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Two general-relativistic hydrodynamical modelsare considered:a mod-
el of self-gravitating static con gurations of perfect uid and a model of
steady accretion of uid onto a black hole. We generaliseanalytic results
obtained for the original polytropic versionsof these models onto a wider
classof barotropic equationsof state. The knowledgeabout the polytropic
solutions is used to establish bounds on certain characteristic quantities
appearing in both cases.
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1. Intro duction

Wewill dealwith two general-relativistic hydrodynamical modelsassum-
ing the sphericalsymmetry: a model of self-gravitating static con gurations
of barotropic perfect uids and a model of steady accretion of barotropic
uid onto a black hole.

Although the rst issue belongsto a classical astrophysics (see e.g.
[2,15]), quite recerlly Karkowski and Malec gave analytic estimates onto
the binding energy of the spherically symmetric, compact polytropes [7].
Theseestimateshad beenusedto infer the connectionbetweenthe maximal
sound speed and the sign of the binding energy related to the stability of
the con guration.

The Newtonian version of the secondmodel [1] has beenpromoted to a
general-relativistic one by Michel [10]within the so-calledtest uid approx-
imation. The rst fully general-relativistic description taking into accoun
the badkreaction (i.e., the impact the accreting uid has on the space-time
geometry) has beenformulated by Malec [9].

Both Karkowski and Malec [7] and the authors of the works on the
steady accretion cited above deal with the polytropic uids, i.e., uids with
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40 B. Kinasiewicz, P. Mach

the equation of state expresseceither asp= Kn or in the form p= K%,
where K and are constart. Here p denotesthe isotropic pressure,n is a
baryonic density, and %refersto the energydensity appearingin the energy-
momertum tensor of perfect uid 1.

In the presen paper we showv generalisationsof thesemodels obtained by
considering barotropic equations of state, instead of the polytropes. More
precisely: it follows that the knowledge of some properties of the poly-
tropic solutions can be usedto estimate those propertiesin a more general,
barotropic case.

Allowing for a wider classof equationsof state constitutes a step toward
more physical casesthan just polytropes. A simple barotropic model of a
white dwarf can serne as an example. The simplest white dwarf model is
that described by a two componert barotropic equation of state with the
two componerts being essetially of the polytropic form: a polytrop e with
the exponert equal 5/3 for low values of the density and 4/3 in the ultra-
relativistic regime.

The order of this paper is as follows. In the next section we give basic
de nitions of the quartities usedin the presened analysis. Section3 corntains
the discussionof the rst model that of static con gurations of perfect
uids, where we deal with the estimates onto the binding energy in the
barotropic case. Section4 is dewted to the model of the steady accretion
of barotropic uids onto a black hole. At the end closingremarks are made
in Section5.

2. Basic equations and de nitions

In the presen sectionwe recollect someof the equationsand de nitions
introducedin [9] and [7].
A general, spherically symmetric space-timecan be described by a line
elemert
ds? = NZ2dt?+ dr 2+ R? d 2+ sin’d 2 ; 1)

whereN, andR are functions of a coordinate radius r and an asymptotic
time variable t.

We will consider a foliation of the space-timeby the slicesof a xed
time t. The only non-vanishing elemerts of the secondfundamertal form
of such slicescan be computed to yield K/ = @=(2N ), K = K =
@R=(NR) (the corvention for de ning the secondfundamertal form used
hereis that of Wald [16]). The trace of the secondfundamertal form reads
TrKk = N !@In R ? . The analogouscalculations canbe alsoperformed

1 We will refer to these two kinds of polytrop es (coinciding in the Newtonian regime)
asto ap nandap %polytrop e respectively.
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for the two-spheresof constart radius r embeddedin ead of the time slices.
The expressionfor the tr?)ce of the secondfundamertal form of such sphere
is givenby p= 2@R=(R" ).

We assumefurther the energy-mometum tensor of perfect uid

T =((E+%u u +pg ; (2

whereu denotesthe four velocity of the uid, pis the pressureand %the
energy density.

The line elemen of the form (1) still has certain gaugefreedom. While
when dealing with static con gurations one usually usesthe so-calledpolar
gauge,i.e., one characterisedby a condition TrK = K/, for the description
of the ewlving uids it provesto be corveniert to introduce the comoving
coordinates. This canbe doneby imposingan integral condition of the form

1 2 3 pA
- r — @K "24RO+
2R(TI’K K;) IR R¥(K;)“dR
R
1 pA 1 A
R r 0 ® 0}
— RK/TrKdR" — RYTrKdR™
2R rTrKd 4R rKd
R R

One can ched that this indeedgivesu" = u = u = 0][9].
The relationr T = 0 leadsto the corntinuity equation

r (%u)= pr u: 3

Given a barotropic equation of state of the form p = p(% it is, however,
possibleto nd an integrability factor n (the so-called baryonic density)
sud that r (nu ) = 0. It can be shown that for the energy-mometum
tensor (2) the function

