Vol. 37 (2006) ACTA PHYSICA POLONICA B No 12

SOLVING SOME GAUGE SYSTEMS AT INFINITE N

J. Wosiek

M. Smoludowski Institute of Physics, Jagellonian University
Reymonta 4, 30-059Krak 6w, Poland

(Received Octoker 13, 2006)

After summarizing briey somenumerical results for four-dimensional
supersymmetric SU(2) Yang Mills quantum medanics, we review a recert
study of systemswith an in nite number of colours. We study in detail a
particular supersymmetric matrix model which exhibits a phasetransition,
strong-weak duality, and a rich structure of supersymmetric vacua. In the
planar and strong coupling limits, this eld theoretical systemis equivalert
to a one-dimensionalXXZ Heiserberg chain and, at the sametime, to a gas
of g-bosons. This not only revealsa hidden supersymmetry in these well-
studied models; it also maps the intricate pattern of our supersymmetic
vacuainto that of the now-popular ground states of the XXZ chain.

PACS numbers: 03.65.Fl, 11.30.Pb

1. Intro duction

This lecture reviews a recent progressin studying the large N limit of
simple supersymmetric quantum medianical systemswhich result from the
dimensional reduction of eld theories with gauge symmetry. Models of
this type have been studied for a long time [1 3] and have many di erent
applications, depending on the space-timedimension, D, of the unreduced
theory [4,5] (cf. Tablel). For D = 2 they can be often solved analytically
[1,4,6,7], providing quartitativ e realization of supersymmetry. In four space-
time dimensionsone of them is nothing but the small volume limit of the
Yang Mills gluodynamics revealing the spectrum of zero volume glueballas
as a special case[8 11]. Finally, for D = 10 they make corntact with the
M -theory via the BFSS hypothesis[12].

Although we shall be mainly concernedwith the largeN limit, we would
like to give one exampleof the N = 2 model.
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TABLE |

A road map of a parameter spaceof supersymmetric Yang Mills quantum me-
chanics. Black dots denote modelswell understood/solv ed, while open circles mark
onesunder study. A chedkmark labels parametersof a systemdiscussedn this lec-
ture.
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N
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1.1. Four-dimensional sugersymmetric Yang Mil Is quantum mechanics
at nite N

The systemhasthree bosonsand two fermions, both in the adjoint rep-
resertation of SU(2). The Hamiltonian reads[1]

R S Kixixini+ 19y k
= 2papa 4 abc adeXpXcXgXe 5 abc 2 pX
1;2;3 a=1,2,3:

k.
c

The spectrum is obtained numerically by diagonalizing H in the gauge
invariant eigen-basisof the occupation numbers of all degreesof freedom
ng = @ah; o= fYf} (3]
X o
T k .
jifny; Llgi = av il f Yy Y, oo s
contractions
The Hilbert spacewas cut by restricting the gaugeinvariant total number
of bosonicquanta
X -
B = @', < Bmax :
b;i
It turned out that the physical (i.e. corvergert with the cuto eigenener-

gies)could be computed for sizesof baseswell within a read of a reasonably
fast PC. The spectrum obtained in this way is shown in Fig. 1 [5]. It reveals
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Fig. 1. The spectrum, and its supersymmetry structure, of the D = 4 supersym-
metric Yang Mills quantum medanics.

a seriesof dynamical supermultiplets with degenerateeigenenergies.The
eigenstateswithin a supermultiplet are indeed the supersymmetric images
of one another. These states are localized and they form a discrete spec-
trum. In addition there is also a cortinuum. It occupiescertral sectorsof
the gure, i.e. oneswith the consened fermion number F = 2;3;4. Super-
multiplets of non-localized states occur at every secondvalue of the angular
momertum. Moreover, in thesesectorsthe discrete and corntin uous spectra
coexistsat the sameenergies.This unusual feature of gaugeinteractions has
never beenobsened sodirectly before. There are two supersymmetric vacua
with fermion numbers F = 2 and 4. This is nothing but the zero-wlume
manifestation of the existenceof the condensatein the spaceextended
theories [13]. The condensateassumestwo di erent (in fact opposite for
SU(2)) values, again in agreemenh with the non-trivial predictions of the
unreducedtheory [14,15] .
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2. The large N limit and the planar calculus

