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The Hubble diagram hasa purely kinematical monotonicity constraint.
We study its stability under small scalar perturbations in the Robertson
Walker metric and to small peculiar velocities of emitter and receiver. Our
analysisis independert of any dynamical hypothesis.

PACS numbers: 98.80.Es,98.80.Cq

1. Intro duction

The Hubble diagram of supernovae is one of the main pillars of modern
cosmology Indeed, its experimertal accuracy has dramatically increased
in recen yearsand we expect that this accuracywill cortinue to increase.
Certainly the most surprising lessonfrom the Hubble diagram is the acceler-
ation of the universe. It forcesusto reviseour assumptionson the dynamics.
There is alsothe alternative proposal[1] to explain the accelerationby per-
turbations to the maximal spacelile symmetry.
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Independently of this proposal, with increasing experimental accuracy
deviations from maximal symmetry might becomeobsenable in the Hubble
diagram in the not too distant future. The computations of theseperturba-
tions to the Hubble diagram [2] started well before they were discovered in
the cosmicmicrowave badkground and are well understood, including in the
framework of various assumptionson the dynamics.

On the other hand, the Hubble diagram allows for a purely kinematical
test, i.e. a test that relies only on the kinematics of generalrelativity and
that doesnot require any dynamical assumptions,like Einstein's equation,
the matter corntent of the Universe,its equation of state or in ation. This
test is crude but non-trivial. It expressesa monotonicity constraint on the
Hubble diagram, whosequalitativ e origin is easyto understand: the appar-
ent luminosity of a standard candle decreasewith increasingdistance from
the obsener except when the universeis spherical and the candle goesbe-
hind the obsener's equator. The presen-day supernova data are compatible
with this monotonicity constraint at 95% con dence level [3] and this com-
patibilit y translatesinto a lower bound on the presen radius of the universe:
ag> 12 10 mor 2,0> 129 (Adding the dynamical assumptionsof
ACDM improvesthe bound derived from SN data considerably 2,0 > 1
at 95%C.L.)

Supposethat with increasingaccuracy future SN data do exhibit a sta-
tistically signi cant non-monotonicity. At least since the meter has been
abolished in 1983 we are unwilling to renouncethe relativistic kinematics.
What alternativeswould remain? The rst two that cometo mind are uc-
tuations in the absolute luminosity of the standard candle and absorption
by dust along the line of sight. We nd it hard to believe that thesetwo
e ects shav a z dependencethat will mimic a non-monotonicity in the Hub-
ble diagram. We rather expect that they will producea band in the redshift

apparert luminosity plane (single side band for dust). Two other excuses
cometo mind next, deviations from maximal symmetry and peculiar ve-
locities of candle and obsener. For small perturbations and small peculiar
velocities one expects again that the Hubble diagram will widen from a line
to a band.

The purposeof this work is to compute this widening to rst order in
scalarperturbations to the Robertson Walker metric andto rst orderin pe-
culiar velocities and without assumingany dynamics. We will alsotreat the
perturbations and the peculiar velocities separately Of course,anisotropies
and peculiar velocities are intimately related, but this relation presupposes
a gravitational dynamics. Naturally, the purely kinematical computations of
the linear perturbations to the Hubble diagram are much simpler than the
dynamical onesin the literature [2]. Therefore, and alsobecausewe wart to
keepthe hypothesesminimal we proposea pedestrianapproad.
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2. Our hyp otheses

We assumethe kinematics of generalrelativit y:

The gravitational eld is coded in a time-space metric of signature
+ , we take the velocity of light to be one.

Massive and masslesspointlik e test particles, subject only to gravity,
follow timelik e and lightlik e geadesics.

Pointlik e clocks, e.g.atomic clocks, are necessarilymassive. They move
on timelike curvesand indicate proper time

We add the following cosmologicalhypotheses:

We assumethat the metric is Robertson Walker with small scalar
perturbations [4],

d 2= (1+ 2w)dt? a*(1+ 29) [d 2+ s%d 2+ $%sin® d' ?]: (1)

The scalefactor a(t) is a strictly positive function of time only, the
perturbations ¢ and ¥ are arbitrary functions on time-space. The
separation of the perturbations into anisotropiesand inhomogeneities
makesno sensdor closeduniversesand by abusewe call the perturba-
tions collectively anisotropies. We de ne the function of one variable
by s( ) = sin for the sphere,k = 1, where0< < describesthe

northern hemisphere.Weput s( ) = for the Euclideanspace,k = 0,
with 0 < < 1 ands( ) = sinh for the pseudo-spherek = 1,
with 0 < < 1 . We take the coordinates ; ;' dimensionlessand

call them co-moving position , while the scalefactor is measuredin
meters. We suppose that the anisotropies ¢ and ¥ together with
their rst dimensionlessderivatives a@=@ @p=@ ::: are bounded
in absolute value by 1

The test particles are (superclusters of) galaxiesand photons. The
formerareatrest (t = ; ; ;' = constart) plus a small peculiar

velocity. Note that in absenceof anisotropiesand peculiar velocities,
the proper time is universal for all these timelike geaesicsand is
taken as time coordinate. Under the same conditions, = measures
the dimensionlessco-moving, geaesicdistance of a position from the

originat = 0.
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3. Christo els

We list the non-vanishing Christo el symbolsin linear approximation in
¢ and ¥ wherethe underlined terms referto the symmetric case. We denote
by @ ordinary and partial derivative with respectto t and similarly for the
other coordinates.