7%
n = niexp

doB

%+ B )

%

hasthe desiredproperty. In turn, if we assumean equation of state expressed
asp= p(n) then the function %given by

Zn n(b
%=n+n dn° 5
n
0

®)

satis es the cortinuity equation (3). Equations (4) and (5) can be treated
as expressingthe relations betweenthe baryonic and the energy density.
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For a given baryonic density n onede nes the baryonic massby a simple
integration over the volume of the con guration. The baryonic massen-
Hosedin a ball B(r) of the coordinate radius r is thus equalto mps(r) =

srydvn = 8 OR(r)dRO(ROn:p). Here dV denotesthe volume elemen

induced on the hypersurfacesof constart time t.

An analogousvegume integral %the energydensity de nes the so-called
restmassM (r) = g, dV%= 8 OR(r) dRO(R®6=p. Although it is clearly
a geometric quartity on a xed Caudy hypersurface,it is not consened
during the ewlution of the system,i.e., it can change between subsequet
Caudy time slices.

A massmeasurethat, at least for compact systems,can be showvn to be
consened (seee.g.[9]), and E@at is de ned in termﬁqof the energydensity is
the quasilocal massm(r) = B(r) dVv (Rp%=2) = 4 OR(r) dRR %%

The quasilocal massof a static (and spherically symmetric) con guration
of perfect uid enclosedertirely within asphereof an arealradius R coincides
Witﬁge the asymptotic mass. It will be denoted here as mg = m(r(R)) =
4 OR dRR %% Similarly to ms, the symbols Ms and myg, will refer to
the total rest massand the total baryonic massof the static, spherically
symmetric systemcortained in a sphereof an areal radius R.

Let us also note that one can write down the line elemen for the static
spacetimein the polar gaugeas

1 .
ds’= NZ2dt®+ lizmdr% r2 d 2+ sin’d 2 :

r

In this caseboth N and m are functions of the (areal) radiusr.

3. Binding energy of the static perfect uids

The binding energy of the static, spherically symmetric and compact
con guration of the perfect uid is usually de ned as a di erencgy;between
Ezs baryonic and asymptotic mass, i.e., Eping = Mpar Ms = , dVn

v dV% 1 2m=r. The paper by Karkowski and Malec [7] is mainly de-
voted to give an analytic estimate of this energyfor the polytropic con gu-
ration of uid. Howewer, one of the most useful results obtained there is a
theorem bounding the potertial energy Ug de ned as

z r :
2m
UG = MS mS: dV% 1 1 T
\%
2%
— dv § om

2m
v r 1+ 1 o



From Polytropic to Barotropic Perfect Fluids ::: 43

Theorem 1 (Kark owski, Malec) Consider a static spherially symmet-
ric con gur ation of the self-gavitating uid contained entirely within a sphee

of the areal radius R. Let %> 0. Then
m2 2 m
Oz =Ms mg > ES q 2 9 >
1+ 1 2ms 2 1+ 1 s
r r___ !

+3R 1+ R arcsin 2ms > 3ms .

4 2ms R 5R °
no explicit form of the

Note that this is a very general statemert
the right-hand side of the

equation of state is being assumed.
For the sake of shortnesswe will denote by

above inequality.
As an implication of this theorem one can write the following bound on
the binding energy of the static, polytropic con guration
Eping > M mg > P_. (6)
bind S 1 S 1’
R
whereP denotesthe integral P =, dVp. Below wewill givethe inequalities

of this kind, valid for a wider classof barotropic equations of state.

3.1. Binding enemy of the barotropic uid sphees

In many casesconsideredin astrophysics barotropic equations of state
do not dier much from the polytropes. This suggestswriting a barotropic
(nno)

(7

equation of state as

p(n) = P(no)
0
whereng denotesan arbitrarily chosendensity of referenceand the exponert

is a function of n.

The function  introducedin this way appearsto be a kind of a mean

value of the so-calledadiabatic index ; = (n=p) dp=dn= ((%+ p) =p) dp=d%
The two gammas are related by the formula

Zn
. _. 1 n o 1(n9 .
(n;ng) = In - dn 0
No
Clearly, every barotropic equation with n > 0 and p> 0 can be written
in form (7). We will, howewer, deal with a narrower class of equations of
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state for which the function is bounded,i.e., min 6 (N;Ng) 6  max,
and that the inequality min > 1 holds. This implies that p(n = 0) = 0 and
alsothat p(n)=n! Oasn! 0. Theseproperties will be usedexplicitly in
further considerations.

We presert now two generalisationsof (6) onto the casewith the equa-
tions of state of the form (7).

