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We discuss the non-perturbativ e regime of QCD, which is supposed
to be relevant for the description of the transient phase as quark�gluon
plasma formed during heavy-ion collisions at very high energies. Since
there is not yet an available �eld-theoretical scheme for non perturbativ e
QCD in those conditions, we study the dynamics of strongly interacting
gauge-theorymatter (modelling quark�gluon plasma) using the AdS/CFT
dualit y between gauge�eld theory at strong coupling and a gravitational
background in Anti-de Sitter space. The relevant gaugetheory is a-priori
equipped with N = 4 supersymmetries, but qualitativ e results may give
lessonson this issue. As an explicit example,we show that perfect �uid hy-
drodynamics emergesat large times as the unique nonsingular asymptotic
solution of the nonlinear Einstein equations in the bulk. The gravit y dual
can be interpreted as a black hole moving o� in the �fth dimension.

PACS numbers: 11.25.Tq, 12.38.Mh

1. In tro duction

From the �rst years of the running of heavy-ion collisions at RHIC, it
has been advocated that various observables are in good agreement with
models basedon hydrodynamics [1] and with quark�gluon plasma (QGP)
in a strongly coupled regime [2]. To a large extent it seemsthat the QGP
behaves approximately as a perfect �uid as was �rst consideredin [3]. A
schematic view of the theoretical expectations in given in Fig. 1. It is a
challenge of QCD to derive from �rst principles the properties of the dy-
namics of a strongly interacting plasma formed in heavy-ion collisions and
in particular to understand why the perfect-�uid hydrodynamic equations
appear to be relevant.
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Fig. 1. Scenario for the quark�gluon plasma (QGP) formation. After a pre-
equilibrium stage in a heavy-ion collision, probably governed by a weak-coupling
but denseregime, the QGP is formed with local equilibrium and hydrodynamic
properties.

Even if the experimental situation is still developingand rather complex,
it is worth simplifying the problem in order to be able to attack it with
appropriate theoretical tools. Recently the AdS/CFT correspondence[4,5]
emergedas a new approach to study strongly coupled gaugetheories. This
has been largely worked out in the supersymmetric case,in particular for
the conformal caseof N = 4 super Yang�Mills theory (SYM). Interestingly
enough, since the QGP is a decon�ned and strongly interacting phase of
QCD, we could expect that results for the noncon�ning N = 4 theory may
be relevant or at least informativ e as far as the unknown strong coupling
QCD problem is concerned.We will start from this assumptionin our work.

In this lecture we focus on the spacetimeevolution of the gaugetheory
(4d) energy-momentum tensor, and derive its asymptotic behaviour from
the solutions of the nonlinear Einstein equationsof the gravit y dual.

Imposing the absenceof curvature singularities in the gravit y dual, we
will show that, in the boost invariant setting (as in [3]), perfect �uid hy-
drodynamics emergesfrom the AdS/CFT solution at large times. The new
material contained here comesfrom Refs. [6].

2. String/Gauge �elds Dualit y

As an introduction to our lecture, let us brie�y recall someaspects of
the String/Gauge Dualit y. The AdS/CFT correspondence [4] has many
interesting formal and physical facets. Concerning the aspects which are of
interest for our problem, it allows one to �nd relations betweengauge�eld
theories at strong coupling and string gravit y at weak coupling in the limit
of large number of colours (Nc ! 1 ). It can be examined quite precisely
in the AdS5/CFT 4 casewhich conformal �eld theory corresponds to SU(N )
gaugetheory with N = 4 supersymmetries.
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Let us recall the canonical derivation leading to the AdS5 background,
seeFig. 2. One starts from the (super)gravit y classicalsolution of a system
of N D3-branesin a 10� d spaceof the (type I IB) superstrings. The metric
solution of the (super)Einstein equationsread

ds2 =
1

p
f

 

� dt2 +
X

1� 3

dx2
i

!

+
p

f (dr2 + r 2d
 5) ; (1)

where the �rst four coordinates are on the brane and r corresponds to the
coordinate along the normal to the branes. In formula (1), one de�nes

f = 1 +
R4

r 4 ; R = 4� g2
YM � 02N ; (2)

where g2
YM N is the `t Hooft�Y ang-Mills coupling and � 0 the string tension.