Above approad, ewven though quite successful,is naturally limited to
the low number of colours. For higher N the Hilbert spacesbecometoo
large. Fortunately at innite N Fock basessimplify enormously allowing
again to read quartitativ e results [16 20]. This simpli cation is usually
phrasedin terms of the Feynman diagrams and topological expansion[21].
Howewer it can be also formulated in the way suitable for the Hamiltonian
formalism [16,17]. To this end introduce matrix creation and annihilation
(c/a) operators.

ak = p2aa o fyo= p2fa Ay b k=1 N
The physical basis can be corveniertly generatedby acting with the gauge
invariant building blocks (bricks)

(@) (av): (@aaa):: @ ): () Tr[]

and their products, on the empty Fock state jOi. Similarly for the fermionic
sectorsone employs bricks with mixed fermionic and bosonic operators. It
turns out that in the large N limit only the single trace operators are rel-
evant. All products of traces are either non-leading or do not provide new
information (see[22] for recert results on that point). This obsenation cul-
minates in the set of simple rules to calculate explicitly matrix elemerts of
various Hamiltonians. One basically applies the Wick theorem employing
the commutation rules

[ai;@ji]1= i1k

and idertifying the leading contributions. Details of such planar calculus
have beenpreserted in [16,17,19]. Here we summarizeonly two examples.
A normalized state with n gluonsin the F = 0 sectorreads

jni = —1 Tr[(@)"]j0i : Q)
Nn
The normalization factor

N2 = HjTr[a"]Tr [(a¥)"]jOi
h0j(12)(23): :: (n1)[1%29[2%9 : : : [n%Y0i ;
(12) ai,i,; [12] ayiliz:

receivesthe maximal contribution only when the adjacen creation and an-
nihilation operators are cortracted. This gives

N2=nN":
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Similarly a matrix elemen of a typical term in a genericHamiltonian
h [
Hns2n = g°+ 2jTr a¥a¥a’a jni

can be explicitly calculated
p__

and shavn to depend only on the 't Hooft coupling = g?N.

The rest of this lecture will be dewted to a rather simple systemwhich
turns out to be surprisingly rich. The model may be consideredas a distant
cousinof the D = 1+ 1 supersymmetric Yang Mills theory reducedto the
one point in space.

3. A simple supersymmetric system

Consider one fermion and one bosonwith the following supersymmetry
generatorsand the Hamiltonian [16].
[

Q = Pon fal(l+ ga¥) ;
b h i
QY =  2Tr fY(1+ ga)a ;
H = fQ;Q'g=Hg + He: )
Explicitly
Hg = @a+g a’a+ aa® + g?a'’a?:
He = % + g fYf(a¥+ a)+ fY(@ + a)f

+

g? fYafal+ fYaaf + fY¥fava+ fYa¥fa :

This Hamiltonian consenesthe gaugeinvariant fermion number F = Tr [f Yf ]
and can be diagonalizedin sectorswith well de ned F. For any nite N

calculation of matrix elemens of H quickly becomescumbersome. At in -

nite N, howewer, the planar rulesillustrated above give simple and compact
expressions.

3.1. Hamiltonian matrix at large N

The gaugeinvariant basisin the F = 0 sector can be chosenas (1) with
n=0;1,2;3;:::. Only Hg cortributes in this case.The matrix elemerts in
the planar approximation read

O njHjo;ni = (1+ (1 p))n;
ho;n + 1jHjO;ni = H;njHjO;n+ 1i = n(n+ 1): (3)
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In the sectorwith one fermion the basisis
o 1 I
jni = N—Tr[(fyay) Ji0i; n=0;1,2::::
n

Now, and for higher F, both Hg and Hg cortribute. The Hamiltonian
matrix is again simple

hL;njHj1; ni 1+ Yn+1)+ ;
hi;n+ 4HjLni = h;njHLjLn+ 1= (2+n): (4)

The system reveals many interesting features already in these two lower
sectors[16], therefore we postpone the discussionof higher F's and turn to
the physics of ensenbles with at most one fermion.