Lemma 1 Assume conditions of theorem 1. Let the equation of state be
of the form (7) and let the expnent  be nonincreasing with the baryonic
density n. If the referene density ng is suchthat n 6 ng, then Epjng >

Proof. Let us start with the inequality

n . N 0.
anp(nO) n0 (mno) 2 . h anp(no) nO (n%no)
No nNo No No nNo No

0

valid for n 6 ng and (n;ng) being a nonincreasingfunction of n. The
integral appearing on the left-hand side of the above formula can be easily
computed to give

(m;no) o
p(no) L >n an n()
(n;ng) 1 ng n®

0

and thusn > % p(n)=( (n;ng) 1) > % p(n)=§ mn 1). It is now
enoughto usethe bound on U givenin [7], i.e., ,,dV% ms > to
obtain the desiredestirgate onto the binding energy Eamely

Eping = dVn mg> —  dVvp:
v %

This completesthe proof.

The similar result can be formulated for the casewith  (n; ng) being a
nondecreasingfunction of n. We decidedto omit the proof. Although it is
more complex than the precedingone, it can be basedon the similar idea.

Lemma 2 Letthe assumptionsof theorem 1 holdandlet (n;ng) be a non-

decreasing function of n. Then .

Ebnda > A + Ams msg A dv(n nop
min 1
v
Z n min
: dav ( ng n)p(ng) — ; (8)
min No
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wher  denotesthe Heaviside function and the A constant is given by
A= 1+ ﬁ(no) max min !
No (( max 1( mn 1)

Let us note that in Lemma 2 no assumptionis made on the value of the
referencedensity no.

Consider now the limit of np ! 0: (i) Sincethe volume of the region
wheren < ng tends to zerosodoesthe last integral occurring in (8). (ii) In
generalby changing ng we changethe form of (n; ng). Supposenow that
the expression max min femainsboundedasng! 0. Remenbering that
we are still dealing with the equations of state for which p(n)=n! 0 for
n! O we seethat the value of A appearingin (8) tends to the unity. (iii)
Assumefurther that (n; ng) is not only a nondecreasingunction for a given
No but is a nondecreasindgunction for all ng ! 0 sothat the Lemma2 holds.
Then in the above limit bound (8) reducesto Epjng > P=( min 1)
and the sameinequality emergesas a result of both lemmas.

The barotropic equation of state can be also expressedin terms of the
energydensity % It is clear, that the barotropic equation of state expressed
in the form p = p(n) can be transformed into the barotropic form in which
the energydensity is used,i.e., p= p(%; in somecasest is, however, useful
to presene the freedomof choice betweenthesetwo dual descriptions.

In the following we presert a result, analogousto the precedingone, but
formulated for the equation of state of the form

% (%;%)
P9 = P(%) o : ()
0
As beforewe assumethat the exponent (%%) is bounded,i.e., 1< in 6
(%%) 6 max for someconstarts min and  max.

Lemma 3 Let the conditions of theorem 1 hold. Let the equation of state be
of the form (9) and the expnent (%%) be a nonincreasing function of %
Let us also assumethat the density of referene % is greater than the largest
value of %within the whole con guration. Then Epjng > P=( min 1).

The last statemert presered in this sectiongivesthe suitable bound on
the binding energyfor the equationsof state of type (9) with the exponerts
(%%) being nondecreasingfunctions of %
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Lemma 4 Let the assumptionsof theorem 1 ke satis ed. Let the equation
of state be of the form (9) and let (%%) ke nondecreasing function of %
Under theseconditions the following inequality holds
A z
Epna > A +Ams ms ——— dV (% %)p
min 1
%
% min )

%

Z
dv ( % %p(%)
\Y

Here the constant A is given by

p(o/g) ( maxmaxl)( z:: 1)
A= 1+ —= :
%

Similarly, under restrictions analogousto thosethat have beenmenioned
in the commen to Lemmaz2, the % ! O limit of the above inequality reads
Ebind > P=( min 1)

3.2. On the soundvelcity and the sign of the binding enelgy

The results presered in the previoussectionallow usto formulate condi-
tions involving the sign of the binding energythat remainin a strict analogy
to those given in [7] for the polytropic equationsof state.

Assume that the equation of state is given by (9). Then the sound
velocity can be easily calculated to yield

2 % @ (%%), (%%)

as = In —
PNy T %
% %% %) % (Y1
= pin 2 @) | g0 PR) % :
% @0 % %
Let us introduce now the mean sound velocity a as
2 _ P .
° RV In % @o® , sw b
y % ~ o %

Clearly, the quartity de ned in this way is bounded from above and from
below by the maximal and minimal soundspeedrespectively. Let us further
dene & = P ,j,=Ms. If the exponert is a nonincreasingfunction of %
and the density of referenceg is chosento be sud that %6 % or conversely
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if d =d%> 0and % 6 %ghen (In (%=% @ (%%)=@6+ (%%)=% 16
%= (%%). Consequetly ,, dV (In(%=% @ (%%)=@0+ (%%)=% e
Ms= min. This, in turn, implies that a® > &°.