Ity = @V,
Ity = a@a+ 2a@a(¢ V) + a’@9; Iy = QV;
Iy = s’[a@a+ 2a@a(® V) + a’@P|; Iy = @V,
I't,, = sin® s?[a@a+ 2a@a(® V)+ a?@9%]; I, = @V,
I, = a?@Qu; rx, = @a=a+ @9

I = Q 9,
I'%pg = S@S Sz@@; FXX9 = @2,
I'X,, = sin? [ s@s sz@di] ; Ix,, = @9;
r‘y = a?s7?@v; 'y = @a=a+ @9;
r‘.,, = s?2@é; I’y = @Qs=s+ @Q9;

I = @ ®;
r‘,, = sin cos sin> @9, I, = Q@ &;
I'*y = a?s72sin"2 @V; I'*, = @a=a+ @%;
Iy = s?2sin? @&; e, = @Qs=s+ @9,
I = sin? @9, I'¢p, = cot_+ @®;

Iy = @ 9:

4. Anisotropies in the Hubble diagram

The Hubble diagram is a two-dimensionalparametric plot. The param-
eter is the time of ight of the photon between the emitting galaxy and
receiving one, us today. The two obsenablesare the apparent luminosity °
and the spectral deformation z. According to our model they are functions
of the unobsened time of igh t, which is thereforetreated asparameterand
eliminated [5]. Thesecalculations are feasibleto rst order in the perturba-
tions of the Robertson Walker metric.
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4.1. Trajectories of emitter and receiver

Our rst task is to compute how the trajectories of galaxies are per-
turb ed by the anisotropies ¢ and ¥. In the symmetric caseand without
peculiar velocities these gealesicsare at rest with respect to the co-moving
coordinatesand of coursewe take the a ne parameterpto be propertime ,
t=p= , = ¢ = . ' =", Wedenoteby an overdot the ordinary

derivative of the trajectory with respect to its ane parameter. To rst
order, we have

t=1+ 4 _=0 0 ==y =, (2)

With the Hubble rate H := @a=a, the deviations . satisfy

1+ @V =0; ©))
L+t2H  +(@2@QV = 0; &)
o+ 2H o+ (sa) @Y = 0; 5)
o+ 2H ,+ (sin sa)"’@V = 0: (6)

To rst order, the rst equation decouplesand we get

dt

AR ©)

The other three equations produce peculiar velocities,

d r } ;
i exp /ZH (t(~) d
te _
T r 4
/ a(") 2@ ¥ (M) exp / H (1) d~| dn b (®)
te Lte

and similarly for the perpendicular componerts. In this section we will
ignore peculiar velocities, the emitter is held at rest, only its proper time is
a ected by the perturbations.

The perturbed proper time of the receiwer is given by a similar formula.

4.2. Trajectories of photons

We solve (in rst order) the geadesicequation of a photon emitted from
a galaxy at time t. and position .; .; ' . and receiwed at time tg, today,
at our position, which of coursewe take in the certer of the universe, = 0.
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Fortunately, the singularity of the metric tensor, equation (1), in the certer
is only a coordinate singularity. We needthe link betweenthe time of ight
to t. and the gedesicdistance . To zeroth order in the anisotropies
& and ¥, the trajectory of the photon is given by t = a,=a, _= a.,=&,

—="' = 0with a.:= a(t.). To rst order we write
t=:a=a+ ;; _= a=&+ ,; = g; '_= .o 9)

The geaesicequation becomes:

a. a2 a’
L SHL 2aH o+ <§) @P+ V) 235@Y

a2 —n-
+2 (E) H(¢ ¥)=0; (10)
a aZ aZ _
LF2TH 235@0+ @0+ V)= 0; (11)
a. Qs Y5 — A
s2% g =2 @@ w)=o0: 12
22 B, 2 Zaew w (12

ae Qs NPT - n-
-‘0+23[H E] p SIS ST (¢ w)=0: (13)

To rst order, the rst two equationsdecoupleand we get the solution

o o

ran = 2@ ), (14)

o
where & is the function ¢ evaluated along the zeroth order gealesic:

& (p) = (1 (0); (D) o' o) (15)

The desiredlink betweenthe time of ight of the photon and its gealesic
distance coveredis givento rst order by:

d 1 1
i 5+<pagp:: —: (16)
Let us rewrite this equation in terms of the emissiontime t.
d 1 (6 Ot (t); o 7 oat
N );(l) () '), oy Sy

te
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and integrate

to o
° (2 o)t (1); &' e)
(te) = (te) dt: (18)
[T

To rst order and for a xed direction ( ;' .) we still have a one-to-one
correspondencebetween emissiontime and geadesic distance. This corre-
spondenceis, of course,direction dependert.