3.2. Numerical results

The Hamiltonian matrix is sparsebut in nite with rows and columns
labeled by the gaugeinvariant number of bosonsB = Tr[aYa]. To obtain,
the spectrum numerically we introducethe cuto, B max, limiting the number
of bosonicquanta

B < Bmax;

and increasethe cuto until the spectrum corverges. Results are shovn in
Fig. 2 for few valuesof the 't Hooft coupling. The corvergencewith B max
is satisfactory for 6 1 and is faster for lower eigervalues. There, the lim-
iting, in nite volume , results can be easily recovered. The lesstrivial way
so seethis is to ched for the supersymmetry which is broken by the cuto
and should be recoveredonly at in nite Bmax. Fig. 3 shows rst few energy
levelsin four lower fermionic sectors. The degeneraciebetweenbosonicand
fermionic partners of the F = (0;1) supermultiplets are excellen. More-
over, there is also an unbalanced supersymmetric vacuum state with zero
eigenenergy. Theseresults provide also the non-trivial test of our planar
rules: the planar approximation doesnot break supersymmetry.

The slowing of the cuto dependencearound = 1 is a characteristic
signature of a phasetransition. At this point the systemloosesthe energy
gap and the spectrum becomescortinuous. Any nite number of low-lying
levels collapsesto zeroat in nite cuto, but the cuto dependencebecomes
characteristic of that for the cortinuous spectrum.

1 An apparent lack of the degeneracybetween some states with higher F will be ex-
plained later.
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Fig. 2. The cuto dependenceof the spectra of H, in the F = 0 sector, and for a
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Fig. 3. Low lying bosonicand fermionic levelsin the rst four fermionic sectors.
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Another interesting feature of this phasetransition is the rearrangemen
of members of supermultiplets. This is showvn in Fig. 4 where the de-
pendenceof the rst four eigenenergiefrom both sectorsis displayed for
few valuesof Bnax. Away from the critical region supersymmetry is quickly
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Fig. 4. Lowest bosonicand fermionic levels, as functions of , for dierent cuto s.
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restoredand the F = 0 and F = 1 levelsare un-distinguishable even for low
cuto s. Closeto the criticalit y partners do not have the sameenergiessince
SUSY is broken at nite cuto. Interestingly however, they rearrangewhile
the 't Hooft coupling passests critical value. In particular, the newvacuum
state appearswhen movesfrom the low to the large coupling phases.This
alsoimplies (and wasreadily found) that the Witten index (restricted to the
F = 0;1 sectors)jumps by oneunit acrossthe phasetransition point.
Finally, the systemhasthe exact strong-weak duality

1

b EF= ECO®M B

Tl Tl
ol Tl

ol Tl

b Ef=D EF V()

It follows directly from the matrix represetation (4) for F = 1. Howewer it
is not obvious in the F = 0 sector, cf. Eq. (3), but it is a direct consequence
of supersymmetry.

3.3. Analytic solution

All above results have been subsequetly deriveg analytically [16]. For
examplethe secondvacuum state hasthe form b
3 1 "
jOio = — —j0; ni : (5)
_ b
n=1

S

It is indeed annihilated by QY, and exists only for b> 1.

Surprisingly, one can nd analytically the complete spectrum and con-
struct all eigenstatesin the F = 0 sector. To this end it is conveniert to
introduce another, not orthonormal basis,

jBni = IOﬁjni+ bpn+ Ln+ li:

This basisis corveniert sincethe action of the Hamiltonian on jBpi is
so simple that the generating function for the expansionof the eigenstates
in that basis

R R
f(x) = cx" % ji= ChjBni
n=0 n=0

can be constructed. The solution reads

1 1 o o X+Db
tx) = _x+1=bF Lol "X + 1=b
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f(x) = %xibF 11 2 ;XX++le b> 1;
E = (K 1;
and together with the quantization condition
f(0) = 0; (6)

reproducesnumerical eigervaluesobtained earlier in the in nite cuto limit.
As aonechek, set = 0in the generatingfunction, for b> 1, to obtain

1 b+ x
fo(x) = T bxlogb =p’ b> 1; @)

which indeedreproducesthe secondground state (5).