Corollary 1 Under the assumptionsdescrited atove, the inequality a® >
min ( mn 1) =Ms. is a necessarycondition for the binding enegy E ping
to be negative.

Corollary 2 Assumethat the conditions speci ed at the beginning of this
section are satis ed. Then for the binding enegy to ke negativeit is necessary
that

min 1

a%ax > min 1+ m—s min (10)

whee a2, denotesthe maximum value of the sound spesd.

A brief discussionof inequalities of the type of inequality (10) can be
found in [7].
3.3. Physial examples

Sofar we have only beendealing with fairly generalassumptionsabout
the equation of state. It is, howewer, easyto nd explicit physical examples
of equations of state that satisfy the assumptionswe have made. Let us
begin with nonincreasing gammas . Consider a simple model of a white
dwarf supported ertirely by a degenerateelectron pressure(seee.g. [11]).
The pressureof the noninteracting relativistic electron gasin the zerotem-
perature limit can be described by the formula (we usethe cgsunits in this
sectionto presen the formulae in the most familiar form)

h i

4 p——
mec x(2x? 3) 1+ x2+ 3sinh 'x ; (11)

3h3

where me denotesthe rest massof the electron, ¢ stands for the speed of
light and h is the Planck constart. The parameter x appearing here is re-
lated to the number density of electronsne by X = (mec=h) (3ne=(8 )) =3,
For the white dwarfs that cortain almost no hydrogen one can usethe fol-
lowing relation between the number density of the electrons ne and the
baryonic density: ne = n=(2my), where my denotes the rest mass of
the hydrogen atom. In this caseformula (11) de nes a barotropic equa-
tion of state which can be trivially expressedin the form (7) by taking

(n;ng) = (Inp(n) Inp(ng)) =(Inn Inng). One can show that the func-
tion is always decreasing; moreover, independerily of the value of the
density no we have (n;ng) ! 53 forn! Oand (n;ng) ! 4=3 for
n!t 1.
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Examplesof the equation of state with nondecreasingbarotropic indices,
satisfying conditions of statemert 2, can be found in [12,13] or [5]. These
equations had been used for the description of the sti ening of matter at
supraruclear densities. They are essetially of the form (7) with the expo-
net givenby = mint+ (N nNpye)lIn(n=nn), where nin and
are someconstarts, npyc denotesthe nuclear density and is the Heaviside
function. The density of referenceng is chosento be equal unity in the used
system of units. Let us note that the function de ned in this way will
still be nondecreasing.even if we allow the referencedensity ng to tend to
zero. Additionally, if we assume max = (Nmax;No) for some xed Npax,
then max ! min @sNg ! 0. Thus, this kind of equation not only ful Is
the assumptionsof Lemma 2 but it alsoassuresthe desiredlimit behaviour
atng! O.

4. Quasistationary (steady) accretion

We will considera spherically symmetric cloud of gasfalling onto a non-
rotating black hole. The black hole provides the simplest choice for the
certral object asonecan assumethat no shock waves occur.

In this chapter we will work in comoving coordinates. Let us de ne a
uid velocity U by U = @R=N = R(TrK K{)=2. This allows usto write
the Einstein equationsin the form (seee.g.[7])

r

2m(R
PR=2 1 ””R(,)+u2 (12)
(the Hamiltonian constraint) and
@ R?U R?TrKk =0 (13)

(the momertum constraint). The ewolution equation reads

1 Nm(R) _
@Qu = Z(PR)’@N 27— 4 RNp: (14)

The cortinuity equation (3) can be now written as
@Y= NTrK (%t p): (15)

The consenation of the energy-mometum tensor provides us alsowith the
relativistic version of the Euler equation

N@p+ (%+ p)@N = O: (16)
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We will assumethat the accretion is steady and relatively slow, so that
the certral masscan be regardedas constarnt (seee.g.[3]). More precisely:
() the accretionrate, dened asm = (@ (@R)@)m(R) for the givenareal
radius R, is assumedto be constart in time; (ii) the uid velocity U, energy
density % sound velocity a etc. should remain constart on the surface of
xed R: (@ (@QR)@)X = 0, whereX = U;%a;:::

The accretion rate introduced above can be computed to yield

m(R) = 4 NR2U(%t+ p): (17)

It was proved by Malec [9] that under the above conditions the accretion
rate is independent of the surface(characterisedby a given R) for which it
is calculated, i.e., @m = 0 (cf. equation (23) below).

