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The recertly found shock wave solution in the scalar eld model with
the eld potential V( ) = j j is generalisedto the caseV( )=j j 3 2.
We nd two kinds of the shack waves, which are analogousof compression
and expansionwaves. The dependenceof the waveson the parameter is
investigated in detail.

PACS numbers: 03.50.Kk, 05.45. a, 11.10.Lm

1. Intro duction

Interesting and still poorly studied group of eld-theoretic models are
thesewith V-shaped potertials. Physical systemswith just few degreesof
freedomand V-shaped potential are studied quite frequertly. There are nu-
merousresults for systemssud ase.g. bouncing oscillators. These systems
are mainly studied in context of chaotical behaviour and grazing bifurca-
tion [1 7]. The V-shaped potentials appearin researt of plasmaphysics[8].
Furthermore, they can play an important role in pinning phenomenawhich
can describe a processof vortices attaching to lines of impurities [9, 10].
Apart from the applications, they are also very interesting on purely theo-
retical grounds becauseof scaleinvariance of vacuum sector, [11].

There are only few analytical results for the eld-theoretic models with
V-shaped potentials. An example of sudh model, which originally derives
from a medanical system,hasbeenproposedin [12]. The model considered
there is obtained as a continuum limit of the system of coupled pendu-
lums that are allowed to take the angular positions belongingto the interval
[ o, o]. This leadsto appearanceof a V-shaped potertial, and conse-
quertly to nontrivial dynamics of the system. The angle = 0 correspnds
to the pendulum in upward vertical position. A simpler model has been
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proposedin [11]. It derives from coupled system of bouncing balls. The
potential in that model hasthe form V( ) = j j. It can be regardedas a
limit caseof a large group of V-shaped symmetric potentials.

In the presen paper we considerthe classicalscalar eld model with the
potential V( )= | % 2 where isarealconstart. Sud potertials with

6 O naturally appearin the caseof system of coupled pendulums[12], as
well asin the systemof bouncing coupledballs obtained from systemstudied
in [11] by adding new couplings, seeFig. 2. Speci cally, we investigate shock
wave solutions!. In the particular caseof = 0 they have beendiscussed
in [13].

The eld-theoretic model with the potertial j j has special symmetry.
If (x;t) is solution of equation of motion, then 2 (X;1), where is a
positive constart, obeys this equation as well, see[13]. This symmetry is
on shell type becausethe action functional is not invariant with respect to
the scaling transformation. In general,in real physical system, apart from
term j j, the V-shaped potential hasalso another terms. A squaredterm is
an example of the simplest perturbation that breaksthe scaling symmetry.
Investigation of e ects of such perturbation is a very important issue.

Our paper is organisedas follows. In Section 2 we shonv connections
between the model and physical systems. Section 3 cortains analysis of
solutions that have the properties of expansionshock waves. In Section 4
we investigate symmetric compressionshock waves. Section 5 summarises
the paper.

2. The modied model and related physical systems

2.1. Genenal de nition

Let us considerthe model of a real scalar eld in onedimension. The
Lagrangian hasthe form

L=3@)* 3(@)* V(); (1)
where = (x;t) depends on rescaledposition x and time t which are
dimensionless.The potential hasthe form

v()=ii 3 = @)

1 In this and previous papers we use terminology shock wave soasto name discorti-
nuity that moves. There is a criterion in theory of hydrodynamics that distinguishes
betweenshock wavesand di eren t kinds of discortin uities as e.g. contact discontin u-
ity, tangential discontinuity etc., seee.g. [15]. Our system is clearly dierent from
e.g. gas medium and the criterion cannot be applied directly. Every choice of name
for discortinuity in model considered here can merely re ect somekind of analogy
between the discontinuity we describe and hydrodynamical discortinuity that has
this name. For this reasonwe shall remain with the name shock wave and discard
looking for a better term.
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The ewlution equation which correspndsto Lagrangian (1) hasthe form

@ @) + sign() = 0: (3)

Becauseof sign function equation (3) is clearly nonlinear one. We assume
that sign(0) = 0. There are three qualitativ ely di erent cases: > 0, < 0,
and = 0 when we have the canonical model consideredin [11,13].