4. Higher fermionic sectors: F = 2;3

Single trace states with two fermions

h i
jninoi = Tr a™fYa"fY joi;
ninz

are labeled by two integers whose ordering is important modulo a cyclic
permutation. Pauli principle eliminates states with n; = n,, hencewe can
always take n, < ni. The planar rules give for the Hamiltonian matrix in
this sector[19]
(n1+ N2+ 2)(1+ bP)
b2(2 n1;0) 2b2 nani+l s

1+ LngjHjng nzi = b(ng+ 2) = my;najHjng + Linai;

mainz+ LjHjng;n2i = b(nz+ 2) = yjngjHjng na + i
ny+ L;ny,  djHjng;nei = My;najHjng + 1;ny i

= 2b2(1 naing+1) -

My, najH jng; noi

Planar statesin the three fermion sectorare labeledby three integersmodulo
cyclic translations

jniinz;ngi = Tr@" f Yayf Yay"* £ vjoi ;

NI’]1I’]2I’]3
0 ng; N1 Nz; N nz:
Again the Hamiltonian matrix was explicitly calculated
1 nzngjiHjngng;nasi = (np+ na+ ng+ 3)(1+ b9)
b3 N0 N0 ng0);
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g+ Linz;nzjHjng;nginsi = b(ny+ 2) = My;naingjHjng + 1ng;nai;
plus cyclic;
i+ 1n, LngHjng;ngnai = B2 = MpngngjHjng+ Lny  Lnai;
plus cyclic;
where = 1=p:_3 if ng=ny=ngz and = pI_B if the nal state is of this
form, otherwise = 1.

Numerical computation of the spectrum proceedsas before. There is
again a phasetransition causingthe critical slowing down around .= 1
Away from it, the eigenenergiesorvergesatisfactorily, with the in nite vol-
ume results showvn in Fig. 3. The spectrum in higher fermionic sectorsis es-
sertially dierent fromthe F = 0;1case.Weagain nd dynamicalF = (2;3)
supermultiplets, howewer not all stateswith three fermions have their super-
partners in the F = 2 sector. Instead, they are degeneratewith onesfrom
the F = 4 sector. This pattern continuesnow for all F asfollows from court-
ing the number of states: it is an increasingfunction of F. Another novel
feature is that the spectrum is rather irregular, while the eigenenergiesre
almost equidistart for F = 0; 1. There is again the rearrangememn of mem-
bers of supermultiplets acrossthe phasetransition. Interestingly however,
the two new SUSY vacuawith F = 2 appear in the strong coupling phase,
while there is none at weak coupling.

Similarly to the F = 0 case, the two vacua can be constructed ana-
Iytically. To this end considerthe extreme strong coupling limit of the
Hamiltonian (2) [19]

.1 1 h 2 i
Hsc= lim =H=Tr Y+ 5 T a’a? +Tr a¥fYaf +Tr fYa¥fa
(8)
Surprisingly, Hsc consenesthe number of bosonicquanta aswell and proves
very useful in mapping the structure of the model in all fermionic sectors
(cf. the following section). Coming badk to F = 2, one can identify the
nite dimensional (F = 2;B) sectorswith zero eigervalues, and construct
the correspnding eigenstates.They read

jF = 2;vitl
jF = 2;vi}

jo; i ; 9)
j0;3 21,2 ; (20)

the superscript referring to the in nite value of the 't Hooft coupling. These
states can then be usedto construct the two vacuaat nite > 1
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X p_
jF=2vi; = ( ) "j0; ni ;
n=1
jF = 2vi, = (1+ QsH'QY,) YF = 2vii ; (11)

with Qs = gTr[f @]; Hs = fQs; Qs0; QY, = Tr[fYa] [19]

The restoration of supersymmetry can alsobeeseenon the level of eigen-
states. Members of supermultiplets transform among themsehes by SUSY
chargesQ and QY, which becomethe well de ned matrices in the planar
bases. To seeSUSY in this way de ne the following supersymmetry frac-
tions

r ——

Gmn m“z + L, EmjQYjF;Eni; (12)
which are the coordinates of the supersymmetricimagesof eigenstatesn the
correspnding fermionic sectors. Fig. 5 shawvs that SUSY fractions indeed
quickly stabilize with increasingB max.
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Fig. 5. First v e supersymmetry fractions.