Under the above assumptionsthe original partial dierential equations
becomeordinary ones. The ewlution equation (14) can be written as

Nu@u = r2&N  NTR) 4 e
4 R?
while di erentiation of equation (12) gives
NU@U = N(Rp)@(fp) Nmé§)+4 RN %

By subtracting these equations we obtain one of the key equations of the
preseried model, namely

N 16

— = — (9 .
@ In oR p2R(/o+ P : (18)
Finally, under the assumption of the quasistationarity of the accretion, the

momertum constraint (13) together with the cortinuity equation yields

@%.

@ In jUJR® = %ot p

(19)

Both of theseequationscan be integrated starting from the outer boundary
of the accreting cloud. If N1, p1 and R; denote the adequate values at
the boundary, we can write

N _ N ’ B o i
R o Il?l exp@ 16 dROszlgA ; (20)
R
Similarly integrating equation (19) we get
U A (21)

- Rzn;
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where A is an integration constart. Analogousalgebraicform can be given
alsoto the Euler equation (16), namely
Bn
N=_——: 22
% p (22)
Here B denotesanother integration constart. One can ched the validity of
this formula using (4).
Let us note that formula (17) reducesto

m= 4 AB: (23)

In principle, one can usem instead of a constart A. This is what was done
in the classicalanalysisby Bondi [1]; we will, howeer, leave the constart A
asit is, in order to presene the clarity of the equations.

In what follows we will also put N7 = 1. This can always be done
provided that a suitable foliation of the external Sdwarzsdild space-time
is chosen.

Let us now de ne a sonic point as sud, where the length of the spatial
velocity vector equalsthe speedof soundjOdj = 2U=(pR) = a. In the New-
tonian limit the above de nition coincideswith the standard requiremert of
the equality betweenthe velocity of the uid and the local soundspeed. In
the following we will denote by the asterisk all valuesreferring to the sonic
point.

Below we shav atheorembeing a simple generalisation(onto the barotro-
pic uids case)of Malec's result for the type p %polytrope.

Theorem 2 For the barotropic uid accreting in the quasistationary way,
the following equation holds at the sonic point

3m(R ) 2o_ MR)
+ = U?2= +c:
2R ¢ =U"= o *¢s

a1 (24)

where ¢ abbeviatesthe expressionc = 2 R?%p .

Proof. The equation (18) can be easily written in the form

%pRz@(Rp)+ 4 R%%+ 4 R%p

4
@InN = W

Now, dierentiation of the squared Hamiltonian constraint equation (12)
gives

m(R)

%pRz@(Rp) + 4 %R + RU@U

m(R) 2, 1 24
= M) oy = @ UuR
R 2R3@
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and thus

@mN:i @

1
2 2p4 2. .
2R3 R 2U +—2R3@ U“R™ + 4 R“p :

An other expressionfor the logarithm of the lapse derivative can obtained

from the Euler equation (16), namely @ InN = @p(%+ p). Introducing

the soundvelocity and remenbering equation (19) we get (under assumption

that the uid is ruled by the barotropic equation of state) @ U?R* =
2= @N. The above equationslead easily to a key relation

4U2

16U°R m(R)

a2p? 2R

@ U%R* = U2+ 2 R% :

This equationwas rst obtained by Malec[9], but with an explicit useof the
polytropic equation of state. The proof can now be completedimmediately
by writing the above equation together with the equation (12) at the sonic
point.

4.1. A casewithout backreaction

If the massof accreting uid is negligible comparedto the total asymp-
totic massm, i.e., 7

4 dRR%% m; (25)
R> 2m

equation (20) yields N  pR=2 P 1 2m=R+ U2. Now, under an addi-
tional condition ¢ = 2 R?%p 2m=R equation (24) can be rewritten in
the form a(1 3m=(2R )) = U%2 = m=(2R ). Notice, that dueto (25) we
have m(R) m for R > 2m and we are, in fact, consideringthe motion of
the infalling uid in the xed Sdwarzsdild space-time(the so-calledtest
uid approximation).

The steady accretion model of Malec [9] hasits continuation in a recert
paper by Karkowski et al. [6]. The main aim of this work wasto investigate
the e ects of badreaction of uid onto the metric. It appeared that, at
least in the polytropic case(p %polytrope), someparameters of the sonic
point (a?, U and the ratio m =R ) are the samein the full model with
badreaction asin the test uid approximation, provided that the asymp-
totic parameters are the samein both cases. This shaws that for some
purposesthe knowledge of much simpler test uid approximation is satis-
factory. Although this fact has been proved only for the p %polytropic
equation of state, the numerical calculations shaw that it holds true also for
the p n polytropes. We conjecture that it is alsovalid for a wider subclass
of barotropic models.
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We will dealwith the test uid approximation until the end of this paper.
Among the preserted resultsthe specialemphasiswill be givento the bounds
on the speedof sound at the sonic point for a classof barotropic equations
of state. If the above conjecture is true, this result will hold also for the
generalcasethat includesthe badkreaction.

