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We show that the minimal Gaussianmodel of nonlocal vacuum quark
and quark�gluon condensatesin QCD generatesthe non-transversity of
vector current correlators. We suggestthe improved Gaussianmodel of the
nonperturbativ e QCD vacuum, which respects QCD equation of motion
and minimizes the revealedgauge-invariancebreakdown. We obtain the re-
�ned valuesof pion distribution amplitude (DA) conformalmoments h� 2N i �
(N = 1; . . . , 5) using the improved QCD vacuum model, including the in-
versemoment hx � 1i � , being inaccessibleif oneusesthe standard QCD sum
rules. We construct the allowed region for Gegenbauer coe�cien ts a2 and
a4 of the pion DA for two valuesof the QCD vacuumnonlocality parameter,
� 2

q = 0:4 and 0.5GeV2.

PACS numbers: 11.15.Bt, 12.38.Bx, 12.38.Cy

1. Basics of nonlo cal vacuum condensates in QCD

In order to analyzemesondistribution amplitudes (DAs) and form fac-
tors the generalizationof the standard QCD sum rules (SRs) approach has
been suggestedin [1� 3]. This generalization is basedon the notion of the
nonlocal vacuum condensates(NLC) of quark and gluon �elds in the non-
perturbativ e QCD vacuum. The e�ects of QCD vacuumnonlocality appears
to be very important in the pion DA analysis [4� 7]. In what follows we con-
sider the main objects of this approach and its application to the estimation
of 2-point correlators in QCD.

We use, as usual in QCD Sum Rules (SR) approach, the �xed-p oint
gauge x � A � (x) = 0. For this reasonall Fock�Schwinger strings E(0; x) �

P exp
hRx

0 Â � (z) dz�
i

= 1 if the integration path is a straight line going
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from 0 to x. We employ for the scalar and vector condensatesthe same
minimal model as in [6,7]

h�q(0)q(z)i = h�qqi e�j z2 j � 2
q=8 ;

h�q(0)
 � q(z)i =
i z� z2

4
2� s� h�qqi 2

81
e�j z2 j � 2

q=8 : (1)

The nonlocality parameter � 2
q = hk2i characterizesthe averagemomentum

of quarks in the QCD vacuumand hasbeenestimated in QCD SRs[8,9] and
on the lattice [10,11]: � 2

q = 0:45� 0:1 GeV2. For the quark�gluon�an tiquark
condensates

D
�q(0)
 �

�
� g bA � (y)

�
q(x)

E
= (y� x � � g�� (yx))M 1

�
x2; y2; (y � x)2�

+ (y� y� � g�� y2)M 2
�
x2; y2; (y � x)2�

;
D

�q(0)
 5
 �

�
� g bA � (y)

�
q(x)

E
= i" �� yx M 3

�
x2; y2; (y � x)2�

;

with A1;2;3 = A0
�
� 3

2 ; 2; 3
2

�

M i
�
x2; y2; z2�

= A i

Z 1Z

0

Z
d� d� d
 f i (�; � ; 
 ) e( �x 2+ � y2+ 
 z2)=4 :

The minimal model of nonlocal QCD vacuum suggeststhe following Ansatz

f i (�; � ; 
 ) = � (� � � ) � (� � � ) � (
 � � ) ;

with � = � 2
q=2. However, this model does not obey the QCD equations of

motion and gaugeinvarianceof 2-point correlator of vector currents. In order
to ful�ll QCD equationsof motion exactly and minimize non-transversity of
V � V correlator we suggestthe improved model of QCD vacuum with

f imp
i (�; � ; 
 ) = (1+ X i @x + Yi @y + Yi @z) � (� � x� ) � (� � y� ) � (
 � z� ) ; (2)

where z = y and � = � 2
q=2. From QCD equationsof motion one can obtain

the followings conditions [12] for this model

x + y = 1; 12 (X 2 + Y2) � 9 (X 1 + Y1) = 1: (3)

Vacuum condensatesof 4-quarks operators are usually transformed to
the product of two scalar quark condensatesby meansof the Hypothesisof
Vacuum Dominance(HVD) 1

h�q(0)Aq(y) �q(z)B q(x)i �=

�
� Tr AB
16N 2

c

�
h�q(0)q(x)i h�q(0)q(z � y)i :

1 For shortness we consider operators A and B , which include also color matrixes
ta and tb.
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2. Op erator pro duct expansion of vector curren t correlator

Consider now the correlator

� N
�� = i

Z
d4x eiqx 


0jT
�
J N

� (0)J +
� (x)

�
j0

�
;

of two vector currents corresponding to charged � meson

J +
� (x) = �u(x)
 � d(x) ; J � (0) = �d(0)
 � u(0) :

In the �rst current we have the composite operator (� in r 0)N . Its action
on the quark �eld is de�ned as

(� in r 0)N u(0) � (� in r y)N u(y)
�
�
�
y=0

;

wheren is an arbitrary light-lik e vector, n2 = 0, such that nq6= 0. For short-
ness,we will write below � N

�� in place of � N
�� (q). All O(� sh�  i 2) terms

in � N
�� are generatedby bilocal vector, quark�gluon�an tiquark (seeFig. 1),

and 4-quarkscondensates(seeFig. 2):

� N
�� = � 2V � N

�� + � �qAq � N
�� + � 4Q1

� N
�� + � 4Q2

� N
�� + (M:C:) : (4)

M.C. meansterms due to mirror-conjugated diagrams: for example,in Fig. 1
they correspond to diagrams, in which NonLocal Condensate(NLC) are
inserted in the bottom line instead of the top one.