Supersymmetry fractions are alsousefulin de ning the restricted Witten
index which smoothly interpolates, at nite cuto, betweenthe two phases.
The straightforward restriction of the sum

X
w(m =" (e
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Fig. 6. Behavior of the restricted Witten index, at T = 6, around the phasetran-
sition.

to the F = 2;3 eigenstatesdoes not su ce since someof the states with
three fermions remain unbalanced. Instead one can de ne
X P E:i i2
_ _ 10K
Wg(T; ) = e "B ¢ TEi Eiz—%
i £ 10k i)
i.e. we take asthe energyof the supersymmetric partner the energyweighted
by supersymmetric fractions. This de nition enforcessummation only over
complete supermultiplets away from the critical region, while provides the
smooth smearingamong possiblecandidatesaround .. The index de ned

this way changessmoothly at nite cuto, and varies by two units as ex-
pected (cf. Fig. 6) [19].

5. Arbitrary F

A simple generalization of the F = 2;3 casesfor arbitrary number of
fermions reads[18]

Tr(@ ' fYay 2 f Y a0 (13)

fng

So the states of the basis may be labeled by F bosonic occupation num-
bersfnq;ny;:::ngg (con gurations) modulo cyclic shifts. Somestates are
excludedby the Pauli principle. For example

fn;ng; or f2,1;1;2;1; 1g

are not allowed, sincethey change sign while retaining their identity after
the suitable number of cyclic shifts. When calculating normalizations and
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matrix elemens one should keeptrack of symmetry factors de ned asthe
number of cyclic shifts which bring a state bad to itself. For examplethe
state j2;1; 2; 1;2;1i hasthe symmetry factor d = 3. Alternativ ely one can
label planar states with the periodic binary strings (necklaces) with, e.g,
zeros/onescorrespnding to the bosonic/fermionic creation operators (for a
more complete discussionsee[18]).

Detailed calculation of spectra for arbitrary fermion number is now in

progress. However many properties, e.g. the supersymmetry structure, has
beeninferred from the strong coupling limit of the model.

TABLE 11

Sizesof gaugeinvariant basesin the (F;B) sectors.

11 1 1 6 26 91 273 728 1768 3978 8398 16796

10 1 1 5 22 73 201 497 1144 2438 4862 9226
9 1 1 5 19 55 143 335 715 1430 2704 4862
8 1 1 4 15 42 99 212 429 809 1430 2424
7 1 1 4 12 30 66 132 247 429 715 1144
6 1 1 3 10 22 42 76 132 217 335 497
5 1 1 3 7 14 26 42 66 99 143 201
4 11 2 5 9 14 20 30 43 55 70
3 1 1 2 4 5 7 10 12 15 19 22
2 11 1 2 3 3 3 4 5 5 5
1 1 11 1 1 1 1 1 1 1 1
0 11 0 1 O 1 0 1 0 1 0

B
F10 1 2 3 4 5 6 7 8 9 10

As already mertioned, the strong coupling Hamiltonian (8) consenes
both fermionic and bosonic numbers of quanta. Hencethe Hilbert space
splits into the nite dimensional sectors, cf. Table Il, and the Hamilto-
nian in ead sector becomesa nite matrix. Still the Hgc has the exact
supersymmetry with the strong-coupling charges

1 h N 1 h N
Qsc = pﬁTr fa ; Qlsc= pﬁTr fay” ; (14)

acting alongthe diagonals 2F + B = const of Tablell. Diagonalizing few of
these matrices we have indeed found expected degeneracies Interestingly,

we have also found experimertally [18,20] that the zero energy eigenstates
are located only in the sectorswith

2 Obviously no cuto was required this time.
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B=F 1 F ewen: (15)

which form the regular magic staircase,shown in the boldface,in Tablell.

This obsenation, when conbined with the weak coupling (harmonic os-
cillator) limit, explains the structure of SUSY vacuafor all F and at any
value of the 't Hooft coupling. Namely, for any even F there are two su-
persymmetric vacuafor any in the strong coupling phase. On the other
hand, there is only one SUSY vacuumin the weak coupling phaseand it has
F=0.

The question why the supersymmetric vacua are located in the magic
sectors(15) will be answeredin the next section.