2.2. Positive valuesof

Let us start from the case > 0. It is corveniert to set = 2. The
equation of motion for this casetakesthe form

@ @ +sign() ? =o: 4)

The potertial has one local minimum at = 0 and two local maxima at

= 3 seeFig. 1. It is not di erentiable at its minimum (right-hand side
and left-hand side derivativesare not equal at this point). Equation (4) can
be obtained from equation of motion which describesa small perturbation
around the ground state in the model consideredin [12]. Physical values of
perturbation are givenby j j.

V($)

Fig. 1. The potential V( ) ( > 0) and its limit for = 0.

2.3. Negative valuesof

It turns out that the model for < 0 has also a physical meaning.
Physical system which is related to this model can be obtained from the
system consideredin [11] by adding new springs that link every ball with
the o or, seeFig. 2.

In this systemevery ball can move only in vertical direction. There is a
rigid oorat = 0 and every ball bounceselastically from the o or. After
taking few standard steps(continuous limit, folding transformation) we get
the systemwhosedynamicsis described by the equation

@ @ +sign()+ ? =0; (5)
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where 1 < < 1 whereasphysical position of the balls are givenby j .

As above, we have set = 2. The potential Fig. 3 hasoneminimum and
no local maxima.

Fig. 2. The system of bouncing balls.

Vi(g)

¢

Fig. 3. The potential V( ) ( < 0) andits limit for = 0.

2.4. On regularised potentials

In our modelat = O rst derivative of the potential doesnot exist at all.
It is possibleto replacethepsharp potential by a regularisedpotential where
instead of j j we usee.g. 2+ "2 or "In cosh~, what gives well de ned
rst derivativeat = 0. Wearenot interestedin regularisedpotential in this
paper becausephysical systemsthat we considerheregive rather sharp than
regularised potertial. Another reasonis that for the regularised potertial
only solutionssuch that j j " cansurvive the limit " ! 0. Finding any

such solution of the equation (3) with the regularisedpotential seemsto be
avery dicult task.
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3. Symmetric shock waves inside the light cone
3.1. The Ansatz

Equation (3) includesterm with derivativesin the form of d'Alembert
operator soit canbereducedto an ordinary di erential equation by assump-
tion (x;t) = W(z), wherez = (x? t?)=4.

There are two qualitatively dierent cases(z < 0 and z > 0) for the
canonicalmodel ( = 0). When z < 0the piecesof solution canbe combined
together in one solution. In opposite casewhole solution can be either posi-
tive or negative and it is not limited respectively from above or from below.
It is physically reasonableto get rid of unstable solutions. It can be simply
doneby modi cation our Ansatz to the following one (x;t) = (  z)W(z2),
where ( z) is well known Heaviside step function. This modi cation in-
troducesdiscortinuities at x = t.

In the modi ed model, especially for > 0 there are solutionsfor z> 0
that are limited both from above and from below so this time we cannot
simply getrid of them. In further part of our work we analysesolutions for
z < O0and z > 0 separatelybecausethe solution inside the light coneis com-
pletely independernt of the solution outsideit. It is executedby assumptions

(x;t)= ( z2)W(2) and (x;t) = ( 2W(2).

Apart from possibility of reduction equation (3) to an ordinary di er-
ertial equation, an important question is whether discortinuities in our
model can move with velocity v 6 1 or not. To answer it, let us con-
sider (x;t) = ( z)W(z), wherez = pg, p= (X vt)=2, q= (X + vt)=2
and v 6 0. Equation (3) takesthe form

( 2) A(mAW? J(v2+ 1)(zW %% W9 + signw) W
2 AP WY2)  12AP; YW (2) = 0;

where
Ap;a) = 3(v2 1)(p?+ ¢P);

and %= %. The terms proportional to ( z), (z) and 4z) have to vanish
independerlly. At z= Oandv 6 1, W(0) = 0 and WY0) = 0 because
A(p;q) 6 0. It meansthat (x;t) cannot be discortinuous function unless
v = 1. We can seethat velocity v = 1 is distinguished by the model and it

is the only admissiblevelocity with which discortinuities can move.
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3.2. Equations of motion
Let us considerthe Ansatz

(x;t)= ( 2)W(z); where z= > x2 2 : (6)

NN

Applying Ansatz (6) to equation (3) we getthe following di erential equation

zZW%% WO sign(w)+ W = 0: (7)

Let usintroduce a new variable y which is related to z in the following way
_ 1o

z= Zy= (8)

Consequetly, equation (7) acquiresmore familiar form

Go% %GO 2G = sign(G); >0 ©)
or
F %0 $F°+ F = sign(F); <0: (10)

Egs. (9) and (10) are Besselequationswith the signum nonlinearity. We have
denotedW ( %y?) = G(y) for positive valuesof and W( y?) = F(y) for
opposite case.