4.1.1. The existence of the solutions

Within the test uid approximation the following existencetheorem can
be proved.

Theorem 3 Assumethat there existsa sonic point, the backreaction e ects
can be neglected, the equation of state is a barotrope given by (7) with the
restriction that 1 < (n; npg). If in addition the inequality

n%lna2<2 a2+:—C: (26)

holds at the sonic point, then outside the event horizon there exist at least
two solutions that bifurcate from the sonic point.

Proof. Let us start with the Euler equation (22) expressedn the form

% p B B
L np:fqzq-—————if P! 27)
2 A
1 %+ R4n2

The functions L and P denoting the left and right-hand side of this equation
play a crucial role in the ertire proof.
From relation (5) we have

i
P m@%g: 28)
n

L="+1+
n
0

If the equation of state will be of the form (7) and the restriction 1 <
min 6  (N;ng) will hold, then, asit has beenalready stated, p=n! 0 as
n! 0. Additionally, the integral appearing in the formula (28) corverges
andlimp; o dn%B(nY=n® = 0. Due to thesefacts we concludethat L ! 1
asn! 0and, what follows simply from the equation (27), P ! 0. The other
limit, i.e., that of n! 1 gives, baséng on the sameassumptions,L ! 1
while for P we havelim,; P=B= 1 2m=R < 1. Thusin both cases,
n! Oandn! 1, the sameinequality L > P holds independertly of the
valueof R > 2m. Now, if it happensthat for somevalue of n (denotedasny)
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and a xed value of R an opposite inequality L < P is satis ed, it follows
from the cortinuity argumen that the graphsof L and P must intersect at
least in two points, i.e., at least two solutions exist at R.

The suitable value of ny for agivenR canbe chosenasny = n (R=R )*.
For the function ny(R) one can show that at R = R we have @QL(ny) =
@P (ny). Careful computation of the secondderivativesgivesin turn

2
P(ny) o.. =P(R)> 32 2x% 9% 6
R=R R2

and | |

@L(ny) = L(R )a_2 2+ ndina x? X
X/ R=R R? dn R=R
It is easyto obsenethat the sign of the expression@ (P (nx) L(ny)) taken
at the sonic point is equalto the sign of |
22 2 ndina? x?> 8 6:
dn R=R
The discriminant of the above polynomial of x is always positive provided
that inequality (26) holds at the sonic point. In this caseit is possibleto
choosesud value of x that @L(nx) g_r < @P(nNx) z_g - This in turn
ensuresthat at leastin somevicinity of R we have L(nyx) < P(ny).
The domain of the existenceof the solution can be extendedto the whole
domain outside the horizon by exploiting the obsenation that
a’L 4U°2
L P)= 1
@( ) n p2R2a2

The argumernt allowing us to conclude about this extensionis as follows.
Assumethat there existsR; (say R; > R) sudh that both solutions exist for
R < R < Rjandthat thereis nointersectionof the graphsofL (n) and P (n)
for R > Rj. Again it follows simply from the cortinuity that for R = R;
there exist just one point where the two graphs intersect. Obviously, the
derivativeswith respectto n of both L and P would be equalin this point.
That, in turn, cortradicts formula (29) giving a non-zerovaluefor @(L P)
aslongasR 6 R andaslong aswe are dealingwith a nite baryonic density
n and a positive value of the soundspeed. Sincewe have already shavn that
forn! 1 wehavel 6 P in the region outside the haorizon, the baryonic
density must remain nite and we are left with the conclusionthat at least
two solutions exist in the domain descritedby R 2 (2m; R1 ).

It should be stated that for both polytropic equations of state, i.e., for
atype p %and for a type p n polytrop e condition (26) is satis ed provided
that the suitable polytropic exponert is lessthan 5/3.

(29)
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4.1.2. The polytropic equation of state

The original model of Malec [9] usesthe polytropic equation of state of
the p %type. Wewill adherenow the alternative and probably more popular
equation of state

p=Kn ; 1< 6 (30)

wlu

Introducing a new function dened as = Kn 1 1) one can
immediately integrate the Euler equation (16) to obtain N(1+ )= 1+ ;,
where 1 denotesthe value of at the outer boundary of the cloud.

The soundvelocity can be alsocorveniertly expressedwith the useof
a®=( 1) =1+ ). It follows that

a’< 1 (31)

is a strict bound for the sound velocity. No sudh bound exists for the alter-
native p %polytrope.

The Euler equation integrated above can be also expressedin terms of
the sound velocity

1 a?=N 1 a? (32)

Notice that the squareof the speedof soundis directly proportional to the
lapse function N here. This fact results with the signi cant simpli cation
of the equationswhen comparedto the p %model.