We are interested in the quantities corresponding to the non-transversal
structure of � N

�� :

� k � N
L (M 2) �

M 4

2A0

bB � q2 ! M 2

� k � N
�� n� q�

nq

with k = 2V, �qAq, 4Q1 and 4Q2. Here, in close analogy with QCD SR
approach, we work with Borelizedquantities, which are obtained after Borel

q � � q � �

�

Fig. 1. Vector quark�quark (� 2V � N
�� , left) and quark�gluon�an tiquark (� �qAq � N

�� ,
right) condensatescontributions to the correlator � N

�� .
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�

�

� �
� �

� �

Fig. 2. Four-quark condensatescontributions to the correlator � N
�� : � 4Q1 � N

�� (left)
and � 4Q2 � N

�� (right).

transformation bB � q2 ! M 2 . Having in mind further applications for meson
DAs, we calculate the corresponding contributions (k = 2V, �qAq, 4Q1, 4Q2):

� k � N
T (M 2) �

M 6

2A0

bB � q2 ! M 2
� k � N

�� n� n�

nq2 :

The functions � k � N
L (M 2) and � k � N

T (M 2) aregiven in explicit form in [12].

3. Analysis of Gaussian mo dels

Vector current conservation in QCD claims for the transversity (with
respect to the index � ) of the sum of contributions all quark condensates:

�� N
L � � 2V � N

L + � �qAq � N
L + � 4Q1

� N
L + � 4Q2

� N
L + (M:C:) = 0:

Note herethat sincewestudy Gaussianmodel basedon delta-Ansatz (1), (2),
the sum �� N

L cannot be equal zero exactly. The reason is very simple
� we insert the Gaussianbehavior by hands. So, the only thing we can
hope to realize, is to minimize j�� N

L j by the special choice of the Ansatz's
parameters. More precisely, we are interested in minimization of conformal
moments � h� 2N i L

� h� 2N i �

1Z

0

(2x � 1)2N �� (x) dx =
2NX

k=0

(� 2)2N � k
�

2N
k

�
�� 2N � k ;

which are usedin the QCD SR analysisof mesonDAs.
Consider now the set of available parameters f X i g in our improved

model. We apply delta Ansatz (1) with one parameter X v , relating non-
localities in vector and scalar quark condensates: � 2

V = X v � 2
q. For the

quark�gluon�quark condensatewe useAnsatz (2) with � = X v � 2
q=2. There

are parameters,which are not independent due to Eq. (3), derived from the
QCD equation of motion. After taking into account all mentioned relations
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we have the following 7 parameters: x; X 1; X 2; X 3; Y1; Y3 and X v . In order
to �nd thesevaluesof our parameters f X i g we introduce the optimization
function, which is consideredin [12]. Minimization of the optimization
function givesus the following set of parameters

X 1 = +0 :082; Y1 = Z1 = � 2:243; x = 0:788; X v = 1:00;

X 2 = � 1:298; Y2 = Z2 = � 0:239; y = 1 � x = 0:212;

X 3 = +1 :775; Y3 = Z3 = � 3:166; z = 1 � x = 0:212: (5)

Wewill considerthis setasthe basicparametersetof the improved Gaussian
model.

To illustrate the quality of the improved Ansatz weshow in Fig. 3 plots of
the functions � h� 2N i L (� ) with N = 0; 2; 5 (solid lines) in comparisonwith
corresponding quantities for the minimal Ansatz (dashedlines). As is clearly
seenfrom this comparisons,the improved Ansatz (5) strongly suppressesthe
absolute values of non-transverse conformal moments � h� 2N i L , i.e. takes
the vector correlator transversity into account much better.
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Fig. 3. We show functions � h� 2N i L (� ) with N = 0; 4; 10 for the improved NLC
model (5) (solid line) in comparisonwith ones,corresponding to the minimal NLC
model (dashedline).

4. Pion distribution amplitude

The obtained QCD vacuum model allows us to calculate moments of the
pion DA ' � (x; � 2) [13] more accurately.

h0 j �d(z)
 � 
 5u(0) j � (P)i
�
�
�
z2=0

= if � P �

1Z

0

dx eix (zP ) ' � (x; � 2) : (6)

The results of the analysis of h� 2N i � in the NLC QCD sum rules are given
in the Table I. One can seefrom this table that the valuesof the pion DA
moments in the new Gaussian model of QCD vacuum are systematically
di�eren t from those,corresponding to the minimal model. Allowedregionfor
the Gegenbauer coe�cien ts a2 and a4 are shown in Fig. 4. Thesecoe�cien ts
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TABLE I

Pion DA moments h� N i � (� 2
0), determined at � 2

0 = 1:35 GeV2.