6. Two equiv alencies with statistical systems

Interestingly, our strong-coupling model is equivalert to the two well
known and nortrivial statistical systems[20].

6.1. A gasof g-bosons

Considera one dimensional, periodic lattice with sizeF. At ead lattice
site put a bosonic degreeof freedom described by its c/a operators a¥;; a;.
The strong coupling Hamiltonian (8) is equivalert to the following one ex-
pressedsolely in terms of bosonicvariables

X
H=B+ Nio b + bb 1; (16)

whereN; = a¥ja;, B = N1+ No+ :::+ Ng, and the action of by; lj is

B'jni

jn+ 1i; bni=jn 1li; BO O a7)

that is, they createand annihilate onequartum without the usual P n factors.
They satisfy the following commutation rules

[b:b]= N0 (18)

with the samenon-linear (in bs) operator asin the Hamiltonian. Using
the planar rules discussedearlier, one can show that the action of the rst
two terms of (8) on the planar basisis exactly the sameasthe action of the
rst two terms of (16) in the eigerbasisof N; [20]. The last two terms of (8)
are the sameasthe hopping terms of (16). Sincethe planar statesacquire a
phase( 1)F 1 upon cyclic shifts, the planar systemhasthe samespectrum
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as(16) in the eigen-sectorof the lattice shifts, U, with y = ( 1)F 1. This
equivalencewas cross-tieked numerically for 3 F;B 7.

The c/a operators are known in the literature [23,24]. Their algebrais
the special caseof the g-deformedharmonic oscillator algebra

[b;p']= g 2N (19)

with g! 1 . Transitions (17) without the squareroots are often referredto
as assistal (i.e. independent of the occupancy) transitions. The system of
g-bosonsdescribed by the Hamiltonian (16) is, to our knowledge, regarded
as non-soluble. In view of the secondequivalence,discussedbelow, it turns
out to bein fact soluble.

6.2. The XXZ Heisglerg chain

The secondequivalencehas beenproved employing another represeta-
tion of the planar states (13) [20]

h i
NijTr M ENM ()2 ()™ O j0)™ @)™ 1 (0)™ (W)™ ;
n
(r 1 mi;n > 0): (20)
Where the statesare labeledby the binary strings with, e.g.0/1 corresppnd-

ing to the bosonic/fermionic creation operators. In this basis,the action of
the strong coupling Hamiltonian (8) is equivalent to that of the XXZ chain

S

2 i=1

X X yy zZ Z
il T +

H>(<x)z = i+ T+1 D

for the particular values of the anisotropy parameter . The detailed cor-
respondencereads

(
(+1=2) 3 - .
Hsc(F;B) = HXX%—z faes Fodd (21)
"'H)((xz_)"' %L ;. F even B odd;

where the spin Hamiltonians are restricted to the translationally invariant
sectorswith the lattice sizeand the total spin xed by (F;B):

X 1
L=F+B; S$*= sizzé(F B): (22)
i=1
Remarkably, this equivalenceimplies the existence of the magic staircase
of the supersymmetric vacua discussedabove. More than thirt y yearsago
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Baxter has found that, for = 1=2, the ground stateswith S, = 1=2
have particularly simple eigenenergyEg = %L for in nite L [25]. Recerily
his ndings have beenextended by Riazumov and Stroganos to any nite,
odd L [26]. In view of (21), (22) the Riazumov Stroganov statesare nothing
but our strong coupling vacua[20]. Moreover, supersymmetry requiresa host
of degeneracieamongthe seeminglyunrelated excitations of the XXZ chain.
Amusingly, sincethe supersymmetry transformations changethe lattice size,
these excitations live on di erent lattices!®

Finally, sincethe XXZ model is exactly soluble(e.g. by the Bethe Ansatz
[28]), our supersymmetric systemis also solubleat in nite coupling. As one
application we give here the algebraic determination of the Bethe phase
factors for the rst three stepsof the magic staircase. The eigenenergie®f
Hxxz () are[29]

xn
Exxz( )= LE + 2m 2  cosp; (23)
j=1
wherethe momerta < pj < satisfy the following setof Bethe equations
. ) A b+ e ipj 2
Lpj — m 1 i (pj p|)e = e .
el =( 1) |—1e e o | L:::m: (24)
With m denoting the number of down spinsin a chain. For the supersym-
metric model m = B and (23) translate into