It has beenalready shawn in [9] that there always exists a unique sonic
point for the p %model in which the badkreaction is neglected. One can
parallel Malec's proof also for the p n casesimply by analysing the sonic
point equation

1 a’=N 1 a? : (33)

It follows that there always exists a unique sonic point in the p n model
without the badkreaction (i.e., a unique solution to the above equation)
provided that 6 5=3. Moreover, it must be located outside the horizon,
i.e., R > 2m.

In this point the p n model di ers from the p %omodel. While in the p %
model the sonic point may exist, at least formally, below the horizon?, the

2 Such situation could cortradict the established views on the properties of matter. If
the square of the sound speed in the p %polytropic model exceedsthe polytropic
index we have p > % i.e., one of the energetic conditions breaks down. This is
since for p %polytrop e one has

2
p= K% = Lo
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p n equation of state doesnot allow (even theoretically) sud a possibility
to happen.

Further progresscan be made by consideringequation (33) squaredand
rewritten in the form

3a2°+(7 6) a2%+( 1B b5a*+a? 2( 1) a2 =0:(34)

This is a purely algebraiccubic equationfor a2. It is easyto show that for
6 5=3 and for the interesting rangeof a$ , i.e., 0< a < 1 three real
di erent roots of this equation exist. Sincethe original unsquaredequation
(33) can be proved to have a unique solution, only one of the mertioned
roots of (34) is the one we seart for. Careful analysis shows that the rst
of two remaining solutions lays outside the range0 < a < 1 and the second
simply doesnot satisfy the original equation (33). The only physical solution
can be expressedby the following Cardano's formula (seealso [4])

1 1 1
a’ = g 6 7+2B@ 2)cos -+ zarccos TERS 54 3
351 2 558 +486( 1)a? 24%; 259 : (35)
Onemay ched, that for af = 1the above givesa? = a7 andforaZ = 0

we get a® = 0.

The formula (21) for the value of the velocity U at a given radius R
can be transformed into the form involving the sound speedinstead of the
baryonic density. For the p n polytrop e we have

2 2 2 1
u=y R @ 1 @ 1
R2 a2 1 a?

This equation, together with the Euler equation (32) and equations (20)
and (12), constitutes the complete set describing the full polytropic model
that takes into accourt the badkreaction e ects. Sincein the test uid

approximation we have obtained an analytic expressionfor the sound speed
in the sonic point and

a_2
2: T N =
1+ 3a2 1+ 3a2

ml+ 3a®
2

;7 R = 2 (36)

I

i.e., we know preciselyall quartities characterisingthe sonicpoint, it is pos-
sible to expressthe accretionrate with just oneanalytic formula depending
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on asymptotic parametersa; and ni . Indeed, after somecalculations one
can arrive at the form
m = 4 NR?U(%t+ p)
) 1 1+3a2 %% a2 1 a
1 af a2 ag 1 a?

1= 1)
. (37)

= n{y m

In this point the model with the p n polytrop e appearsto be simpler than
the alternative p %omodel in which the value of the accretion rate can be
only estimated (or computed numerically) even when the badreaction is
neglected. The detailed comparisonof the two models can be found in [8].
Let usalsonotice that someauthors (seee.g.[14]) de ne an accretionrate
asthe time derivative of the baryonic mass(instead of the quasilocal one).
The accretionrate de ned this way can be expressedy the formula my,, =
(@ (@R)@)Mpar(R) = 8 NURN=p. In the test uid approximation
whereN  pR=2 we get mpyy = 4 R2Un. Finally, equation (22) allows
one to show the following relation between the two rates m = BMpy =
((% + p1 )=n1 ) mps. Both theseaccretion rates becomeequal for % =
ni, p1 % , i.e., whenthe uid at the outer boundary is nonrelativistic.

4.1.3. Estimates onto the speed of sound

The analytic solution of the sonic point equation for the p n polytropic
model in the test uid approximation allows oneto make estimatesonto the
sound speed at the sonic point for a wider classof barotropes, namely for
those with monotonic barotropic exponerts.

Indeed, let us assumea barotropic equation of state expressedas

n (nn ) (nn+)
p(n) = p(n ) —— =p(ne) - ; (38)
+
where densities of referencen and n, are chosenin a way which ensures
that n 6 nandn;s > n (i.e.,, n should be lessor equal to the smallest
baryonic density appearing in the model® while n. should be greater than
the largest baryonic density*). Let us additionally assumethat 1 < min ©
(R;n )6 aandl< 6 (n;ny)6 o fOr someconstarts .,
max r;in and nJ;ax-
Lemma 5 Considera spherially symmetric, steady accretion onto the black

hole with a negligible backreaction. Let the equation of state be expresséd in
the form (38) and let both expnents (n;n ) and (n; n+) be nonincreasing

3 This means, in practice, n 6 ng .
4 For most casesit should suce to haven. > n(2m).
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functions of the baryonic density n. Then the squae of the sound speed at
the sonic point is boundeal by two analytic expressionsa® 6 a? 6 a2, where

and

£

1

§ 6 max
+ } arccos
3

+ 36 max

+
min

7+2 3 5. 2 cos 3
227 5% 54
23 r;in 2
1 a}
243 .17 M L
min max l
7+ 2 3 hax 2 cos 3
1
e 53 22 ® 54
max
+ 2
2 : 1 a
243 . 1 mm+—1
min 1

+ 2
5 N#)
(39)
2
) N#)
: (40)

A completely analogouslemma can be formulated for nondecreasing
barotropic exponerts.