3.3. Solutionsfor > 0

The term sign(G) is constart (equal 1) on the intervals where sign of
G(y) is constart. Equation (9) hasthe solutions:

G.(y) = = 1o(y) Ko(y) for Gy)>0;

G (y) = —+elo(y)+ ®Ko(y) for  G(y)<O;

where ; ;e;€ are arbitrary constarts. We will nd these coe cien ts
matching piecesof solution so asto obtain a solution that is valid on full
available range of y. Physically, only real solutions are interesting so only
y 0Ois considered.It is conveniert to introducethe coecients ¢ and
and combine all the solutions in one formula

G = ( DX = Wlo(y)  kKo(y) : (11)
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wherek = 0;1;2;:::. We assumethat Gg(y), that is G, type, starts from

y = 0. It doesnot causeloosing of generality becausephysically relevant

quantity isj j, thus casewhereG (y) plays role of solution that start from

y = 0 doesnot have to be extra discussed.For Gg(y) the coecient ¢ has
to vanishto ensureregularity at y = 0. The coe cient ¢ canbe expressed
with help of Go(0), and then Gy(y) takesthe form

Go(y) =

r\>||_‘

2 Go® To(y): (12)

For xed there are three qualitativ ely di erent casesdepending on Gg(0).
For Go(0) > < the solution Go(y) ! 1 fory! 1 (unstable solution).

In this casesolution Go(y) cover wholerangey 0. The shape of the shock
wave for = 0:5 and Go(0) = 6:0 at di erent times is shavn in Figs. 4 6.

Fig. 4. The unstable symmetric shock wave at t = 2.

Fig. 5. The unstable symmetric shock wave at t = 5.

Fig. 6. The unstable symmetric shock wave at t = 12,
In the caseGy(0) = % we obtain the shack wave

1
xty=5 t* x*:
For this wave, values of the eld behind the wave front are constart and
equal 1= 2.
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Last caseGo(0) < - is morecomplicatedbut it is much moreinteresting.
The solution Go(y) holds only on the interval 0 y < by, where Gg(y) > O.
For xed Gg(0), the rst zeroof G(y) i.e. by is determined by solution of
following equation

1

IO(bO): 1 Go(O) 2:

Unfortunately, it can be solved only numerically. It is clearthat by depends

on . For givenlby rst pieceof solution G(y) takesthe form

1 lo(y)

— 1 : 13
z 1 To(bo) 49

We are interestedin a solution for all nonnegatiwe valuesof y. Having pieces
of solution (11) and matching conditions

Gr(bx 1)=0;  GR(bx 1) =GP 1(bx 1) (14)

which are implied by equation (9) we can calculate coe cients ¢ and .
First matching condition allows to eliminate coe cients . Solution (11)
takesthe form

Go(y) =

_ k 1 Ko(y)
lo(y) Ko(y)
lo(bk 1) Ko(bk 1)

The zerosby for k = 1;2;::: comefrom the equation Gy(b¢) = 0. Like for
k = O we can get them numerically. The secondcondition in (14) gives
coe cients :

klo( bk 1) (15)

1 K(bik) 2 ola(bo) .

LT 25(bo) 1 (b ko) + K(bobo)
- 1 2 .
Kk = mA lo( bk 2)B ;

where

K(be 150 2) + K(be 150 1) |
I (b 10 1)+ K(be 150 1)
F(be 1 2) + Kb 10 2)
P (b b 1) + K(be 1k 1)
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and k = 2;3;:::. We have introduced the special notation
l1(Xx) Ka(x)

I (X; ; K(X; :

be) lo(y) bay) Ko(y)