4.3. Syectral deformation

Now we are ready to compute the spectral deformation of the photon
emitted at (t.; ¢; ;' <) wWith period T. measuredby the proper time of the
emitter . andreceivedat (to;0; ; ). Let usdenoteby Tq the Doppler-shifted
period as measuredby the proper time of the receiver . As the period of
the photon is in nitesimal with respect to its time of ight we have

to to+ 1o dt/dTo
dt / dt
= [ 2= o (19)
(t) (t)
te tet Te dt/d7e

Taylor expanding we obtain

Tedt=d . _ Todt=d ¢
e 0

(20)

and the spectral deformation,

To T
7= 0 e

_ao s e
T, = a€[1+ do @e] 1; P - @(to,o, ; ) (21)

Note that to rst order the spectral deformation is independert of the per-
turbation ¥. Note alsothat the spectral deformation now dependson the
direction via &, ;= O(te; ¢ ' ¢).

4.4, Apparent luminosity

We supposeknown the absolute luminosity L of the standard candlein
Joule per second.Our hypothesisabout photons ying on gealesicsimplies
that the number of photons is constart. The energy E of ead photon
changesasits frequency1=T. A unit time interval T, during which a certain
number of photons are emitted is measuredby the proper time .. The
apparert luminosity * is measuredin Joule per secondand per squaremeter.
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Now the unit time interval Tg during which we court the received photons
is measuredby the proper time . The relation between the unit time
intervals is computed by a formula similar to equation (19):

To _ a
— = —[1+ & ?.]: 22
T ae[ 0 ] (22)

We alsoneedthe (orthogonal) detector areadeterminedby a given (in nites-
imal) solid angle df? in the direction ;' . at time tg and at (co-moving)
gedalesicdistance .. This areais measuredby the velocity of light times
the proper time ¢ all squaredand is given by

dA = a3s%( )1+ 280]dR2: (23)

Note that to rst order in ¢ and ¥ we may still speak about photons
propagating in a given solid angle. Finally the apparert luminosity is:

4 dAE. T, 4 aZs?( .)

L d2EoT, L 2
d0EoTe _ <%> [1 46+ 28,]: (24)
ao
Note that asfor the spectral deformation, the apparert luminosity to rst
order doesnot depend on the perturbation ¥ but doesdepend on the direc-
tion.

4.5. Eliminating the time of ight

Our last task is the elimination of the unobsened parameter, the time
of ight. To this endwe di erentiate the relation betweentime of ight and
spectral deformation, equation (21),
x|

2t)+ 1= 2 [1+ 0 Ot (L) o) (25)

€

with respectto t.:

dz _ & ao
dt, — a(t,)? a(t,)

| @0t (1) &) @Ot (1) o )=t ¢ (26)

alt) [1+ @0 B(te; (1) o' )|+

From this and equation (17) we get

d d _dz 1

il e [1 Do+ U(t(2); (2); o' o)
HED) M@ a@) '@t @) o] @)
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with
e L[ iz
@= 5 0/ sat (28)
and integrating
@)= @+ ; (29)

[0t (2 o )

2= & (2)+ iz
0/ aoH (2)

dz: (30)

/Z(@ a(%)‘l@m(te(z);o (®); &' e)
agH (2)?
0

4.6. Hubblediagram

Finally the Hubble diagram is to rst order in the scalar perturbations
¢ and V¥

(2) = - 1w 25C@ @) ey

4 83(z+ 1?2 (2)
Our unit of time is chosentoday and hereon earth. Thereforewe set ¥y = 0.
Likewise our unit of length or more precisely the numerical value of the
speed of light is chosen here and now and we set ¢ = 0. This shows
that the apparertly strongest z-dependenceof the linear correction to the

Hubble diagram stemming from the term %o is a coordinate artifact. The
remaining terms are weighted averagesof ¥ and a derivative of ¢ alongthe
zeroth order path of the photon betweenthe standard candle and us today.
We have the following bound, which is far from optimal:

. . / dz / dz

Z —_—+ 2 [ — | 32

J (@) 0/ 2oH @ 0/ aca(@)H (2)2] 42

A recent t to the Hubble diagram [6] up to z= 1:8 givesH (z) = Ho(z+ 1)°-69,
k=0, yieldingjj [L21=(agHo) + 2:88=(apH0)2].