® 1
F+2 cosp; forFodd; =+ E; (25)
1

Esc(F;B)

1
T
N

1
cospj; forF ewen; and B odd = 5:(26)
j=1

Esc(F;B)

Solving numerically Egs. (24) we have found that the supersymmetric vacua
occur at F even and B odd, and are always given by the yet simpler sub-
ansatz of the Bethe Ansatz

Pr=0; Pak+r = Pax; k=10 —— (27)

which reducesthe number of independert variablesroughly by a factor of 2.
Still, the Bethe equationscan only be solved numerically in general. How-
ewer, for the rst three sectorsthe problem can be managedalgebraically
We shall discussit separatelyfor ead sector.

3 Supersymmetry of the, = 1=2, XXZ chain and other statistical systems, has
beendiscussedin the literature, albeit in slightly di erent contexts (see,e.g.[27] and
referencestherein). We thank Jan de Gier for bringing this to our attention.
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6.2.1. F= 4,B =3
This correspndsto L = 7, m = 3, and Eq. (27) implies
p1=0; p2=p; p3= P; (28)
and (24) reducesto (z = €P)
28 = 1: (29)
The admissiblesolution, which givesEgsc = 0, is

z=¢€3: (30)

6.22. F=4,B =5

Now L = 9, m = 5, and with the aid of (27) Bethe equationsreduceto
(X = eipZ; y = eip4)

g _ Xy+tX+yxy+x+1,
X+y+1l xy+y+1’
8 Xy+x+yxy+y+1,

yo = X+y+1l xy+x+1° (31)

Solving (31) is di cult in general,however onecaneasily nd solutions with
vanishing energy (26)

Esc(4;5)=2 2 x+y+%+$ = 0: (32)
Intro ducing two symmetric variables
S=X+Yy;, PpP=Xy; (33)

one obtains from (31), (32) the following two equationsfor s and p

s+ p 4.
P oy (34)

= 1: (35)

1
S
s+ -
p

The admissible solution is on the negative branch and reads
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N
X = 6—14 16+ip§ 15+ 33(7 I03_3)
r |
] |
4 16@+°33 i2°2 15+ 330+ "33

4 —p—
6—14 16+ ipé 15+ 337 Io:«;_:-;)
r |

<
1

q !
+4 16(3+p3_3) izpi 15+ ' 3_3(9+p3_3) ;

(36)

This pair indeed satis es both Bethe equations, together with (32), and
therefore correspnds to our supersymmetric vacuum.

6.23. F=6,B =5

This sector correspndsto L = 11, m = 5. Now the reduced Bethe
equationsare

10 _ XY +HX+yxy+x+1
X = ;
X+y+1l xy+y+1
Xy+x+yxy+y+1,

10 _
Y T XAyt iy rx+ 1 (37)

As previously, we look for the solutions which satisfy Esc(6;5) = O, that is

1 1 S 2
x+y+;+)—/-2, or T Ivp (38)
The secondequation follows from the product of the Bethe equations
+s S 1 p
p5 - p . 2 — p . (39)

; or —:
1+s p 1 p°

Theseequationsreduceto the fourth order polynomial equationfor p. Again
there is only one admissiblesolution and it lies on the negative branch
q —p—
X = 7i2 36+ ipi 11+ 137+ pE)
r I
q !
6 2 6( 3+ pl_?,)+ "2 11+ 13( 5+ IO1_3) ;
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q

y = 7i2 36+ip§ 11+I E(7+pE)
r |
q !
w62 6( 3+p1_3)+ip§ 11+'1_3( 5+p1_3) ;. (40)

As the last exercisdet us show that thesenumbersareindeedunimodular
which is not obvious at rst sight. Howewer it is easyto calculate

jx+yj2=:—é 7+ P13 DX yj?= s Pi3 : thereforejxj? + jyj% = 2:

3
(41)
Further, sincex = a+ bandy = a b, onecan obsene that
(ab)- = 7 11+ 13 ;) jXj“=}vj (42)

which together with (41) implies that x and y are indeed pure phasefactors.
As a byproduct one obtains

1 p

Re(xy ) cos(pz pa)= ¢ 1+ 13 : (43)