Lemma 6 Letthe conditions of Lemmab be satis ed with an exeption that

this time both expnents (n;n ) and

(n;ny) are assume to be nonde-

creasing functions of n. Then the squae of the soundspeed computed at the
sonic point is boundeal from alove and from below by analogous expressions

a? 6 a6 a2, whee

7+ 2 3 T

7+2 3 ,n 2 cos 3
1 3
2 27 54
2 3 - 2 3 min min

2 —
COoSs 3

,D#)
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1 1
+ Z arccos " 3 2 27 gax 3 54 max 2
3 max 2
#)
2 : 1 a% 2
+ 36t 8 243 1, 1 1L S
min 1

The proofs of these lemmas have been omitted sincethey are straight-
forward.

4.1.4. Bounds on the accretion rate in the barotropic case

Having estimated the sound speedat the sonic point we should be able
to obtain boundson the accretion rate m aswell. We will restrict ourseles
to the caseof Lemma5. The boundson the accretionrate for the alternative
casedescribed in statemert 6 can be obtained in an analogousway.

Equations (36) (valid in the test uid case)give the valuesof U , N
and R expressedn terms of the sound speeda . Thus, asit is clear from
formula (17), the only quartity that needsto be estimatedis % + p .

Suppose now that the conditions of statemert 5 hold. One can nd

(n;ny)p=& 6 %+ p6 (n;n )p=&. Furthermore, making use of the
sameinequalities together with their asymptotic versions(i.e., at R = R1 )
we can write

6 png) - (im0 192 oy OTNOD
i 7o az N (m;ny)

and similarly

(n1;no) 1 .2 . o (mno)=( (nino) 1)
n a niy;n
p> p(No) a1 (N1 ;n4)

No a N (nn) ’

where ng standsfor n. or n
It follows that the boundson the accretionrate m can be formulated as

1+ 3a?
m= m=——(%+p)
1+ 3a? ng —m
6 m2 max g o
a3 a2 p(n ) n

|
p_—— * max =( max 1)
2 2

as 1+ 3a°
2 +

a min
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and
+
1+ 3a2 Ny max
m> m2= % mngp) 0L
a a Ny
| + +
+ + . =
+ max =( max 1) Zp 11 242 min = min 1
min as 1+ 3a
max a%

Obviously, the above formulae together with formulae (39) and (40) giving
the lower and upper bounds for the value of a> complete our task. One
can also chek that these inequalities are exact. They are saturated for
the p n polytropesin which casetheir right-hand sidesreduceto the same
expression(37).

5. Closing remarks

The stability of the self-gravitating polytrop es against radial perturba-
tions hasbeenexaminedby Tooper [15]. All con gurations with the negative
binding energyhappen to be unstable, however the positivity of the binding
energy is only a necessarycondition of the stability of the con guration.
The problem of the stability of the self-gravitating con gurations of general
barotropic uids remains (to our knowledge) still open; it is, howewver, intu-
itiv ely tempting to treat the sign of the binding energyof such con guration
ascarrying information about the stability. Thusinequalities presened here,
relating the maximal speedof soundwithin the consideredcon guration and
the sign of its binding energy might be treated as someversionsof the Jeans
inequality. Theseinequalities, being straightforward generalisationsof those
given by Karkowski and Malec constitute the necessaryconditions for the
negativity of the binding energy Generalisation of the su cien t condition
formulated in [7] remainsstill an open task.

As to the steady spherically symmetric accretionwe believe that at least
from the relativist's point of view the issueof outermost interest is the badk-
reaction of the uid onto the space-timemetric. This e ect hasbeeninves-
tigated sofar only for the polytropic case[6]. In this paper we were mostly
dealing with the test uid approximation obtaining information about the
characteristics of the sonicpoint for a classof barotropic equationsof state.
Sincethe characteristics of the sonic point are expectedto be the samein
the full picture that includesthe badkreaction, our results should be relevant
in the general, spherically symmetric case.

One of the most striking e ects causedby the badreaction is that the
accretion rate achieves a maximum value for the ratio of the massof the
uid versusthe total massof the systembeing equalto 1/3. This result has
beenobtained both for the p %and p n polytrope. We conjectureit holds
true alsofor a wider classof barotropic equationsof state.
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