We conclude that the scalar perturbations produce a Hubble diagram
which is a band in the z* plane with more or lessconstart relative verti-
cal width. This relative width is of the same order of magnitude as the
perturbations,
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5. Peculiar velocities in the Hubble diagram

In this section our metric is Robertson Walker without perturbations,
¢ = ¥ = 0. Howewer we admit peculiar velocities of emitter and receiwer
with respect to the co-moving coordinates ; ; ', or, put more physically,
with respect to the cosmicmicrowave badground. We compute the changes
in the Hubble diagramto rst order in the peculiar velocities divided by the

speedof light, which we have setto one.

5.1. Trajectories

We take the line of sight in the direction = =2; ' = 0; and decom-
posethe peculiar velocities into parallel and perpendicular componerts with
respect to this direction: v, = ¥ + ¥.1, ¥o = ¥ + ¥o.. Then we get the
initial conditions of the emitter at t = t,

dt Vel Vel
t= = \/1+vZ; = —; —=0; '_= ; 33
d . ¢ - a ~  a.S. (33)
the initial conditions of the receiver at t = tg
dt Vo Vo1
t= —=4/1+Vv3;, _=—; =0 '_= —; 34
d o = a ~ apSo (39
and the initial conditions of the go-betweenat t = t,
dt 1
t= —=1, = —, =0, '_=0: 35
dp - a, - (35)
The connection between geadesic distance covered by the photon and its

time of ight is
to

—_ dt .
e = /@ (36)

te

5.2. Spectral deformation

To compute the spectral deformation we have a secondphoton emitted

a period T, later with respect to the proper time . of the emitter. There-

fore this photon will be emitted at t = t. + /1+ v2T, and at position

= .+ ve”Te:ae. It will bereceiedatt = tg+ /1+ VOZTO and at position
= Vg To=a. We therefore have

P—
to+ 1+ U(%To

Vo Te Vo T
et —H o 70 = / ﬂ : (37)
ae o a(t)

te+ 1+02T¢
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Taylor expanding as beforeyields

T, _ & A1+ V02+ V0|| )

— = — - 38
To do 1+ Vg + Ve” ( )
To rst order, the spectral deformation,
_ .
z= (@ (o vey)) L (39)

depends only on the di erence of the parallel componerts of the peculiar
velocities.

5.3. Apparent luminosity

We supposethat our candle emits its absolute luminosity L isotropicly
in its rest frame. When moving with velocity v, g, its emissionpro le
with respect to the receiwer is

AN L1 jv w2 L 1 :
VA - L . . i 2 _ 2 )
a4 (1 jv. wojcos' ) 4 (1 (V0|| Ve||))

(40)

where' is the anglebetweenthe line of sight and ¥, . Our corvertion of
orientation is sudh that ' = Oandvg| Vv, = j¥. ¥ojCOS positive when
the emitter movestowards the receiver in which casethe forward emission
is enhanced. The deformedemissionpro le, the rst of equations(40), is a
special relativistic formula and contains a di erence of velocities at di erent
points. Its rst order approximation, the secondpart of (40), only cortains
projections of velocities onto a geadesicsand makes sensealso in general
relativit y.

Neglecting Lorentz contractions, which are quadratic in velocity, the de-
tector areaseenby the rst photon is dA = a3s?( .)df2, while the second
photon sees

Vo Te Vo T

e
Tos'( )]
22 0S( e _
S ) |1 2(v V) ———| d2: 41
B2 (1 200 Vi) g @)
The term Tp=(aps.) is an atomic period divided by the time of ight and
can safely be dropped. Note alsothat we do not have to worry about the
angle betweenthe detection area and the line of sight which for a moving
obsener optimizing her e ciency deviatesfrom 90° by an amourt quadratic
in her velocity. Thereforeto rst order the apparert luminosity is:

_dN dQEoT. _ L (ae

2
= d—Qd_AE_6FO = m £> [1+ 4(V0|| Ve”)] . (42)
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5.4. Hubblediagram

We eliminate the time of ight asin the precedingsection and get the
Hubble diagram with its linear perturbations coming from the peculiar ve-
locities of emitter and receiwer:

N L
(2) = 5
4 af(z+ 1)2s%( (2))
The function ( ):=1 s’( )=9 ) vanishesidentically for at universes,
k = 0. For curved universesk = 1, ( ) issmall,

12 C@vo va)]: @3

_ko, 14, K g
()_3 +45 +945 (44)
We concludethat peculiar velocities do not perturb the Hubble diagram
to rst order if the universeis at. For curved universesthe linear pertur-
bation is small for small redshift and grows with z.

6. Conclusions

After the above calculations,we nd it hard to believe, that anisotropies
and peculiar velocities can accourt for violations of the monotonicity con-
straint in the Hubble diagram.
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