7. Discussion

The direct diagonalization of a Hamiltonian matrix is usually considered
a viable tool, for nding a spectrum, only for nite matrices. It turns out
however, that the approad works in many caseswith the in nite dimensional
Hilb ert spaceaswell. Although sud Hilb ert spacesappear already in many
guantum medianical systemswith nite number of degreesof freedom, the
true challengefor the Hamiltonian formalism is posedby the eld theoreti-
cal problems. An interesting family of systemsresults from the dimensional
reduction of the eld theoretical modelsto a one point in space. As sud,
they again have the nite number of degreesof freedom, howewer they in-
herit many advancedfeaturesof the parert eld theories, for exampletheir
symmetriesincluding supersymmetry. The straightforward diagonalization
proved quite successfulin uncovering quite rich and nontrivial spectra of
supersymmetric Yang Mills quantum medianicsin various dimensions.

This lecture reviewsthe recen study of a systemwith the in nite number
of degreesof freedom, namely a particular supersymmetric gaugequantum
medanics (also referred to as a matrix model) with the in nite number of
colours. The model was conceived as the illustration of the planar calculus
in the Fock space. Howewer it was subsequetly found that the system has
an interesting physicswhich connectsto many recerily discussedssues.For
example, the system undergces the discortinuous phase transition in the
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't Hooft coupling which is accompaniedby the remarkable rearrangemen of
dynamical supermultiplets. It enjoys the strong-weak duality in the lowest
(and simplest) fermionic sectorswhere the complete, exact spectrum can be
found analytically. The full structure of intervening supermultiplets begins
with two fermionsand goeson ad in nitum. In ead bosonicsectortwo new
supersymmetric vacua appear in the strong coupling phase while there is
only onein the weak coupling region. The behavior in the strong coupling
phasehas beenfound by studying the systemat the in nite value of the 't
Hooft coupling and then extending it to the whole strong coupling regime.

At in nite coupling the model revealsalsoits connectionswith the statis-
tical physics, which proves,among other things, that a quantum medanics
at innite N becomesa bona de eld theory. The supersymmetric planar
modelis exactly equivalert to the one-dimensionalquantum XXZ Heiserberg
chain, and at the sametime, to the one-dimensionallattice gasof g-bosons.
The strong coupling vacua found in the SUSY matrix model turn out to
be nothing but simple ground states of the XXZ chain which were found
more than thirt y yearsago. In addition, the XXZ chain appearsto have the
hidden supersymmetry which results in many degeneraciesamong various
energyeigenstates.An unusual feature of thesesupersymmetry transforma-
tions is that they connectstates propagating on di erent lattices.

Secondequivalenceis with a gas of g-bosons,with the in nite defor-
mation parameter. The latter mapping holds exactly in all fermionic and
bosonicsectorswhile the former doesnot work for even F and B.

The chain of correspndencesdiscovered in [20] implies also that the
speci ¢, nonlinear 1 -bosonicHamiltonian is in fact solublevia solubility of
the XXZ chain. Vice versa the samesolubility implies that the supersym-
metric matrix model is exactly soluble at the in nite value of the 't Hooft
coupling. It is also quite conceinable that this solubility holds in the whole
strong coupling phase[19].

Summarizing: planar calculus applied directly in the Fock spaceturned
out be rather promising tool in studying somesimple, but non-trivial, mod-
els. It allowedto nd phenomenawhich beara tantalizing similarity to ones
found in the much more advancedsystems[30 35]. It remainsto be seenif
this approad can be extendedto the full, i.e. spaceextended eld theories.
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Most of the results reviewed here have been obtained in collaboration
with Gabriele Veneziano.l thank him for pointing out the practical advan-
tagesof planar calculusin the Hilb ert space,and for numerous,enlightening
and stimulating discussionson speci ¢ issues. This work is partially sup-
ported by the grant of Polish Ministry of Scienceand Higher Education
PO3B 024 27 (2004) (2007).

A special sessionduring this Scool is dedicated to Andrzej Bia?as in
honour of his 70-th birthday. | would like to thank him for being there
and for the incredible passionand drive for physicshe is distributing among
all of us who have a chance,and a privilege, to interact with him.
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