The zerosof G(y) dependon they arelarger for larger valuesof , Fig. 7.
For xed Go(0) and ! Gg(0) 2 rst zeroby! 1 and,ofcourseb,! 1
(p < by < bp < :::). All the zeroshy arelarger than their cournterparts ayx in

the canonicalmodel. It meansthat zerosxx =  t2 b2 2 in the modi ed

Fig. 7. The solutions G(y) for xed Go(0) = 0:5and di erent valuesof . The curve
A correspondto = 0:1, B to = 0:5 and curve C is the solutirgn for = 1:.4. For
xed Gg(0) the parameter belongsto the interval 0< < 1= Gg(0).

model run fasterthan x¢ = t2 a2 ™ in the canonicalmodel. A pair of
zerosxy appearsat t = b, and moveswith velocitiesvg = 1 f=t? =2

In Fig. 8 10 we presen three snapshotswhich shov the symmetric shock
wave for Go(0) < .

Fig. 8. The symmetric shock wave for = 0:5, Go(0) = 0:5 at t=0.5.

Fig. 9. The symmetric shock wave for = 0:5, Go(0) = 0:5 at t=1.6.
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Fig. 10. The symmetric shock wave for = 0:5, Go(0) = 0:5 at t=4.7.

3.4. Solutionsfor < 0

This section is dewted to presenation of solutions correspnding to
equation (10). Many stepsare the samesowe sometimesskip the commeris.
Let us start from the solution of (10) givenin the form

Py = (DX ol M+ WYol Y) & (16)

whereJg and Yy are Besselfunctions. They takereal valuesfory 0. Fy(y)

are positive for k = 0;2;4;::: and negative for k = 1;3;5;:::. We assume
that Fo(y) starts from y = 0. This time, for given there is no qualitativ ely

changein behaviour of solution for di erent Fg(0). Fo(y) can be expressed
in the form

Foly) = FoO)+ & Jo(y) o (17)

The rst zerocy is calculated from the equation Fo(cp) = 0. We can rewrite
Fo(y) using co

Jo( y)
Jo( Co)

In order to have solution for wholerangey 0O we have to calculate  and
k- We usethe matching conditions

Fo(y) = iz (18)

Fe(ok 1) =05 Floc 1) = F (o 1) (19)
Fork=1,2:::
Fk(Y) - ( 1)k+1 iz 1 YOY(O(Cky)l)

Jo( Y) Yo( y)
Jo( & 1) Yo( Ck 1)

kJo( G 1) (20)
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The coe cients  have beeneliminated by using rst condition in (19).

The zeroscy full the equation F¢(ck) = 0. Secondcondition in (19) gives
coecients

1 Y(co;c)+ 2 odi(co) .
2Jo( o) J(co;Co) Y(Co;Co)
1 h 2 i .
T R

£ Y(ok 16 2)+ Y(ck 1,06 1) .
J(o 16 1) Y(ok 16 1)

g (% 116 2) Y(& 1,C& 2),
J(ok 16 1) Y(&k 16 1)
By analogy the functions J and Y are de ned by formulas

J1( x) | Yi( X) |
Jo( y)’ Yo( y)

Having x we can nd consecutie zero ¢x as the solution of the equation
Fr(ck) = 0. Fig. 11 preserts solutionsF (y) for F(0) that is setand di erent
valuesof . The zeroscy, are smaller than in the canonical model so zeros
xk = (1 c2=t?)¥*2 move slower than zerosx§. They are getting smaller for

being increased. The shape of j | qualitativ ely resenbles that presened
in Figs. 8 10.

J(Xy)

Y(X;y)

Fig. 11. The solutions F(y) for xed Fo(0) = 0:5 and dierent valuesof . The
curve A correspondto = 0:1,Bto = 05andcurveCto = 20.

3.5. Divergene of sequene@s b, and ¢

An interesting problem s if the sequenceof by (or ¢) is divergert or not.
Unfortunately, we cannot shov a proof of divergencethese sequencegonly
a numerical evidence)becauseexplicit expressiondor by (ck) are not known
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we have got them only as a result of numerical computations. To seeit,
we introduce

b 1
Let ussay that forn! 1 the sequenceof b, is divergert b, ! 1 . It also
meansthat the sequenceof In by, is divergert and sum of theselogarithms

X0
i=1

b, = boxi1Xo  Xn; where Xk

aswell. We apply Kummer criterion soasto ched if the seriesis divergert
[16]. In our computation the comparative sequenceg, = nlinn has been
used. It hasbeenchedked up to n = 700that

Kn = Qﬂ% Oh+1

are negative and monotonically decreaseseeFig. 12. Kummer criterion says

Fig. 12. Behaviour of K, for sequenced,.

that seriesis divergen if for all n > N, valuesof K, 0, whereN isa xed
number. It suggeststhat solution G(y) covers wholey 0. It has been
cheded that alsothe sequenceof ¢, is probably divergen.