One considersthe limiting behaviour consideredby Maldacena, where one
zooms on the neighbourhood of the braneswhile in the sametime going to
the limit of weak string slope � 0: The near-by space-timeis thus distorted
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Fig. 2. Schematic view of the Gauge/String Dualit y. Left: The string background
is the Anti-de Sitter space(AdS); Right: the gauge theory is a Conformal �eld
theory (CFT) on the 4-d N -branes.
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due to the (super) gravitational �eld of the branes. One goes to the limit
where

R �xed ;
� 0(! 0)
r (! 0)

! z �xed : (3)

This, from the secondequation of (2) obviously implies

� 0 ! 0 ; g2
YM N �

1
� 02 ! 1 ; (4)

i.e. both a weak coupling limit for the string theory and a strong coupling
limit for the dual gauge�eld theory. By reorganizing the two parts of the
metrics one obtains

ds2 =
1
z2

 

� dt2 +
X

1� 3

dx2
i + dz2

!

+ R2d
 5 ; (5)

which corresponds to the AdS5 � S5 background structure, S5 being the
5-sphere. More detailed analysis shows that the isometry group of the
5-sphereis the geometricaldual of the N = 4 supersymmetries. More intri-
cate is the quantum number dual to Nc; the number of colours,which is the
invariant charge carried by the Ramond�Ramond form �eld.

3. Bjork en hydro dynamics

Coming back to the physical world, a model of the central rapidit y region
of heavy-ion reactionsbasedon hydrodynamics was pioneeredin [3] and in-
volvedthe assumptionof boost invariance. Our goal is to study the dynamics
of strongly interacting gauge-theorymatter assumingboost invariance.

Wewill beinterestedin the spacetimeevolution of the energy-momentum
tensor T�� of the gauge-theory matter. It is convenient to introduce the
proper-time (� ) and space-rapidity (y) coordinates in the longitudinal posi-
tion plane:

x0 = � coshy x1 = � sinhy : (6)

In thesecoordinates, all components of the energymomentum tensor can be
expressed(see[6]) in terms of a single function f (� ):

T�� =

0

B
B
@

f (� ) 0 0 0
0 � � 3 d

d� f (� ) � � 2f (� ) 0 0
0 0 f (� )+ 1

2 � d
d� f (� ) 0

0 0 0 f (� )+ 1
2 � d

d� f (� )

1

C
C
A

(7)
where the matrix T�� is expressedin (� ; y; x1; x2) coordinates.
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Furthermore the function f (� ) is constrained to verify

f (� ) � 0; f 0(� ) � 0; � f 0(� ) � � 4f (� ) : (8)

The dynamics of the gauge theory should pick a speci�c f (� ). A perfect
�uid or a �uid with nonzero viscosity and/or other transport coe�cien ts
will lead to di�eren t choicesof f (� ).

We thus addressthe problem of determination of the function f (� ) from
the AdS/CFT correspondence. Let us �rst describe two distinct casesof
physical interest:

For a perfect �uid (Bjork en hydrodynamics) f (� ) � 1=�
4
3 ; while for a

�free streaming case�expected just at the beginning of the interaction [11] ,
f (� ) � 1=� : In the following we introduce a family of f (� ) with the large �
behaviour of the form

f (� ) � � � s: (9)

4. Bo ost-in varian t geometries

The most general form of the bulk metric respecting boost-invariance
can be written

ds2 =
� ea(� ;z)d� 2 + � 2eb(� ;z)dy2 + ec(� ;z)dx2

?

z2 +
dz2

z2 : (10)

The three coe�cien t functions can be (non trivially) derived from the Ein-
stein equations

R�� �
1
2

g�� R � 6g�� = 0 ; (11)

in the asymptotic limit where � ! 1 : Interestingly enough, they depend
only on the scaling variable v = z=� s=4; where s labels the one-parameter
family of solutions (9).

