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When quarks and gluonstend to form a densemedium, like in high en-
ergy or/and heavy-ion collisions, it is interesting to ask the question which
are the relevant degreesof freedom that Quantum Chromodynamics pre-
dicts. The present notes correspond to two lectures given at Zakopane
in the (rainy) summer of 2006, where this question is adressedconcretely
in two cases,one in the QCD regime of weak coupling, the other one at
strong coupling. (The secondLecture is published on page 0000 of this
volume.) Each casecorresponds to the study of an elusive but dynami-
cally important transient phase of quarks and gluons expected to appear
from Quantum Chromodynamics during high energy collisions. Below, we
examinethe dynamical phasespaceof gluon transversemomerta near the
so-called saturation phaseincluding its uctuation pattern. Saturation
is expectedto appear when the density of gluons emitted during the colli-
sionreachesthe limit whenrecombination e ects cannot be neglected,even
in the perturbativ e QCD regime. We demonstratethat the gluon momena
exhibit a nontrivial clustering structure, analoguousto hot spots, whose
distributions are derived using an interesting matching with the thermo-
dynamics of directed polymers on a tree with disorder and its spin-glass
phase.

PACS numbers: 13.60.Hb, 12.38.Cy 05.40. a

1. Intro duction

Saturation in QCD is expectedto occur when parton densitiesinside a
hadronic target are so high that their wave-functions overlap. This is ex-
pected from the rapidity Y = log(W ?) ewlution of deep-inelasticscattering
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amplitudes governed by the Balitsky Fadin Kuraev Lipatov (BFKL) ker-
nel [1]. The BFKL ewlution equation is sud that the number of gluons
of xed sizeincreasesexponertially and would lead without modi cation to
a violation of unitarity. By cortrast, the renormalisation-group ewolution
equations following Dokshitzer, Gribov and Lipatov, Altarelli and Parisi
(DGLAP) [2] explain the ewlution at xed Y as a function of the hard
scaleQ?: They lead to a dilute system of asymptotically free partons. As
sthematizedin Fig. 1, the transition to saturation [3,4] is characterizedby a
typical transversemomertum scaleQs(Y), depending on the overal rapidity
of the reaction, when the unitarit y bound is reaced by the BFKL ewolution
of the amplitude. The two-dimensionalplot shoving the two QCD ewlution
sthemesand the transition boundary to saturation arerepreserted in Fig. 1.
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Fig. 1. Schematic view of the transition region to saturation. The DGLAP and
BFKL ewolution rangesare displayed, together with the saturation region where
the density bounds are reached.

The problem we addresshereis the characterization of the gluon momen-
tum distribution near saturation. Our aim is to understand the transverse-
momerta spectrum of the gluonswhich are generatedby the BFKL ewlution
in rapidity, i.e. characterising a transient QCD phasestructure near satu-
ration as a whole The new material cortained in this lecture comesfrom
Ref. [5].

As a guide for the further developmernts, the basic structure underlying
the transition to saturation canbe understood in terms of travelingwaves If
at rst oneneglectsthe uctuations (in the mean- eld approximation), the
e ect of saturation on a dipole-target amplitude is described by the non-
linear Balitsky K ovchegor [6] (BK) equation, where a nonlinear damping
term addsto the BFKL equation. As shown in [7], this equation falls into
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the universality classof the Fisher and Kolmogoror, Petrovsky, Piscounos

(F-KPP) nonlinear equation [8] which admits asymptotic traveling wave so-
lutions. The exponertial behaviour of the BFKL ewlution quickly enhances
the e ects of the tail towards a region where nally the nonlinear damping

regulatesboth the traveling wave propagation and structure.

Indeed, one of the major recent challengesin QCD saturation is the
problem of taking into accourt the rble of uctuations, i.e. the structure
of gluon momerta beyond the average. In these conditions it was realized
for traveling waves[9] and thus in the QCD case[10], that the uctuations
may have a surprisingly large e ect on the overall solution of the nonlin-
ear equations of saturation. Indeed, a uctuation in the dilute regime may
grow exponertially and thus modify its cortribution to the overall ampli-
tude. Hence,in order to enlarge our understanding of the QCD ewlution
with rapidity, it seemsimportant to give a quarntitativ e description of the
pattern of momerta generatedby the BFKL ewlution equationsfor the set
of cascadingdipoles (or, equivalertly gluons) near saturation, which is the
subject of the lecture.