3.6. The correspndene betwesn the madi e d and the canonical model

The potertial V( ) = jisthe limit caseof the modied onefor ! O.
We are interestedin limit ! 0 for the solutionsin the modi ed model. It
is not a priori clear that theselimit solutions have to be solutions that are
known from the canonicalmodel. We are able to do an analytical computa-
tion for the rst two piecesof solution i.e. Gg and G; (or Fp and F;). Let
us remind that two rst piecesof solution W ¢(z) for the canonical model
have the form

W (2)= 2+ a0, W) = z+ao+2aoln%; 1)
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where ag is the rst zero (for variable z). For more detail see[6]. Let us
denoteW*(z)  Go(y(z)) and Wi (z)  Gi(y(z)) (by analogyW ,(2)
Fo(y(z)) and W, (z) Fi(y(2))). We alsorename . and . We
are interested in comparisonof the canonicaland the modi ed solution for

' 0. In this limit the condition W€¢;(0) = W ;(0) can be replacedby
ap = a,, whereaj = =4 and a, = c3=4. The solution W , and W, can
be expandedin the Taylor serieswhat gives

W y(z2) = z+a C*+0(%); (22)
W, (2) = z+ao+2aoln% D 2+0(%); (23)
where
2

2 jzj  2? 13 5.
D (ag 2aoz)lnao 4+3aoz+ 7 %0
The leading terms in (22) and (23) do not depend on sothey are limits
of thesesolutions for I 0. The mostimportant thing is that theselimits
are exactly equal to the rst two solutions W€, and W§ in the canonical
model. The correspndencebetweenthe other solutions W, can be cheked
numerically. We can seethat the smaller values of k we take the better
correspndenceis.

4. Symmetric shock waves outside the light cone

4.1. Equations of motion

The solutions outside the light cone can be obtained with help of the
Ansatz

(x;t)= ( 2)W(z); where z= %1 x2 12 (24)

If we now introducez = }y? we get
g*% $g°+ ?g = sign(g); (25)
f 004 %fo %f = sign(f); (26)

whereg(y) = W(z(y)) for > 0andf (y) = W(z(y)) for < O.
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42.Case >0
It is corveniert, for our further analysis of solutions, to assaiate the

potertial U(g) with equation (25). We caneasilyseethat U(g) = 1 20 jgj,
seeFig. 13.
Fig. 13. The potential U(Qg).
The solution of (25) takesthe form
1
&) =( D 5 WJoly)  wYoly) (27)

wheregy > 0 for k = 0;2;4;::: and gk < 0 otherwise. As above, we have to
set o= 0soasto have go(y) regularat y = 0. If go(0) is given then

o) = = = w0 Jo(y): (28)

In Fig. 14 we presen a few curves (28) for di erent valuesof go(0). There
are se\eral qualitativ ely di erent cases.

Fig. 14. The curvesgo(y) for dierent go(0) and = 0:5. They are the solution for
full rangey O, exceptthosethat start from go(0) = 14 and go(0) = 16.

Casegy(0) = 0 correspndsto solution that starts from the point where
U(g) has its local maximum. We have chosen positive solution but for
0o(0) = 0 a negative solution is possibleas well. We can get these solutions
by replacing( 1)% in (27) with ( 1)**! and assumingthat go(y) starts from
y = 0. We will not discussthis situation separatelybecausej j is physical
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quarntity. It is worth mentioning that this solution is not exactly shack type
becausethere is not sharp front wave.
For 0< go(0) < g§™, where

1

crit — i
2 Jo(i 1)

9% =

the solutions go(y) are valid for ally 0. j{ isthe rst zeroof J1, (j$ = 0).
Approximately, 2gS™ = 3:482872 This casecortains the constart solution
Go(y) = .