Model f � (GeV) N = 2 N = 4 N = 6 N = 8 N = 10

Minimal [7] 0:137(8) 0:266(20) 0:115(11) 0:060(7) 0:036(5) 0:025(4)

Ansatz (5) 0:140(13) 0:290(29) 0:128(13) 0:067(7) 0:040(5) 0:025(4)

de�ne the pion DA in a form of the expansionin Gegenbauer polynomials
C3=2

2n (2x � 1), being the eigenfunctionsof the 1-loop ER-BL [14,15] evolution
kernel:

' �
�
x; � 2 = 1:35 GeV2�

= 6x �x
h
1+ a2 C3=2

2 (2x � 1)+ a4 C3=2
4 (2x � 1)

i
: (7)

In order to test the self-consistencyof our procedureof DA restoration on
the basisof information about its �rst �v e conformal moments, we use the
same technique as in [6,7]. Namely, we construct the special SR for the
inversemoment hx � 1i � and the result of its processinghx � 1i SR

� is compared
with the inversemoment obtained from representation (7):

hx � 1i DA
� = 3 (1 + a2 + a4) :

For the value � 2
q = 0:4 GeV2 we get following results:

hx � 1i DA
� = 3:25 � 0:20; hx � 1i SR

� = 3:40 � 0:34;

and for the value � 2
q = 0:5GeV2 � these:

hx � 1i DA
� = 3:08 � 0:15; hx � 1i SR

� = 3:27 � 0:35:

The obtained inversemoments in both casesare in good mutual agreement.
This con�rms the self-consistencyof the pion DA recovery procedure.
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Fig. 4. Allowedvaluesof the pion DA parametersa2 and a4 areboundedby the solid
blue line. Region boundedby the dotted red line represents results obtained in the
minimal model [7]. Left panel show the results for the value � 2

q = 0:5GeV2, right
panel � for the value � 2

q = 0:4 GeV2. All valuesare normalized at � 2 = 1:35 GeV2.
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5. Conclusion

Here we consideredthe Gaussianmodel of the nonlocal vacuum quark
and quark�gluon condensatesin QCD. We analyzedthe Lorenz structure of
the correlator � �� (q) of two vector quark currents and showed that in the
minimal Gaussianmodel of the nonperturbativ e QCD vacuum [1,6,7], this
correlator is non-transversal and nonlocal condensatesdo not satisfy QCD
equationsof motion. To ameliorate the situation we suggestedthe improved
Gaussianmodel for nonlocal vacuum quark and quark�gluon condensatesin
QCD, Eqs. (1) and (2). This model satis�es QCD equations of motion for
quark �elds and the revealed breakdown of gaugeinvariance is minimized
by the special choice of parameters,seeEqs. (5).

Using this improved model of the nonlocal QCD vacuum we analyzed
QCD SRsfor the pion DA. We revealedthat in the new QCD vacuummodel
the NLC SRsproduceagain a 2-parameter� bunch� of admissibleDAs. The
allowed valuesof this bunch parametersa2 and a4 areshown in Fig. 4. These
models are in a good agreement with the results of independent SR for the
pion DA inversemoment, hx � 1i SR

� .
We emphasizehere that obtained earlier in the minimal Gaussianmodel

of QCD vacuumthe BMS model [7], shown in Fig. 4 by symbol � , is insidethe
allowed region dictated by the improved QCD vacuum model. This testi�es
to the heredity of both Gaussianmodels, the minimal oneand the improved
one. Moreover, that also meansthat all the characteristic features of the
BMS bunch arevalid alsofor the improved bunch: onecanseein Fig. 5, that
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Fig. 5. Pro�les of the pion DAs corresponding to the central points of the �bunches�
for the value of the nonlocality parameter � 2

q = 0:4GeV2. (a): The blue solid line
represents the result obtained in the improved Gaussianmodel (symbol 9 on the
right part of Fig. 4). (b): The solid line represents the result obtained in the
minimal Gaussianmodel (BMS model [7], symbol � on the right part of Fig. 4).
For comparisonwe show herealso the asymptotic DA (dotted line) and Chernyak�
Zhitnitsky (CZ) DA [16] (dashedline).
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in comparisonwith the CZ model [16] (dashed line, a2 = 0:52 and a4 = 0
at � 2 = 1:35 GeV2) the NLC-dictated models are much more end-point
suppressed,although are double-humped.

This results in completelydi�eren t valuesof the inversemoment: hx � 1i CZ
�

= 4.56, whereasin our casehx � 1i � = 3:24 � 0:20.
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