If we ®lve these
constraint equations, we may have a family of spacetimes. lwould be
interesting to look for solutions from these constraint eqations.

| would like to thank Punjab University for the traveling gra nt to visit
Osaka City University, Japan and the host Institute for providing local hos-
pitality, where a part of this work was completed.

Appendix

The surviving components of the Ricci tensor are

Rog = — —+ —+ — ; Al
00 5 2 2 r e ) (A.1)
00 00 @ 0
= —+ —+ —+ —;
R11 > 7] 7] . (A.2)
0 r 0
Ry = — — 1 + k; A.
22 5 5 S ) (A.3)
R33 = f2T22 (A.4)

The Ricci scalar is

00 @ 20 50 o 2
R = 0w 4 —+—+—)e r—z: (AS)

be

1 1 k
Too= = 9 = + - e; A.
00 r re re' (A-6)
1 k e
Tiu = (0 2+ 2); A7
u= (" -+) (A7)
Tp=f 0 oy 22T (A.8)
27 32 2 2 ’ '

T33 = f2T222 (A.g)
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