After quite painful calculations, the solution reads[6]

a(v) = A(v) � 2m(v) ; b(v) = A(v)+ (2s� 2)m(v) ; c(v) = A(v)+ (2� s)m(v) ;
(12)

where

A(v) =
1
2

�
log(1 + � (s) v4) + log(1 � � (s) v4)

�

m(v) =
1

4� (s)

�
log(1 + � (s) v4) � log(1 � � (s) v4)

�
(13)

with

� (s) =

r
3s2 � 8s + 8

24
: (14)
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Specializing �rst to the perfect �uid case,this givesrise to the following
asymptotic geometry

z2 ds2 = �

�
1 � e0

3
z4

� 4=3

� 2

1 + e0
3

z4

� 4=3

d� 2 +
�

1 + e0
3

z4

� 4=3

�
(� 2dy2 + dx2

? ) + dz2 : (15)

Remarkably enoughthis geometrycan be identi�ed (in a suitable metric) to
be a moving Black Hole, which evolves in the �fth dimension z:

For the free streaming case,one �nds

z2 ds2 = �
�

1 +
v4
p

8

� 1� 2
p

2
2

�
1 �

v4
p

8

� 1+2
p

2
2

dt2

+
�

1 +
v4
p

8

� 1
2

�
1 �

v4
p

8

� 1
2

� 2dy2

+
�

1 +
v4
p

8

� 1+
p

2
2

�
1 �

v4
p

8

� 1�
p

2
2

dx2
? + dz2 ; (16)

which is qualitativ ely di�eren t from the perfect �uid case,in particular it
displays singularities or zeroesat v4 =

p
8 in all coe�cien ts. More generally,

it is possibleto show [6] that the perfect �uid caseis the only one free of
physical singularities, namely singularities which cannot be removed by a
change of coordinates. In order to check this feature, we consideredthe
metric-invariant curvature scalar

R2 = R�� �� R�� �� : (17)

As an illustration, we represent this property in Fig. 3, wherethe valueof R 2

is studied as a function of the distance from the horizon, for s valuesat the
perfect �uid point and very near-by values.

Let us add somecomments on the speci�c featuresof our approach and
results. We concentrate on looking for solutions of the full nonlinear Ein-
stein equations. It would be interesting to confront this approach with the
linearization methods of Refs.[7]. In particular viscosity terms are expected
to appear in the study of subasymptotic terms Ref. [9]. Note that the pos-
sibilit y of black hole formation in the dual geometry has been argued in
Ref. [8]. More speci�cally, the geometry of a brane moving w.r.t. a black
hole background has beenadvocated in Ref. [10] for the dual description of
the cooling and expansionof a quark�gluon plasma. In our casewe could
interpret the solution (15) as a kind of `mirror' situation in terms of a black
hole moving o� from the AdS boundary.
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Fig. 3. The curvature scalar R 2: R2 is calculated as a function of w = v=� (s)1=4

for the perfect �uid cases = 4=3 (solid line), s = 4=3 � 0:1 (dotted line) and
s = 4=3 + 0:2 (dashedline).

5. Summary

We have introduced a general framework for studying the dynamics of
matter (plasma) in strongly coupled gaugetheory using the AdS/CFT cor-
respondencefor the N = 4 SYM theory. We constructeddual geometriesfor
given4-dimensionalgaugetheory energy-momentum tensorpro�les. Further
imposing boost-invariant dynamics inspired by the Bjorken hydrodynamic
picture, we have found the corresponding asymptotic solutionsof the nonlin-
ear Einstein equations. Among the family of asymptotic solutions, the only
one with bounded curvature scalars is the gravit y dual of a perfect �uid
through its energy-momentum tensor pro�le. This selectednonsingular so-
lution, givenby the metric (15), correspondsto a black holemoving o� in the
5th dimension as a function of the physical proper time. As an application
of this framework, we can obtain [6] the thermalization time of the perfect
�uid, which describes the decay back to equilibrium of a scalar excitation
of the perfect �uid out of equilibrium, by computation of the quasi-normal
modes of the moving Black Hole. In some sense,the moving Black Hole
is a quite stable geometric con�guration. We conjecture that it may rep-
resent, through the Gauge/Gravit y duality, a powerful �attractor� for the
QGP evolution, or even perhaps for more general evolution of a strongly
coupled system of quarks and gluons e.g. in a high energy hadron�hadron
reaction.
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