Tednically speaking, we shall work in the leading order in 1=N; where
the QCD dipole framework is valid [11]. Moreover we will usethe di usiv e
approximation of the 1-dimensionalBFKL kernel. In fact, the phasestruc-
ture appears quite rich already within this approximation sdheme. Many
aspectswe will obtain shov universality featuresand thus are expectedto
be valid beyond the approximations.

2. Rapidit y evolution of cascading QCD dip oles

Let us start by briey describingthe QCD ewlution of the dipole distri-
butions [11 13].

The structure of BFKL cascadingdescribesa 2-dimensionaltree struc-
ture of dipolesin transverse position spaceewlving with rapidity. Let us,
for instance, focus on the rapidity ewlution starting from one massiwe qq
pair or onium [11], seeFig. 2. At ead branching vertex, the wave function
of the onium-projectile is described by a collection of color dipoles. The
dipoles split with a probability per unit of rapidity de ned by the BFKL
kernel [1]
sN¢ (v W)2

v 2%z w)’

describing the disscciation vertex of one dipole (v;w) into two dipoles at
(v;z) and(z;w); wherev;w;z are arbitrary 2-dimensionaltransversespace
coordinates.

As an approximation of the 2-dimensionalformulation of the BFKL ker-
nel (1) obtained when one neglectsthe impact-parameter dependence,we

K(v;w;z) =

(1)
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Fig.2. BFKL cascadingand saturation. The QCD branching processin the
BFKL regime and beyond is represenied along the rapidity axis (upper part). Its
2-dimensionalcounterpart in transverseposition spaceis displayed at two di erent
rapidities (lower part). The interaction region is represerted by a shadeddisk of
size1=Q. At rapidity Y, the interaction still probesindividual dipoles(or gluons),
which correspondsto the exponertial BFKL regime. There exists a smooth transi-
tion to a regimewhere the interaction only probesgroups of dipolesor gluons, e.g.
at rapidity Y. This givesa description of the near-saturation region correspond-
ing to a mean- eld approximation, where correlations can be neglected. Further in
rapidity, Y > Y,; other dynamical e ects, such as merging and correlations appear.

shall restrict our analysisin the presern paperto the 1-dimensionalreduction
of the problemto the transverse-mometa moduli k; of the cascadinggluons.
After Fourier transforming to the transverse-mometum space,the leading-
order BFKL kernel [1] de ning the rapidity ewolution in the 1-dimensional
approximation is known [6] to act in transversemomertum spaceas a dif-
ferertial operator of in nite order

(@ 201 (@ Q+@; ()

wherel = logk? and Y is the rapidity in units of the xed coupling constart
sNe= .
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In the sequel,we shall restrict further our analysisto the di usiv e ap-
proximation of the BFKL kernel. We thus expand the BFKL kernel to
secondorder around somevalue .

() o+ A )+ R )?=A0 AL +A 2 (3

where . will be de ned in such away to berelevant for the near-saturation
region of the BFKL regime.

Within this di usiv e approximation, it is easyto realize that the rst
term (Ap) is responsible for the exponertial increaseof the BFKL regime
while the third term (A>) is a typical di usion term. The secondterm (A;)
is a shift term sinceit amourts to a rapidity-dependert rede nition of the
kinematic variables, as we shall see.

In Eq. (3), . is chosenin order to ensurethe validity of the kernel (3)
in the transition region from the BFKL regime towards saturation. Indeed,
the derivation of asymptotic solutions of the BK equation [7] leadsto the

condition
(= ¢ 0( c) 4)

whosesolution determines ¢: p
This condition applied to the kernel formula (2) gives ¢ = Ag=A>

0:6275:: and fAg;A1;A>g 955 2556, 24:260: These numbers may ap-
pear anecdotic, but they fully characterize the critical parameters of the
saturation transition, aswe will realize later. For dierent kernels, e.g. in-
cluding the next-to-leading log e ects [14], they could be di erent, of course.
But, then the traveling wave solution will bein adi erent universality class
in mathematical terms.