For critical value of go(0) = g§™ the rst zero of g(y) appears. The
solution can take either of forms: the solution

mw=% 13%? (29)

for allly Oor go(y) givenby (29) for 0 'y ji= andgi(y) = go(y) for
y J1=.

If go(y) is a little bit bigger than g§™ the solution is made up of go(y)
and g (y) but this time j I in (29) is replacedwith ¢ o and g;(y) cortains also
function Yg(y ), seeFig. 15. This picture is valid until go(0) readh consecu-
tive critical value gg”‘z (unfortunately, we are not able to give appropriate
analytical formula  only numerical value of g°'? is available).

Therefore, for go(0) = g§™ situation resenblesthat for go(0) = gS™ but
this time two zeroscy and c; already exist.

For valuesof go(0) a little bit more than gg”‘z solution looks like it was
shavn in Fig. 16. For greater values of go(0) more zerosck appear, see
Fig. 17. An important issueis that for nite go(0), maximal value of k is
always a nite number. For these solutions, asymptotic values of g(y) for
y! 1 ie. = 2 correspond to the minima of the potertial U(g). We have
not discussedyet the formulasfor coe cients  and  in (27). Fortunately,
they have the sameform as analogical coe cien ts in equation (16)  only

hasto be replacedwith

Fig. 15. The solution g(y) that hasonly one zero.
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Fig. 16. The solution g(y) with two zeros.

Fig. 17. The solution g(y) with six zeros.

43.Case <0
The potential U(f ) for equation (26) takesthe form U(f) = 3 2f2 jfj

what suggestsunstable behaviour of f (y). The solutions of (26) can be
written down in the form

o(y)+ Ko(y) = for  f(y)>0;

doly) OKo(y)+ 5 for f(y)<O:

fe(y)

f(y)

Let usconsiderf (y) > 0. By analogyto our previousanalysiswe will denote
it asfo(y). For given fo(0) it takesthe form

1.
_21

foy) = =+ fo(0) lo( y) (30)

where = 0. There are v e suc solutions in Fig. 18. The solution f g(y)
coverswholerangey 0. We have an analogical situation for a negative
solution. The border solution (f ¢(0) = 0) is, of course,non-shak type.
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Fig. 18. The solutions f o(y) for di erent (positive) valuesof f ¢(0).

5. Summary

We have presenied the shock wave solutions in the model with the po-
tential V( )= | % 2 where is areal constart. The squareterm plays
the role of perturbation of the potential V( ) = | j. The potential j j plays
a special role becausethe correspnding equation of motion hasthe scaling
symmetry. The squareterm is the simplest onethat breaksthis symmetry.
It has beenshowvn that both caseswith nonzerovaluesof ( > 0 and

< 0) have physical applications  appropriate potentials appear in the
system of coupled bouncing pendulums or bouncing balls.

Two kinds of waveshave beenfound. The rst oneis exactly zerooutside
the light coneand hastwo wavefronts (the eld is non-cortinuous at them)
exactly at the surface of the light cone. Depending on Gg(0) the solution
inside the light coneis unstable, constart, or has isolated zeros. We have
found that these zerosrun faster (> 0) or slower ( < 0) than their
counterpart in the canonical model ( = 0). It has beenalso argued (by
shaving the numerical evidence)that zeros of solution, that depends on
variable y, form probably divergen sequence. Moreover, we have showvn
(analytically in the caseof rst two piecesof solution) that shock waves
inside the light conefor the modi ed model in the limit ! 0 reduceto
solutions known from the canonical model.

The secondtype of solution hasalsowavefronts at x = t. This solution
takes zero values inside the light cone. There is family of solutions that
asymptotically (y ! 1) reac values 1= 2. At the points g= 1= ? the
potential U(g) (Fig. 13) hasthe local minima (or V( ) hasits local maxima,
Fig. 1). Among solutionsthat belongto this family, there are solutions that
have no zeros, have only one zero, exactly two zerosetc. In cortrast to
the shack waves inside the light conethat have in nite number of zeros,
solutions consideredhere have always nite number of zeros. There is also
non-shak type solution it hasonly one zeroat the surfaceof light cone.
It can be regardedasthe border caseof solutions belongingto this family.
We have alsofound another family of solutionsthat have no zerosand grows
toinnityfory! O.
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