3. Mapping to thermo dynamics of directed polymers

From the properties in transverse-mometum space and within the
1-dimensionaldi usiv e approximation (3), we already noticed that the BFKL
kernel models boils down to a branching, shift and di usion operator acting
in the gluon transverse-mometum-squared space.Hencethe cascadeof glu-
onscan beput in correspndencewith a continuous branching, velocity-shift
and di usion probabilistic process,seeFig. 2, whoseprobability by unit of
rapidity is de ned by the coe cien ts A; of (3).

Let us rst introducethe notion of gluon momerta histories k;(y): They
register the ewlution of the gluon momenta starting from the unique initial
gluon momertum k(0) and terminating with the speci ¢ i-th momertum Kk;;
after successie branchings. They de ne a random function of the running
rapidity y; with O 'y Y; the nal rapidity rangewhen the ewlution ends
up (say, for a given total energy). It is obvious that two di erent histories
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ki(y) and k; (y) are equal beforethe rapidity when they branch away from
their common ancestor.

In order to fromulate preciselythe mapping to the polymer problem, we
then introduce random paths x;(t) using formal space and time coordinates
x;t; 0 t t which we relate to gluon momerta histories asfollows:

y = Aio; ogk?y) (i) x@)+ (Ao Aly:  (5)

where(Ap A;)yisaconveniertly chosenand deterministic drift term, x(0)
is an arbitrarily xed origin of the unique initial gluon and thus the same
for all subsequeh random paths. The random paths x;(t) are generated
by a contiinuous branching and Brownian di usion processin space-time
(cf. Fig. 3).

Y t

Fig. 3. Branching diusion model for polymers. The coordinates x1(t)  x7(t)
correspond to the random paths along the tree in the x; t phase-spaceThe oblique
axis is for L = x + A;=A¢ t; which takesinto accourt the time-drift in the
mapping to the QCD problem.

L

As we shall determine later, the important parameter ; which plays the
réle of an inverseof the temperature T for the Brownian movemerts of the
polymer process,is given by

1 p
= = 2A2=Ap: 6
T 2=Ao (6)

In fact, the relation (6) will berequired by the condition that the stochas-
tic processof random paths describesthe BFKL regime of QCD near satu-
ration. Another choice of would evertually describe the samebranching
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processbut in other conditions. Hencethe condition (6) will be crucial to
determine the QCD phase at saturation (within the di usiv e approxima-
tion).
Let now introduce the tree-by-tree random function de ned asthe par-
tition function of the random paths system
X1 n oy
Z(t) e Xih = g XotAwy E
. n .
=1 i=1

ke(y) 1 &Y KA y): (D)

where 4 P " k3(y)  K2(y) is the event-by-eventaverage over gluon mo-
merta at rapidity y: Note that one hasto distinguish —  i.e. the average
made over only one event from h  i; which denotesthe averageover sam-
ples (or evens).

Z(t) is an event-by-evert random function. The physical properties are
obtained by averaging various obsenables over the events. Note that the
distinction betweenaveraging over one evert and the sample-to-sampleav-
eraging appears naturally in the statistical physics problems in terms of
guenched disorder: the time scaleassaiated with the averaging over one
random tree structure is much shorter than the one corresponding to the
averaging over random trees.

With thesede nitions, Z appearsto be nothing elsethan the partition
function for the model of directed polymers on a random tree [15].

Let usnow justify the connectionof the directed-polymer properties with
the description of the gluon momertum phasenear saturation by rederiv-
ing the known saturation featuresfrom the statistical model point-of-view.
Using the known properties [15] of the partition function of the polymer
problem, one nds

logQ2?  hlogk?i hlogZ i Arlv "
o _

= (2 AAg AY g %IogY + O(1) (8)

2

which in fact matchesexactly the asymptotic expansionfound in [7] for the
saturation scale.

In the sameway, the solution of the statistical physicsproblem allows to
derive the even-by-evert free enemy spectrum of the logZ (t) of the system
around its average. From (7), one gets

( r__

2 A k2

N (k%Y) P(logZ HogZi) / log Q2 o
S
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which is the well-known geometrical scaling property, empirically found in
Ref. [17] and theoretically derivedin [7] from the BK equation for the dipole
amplitude N (k?;Y):

Both properties (8), (9) prove the consistencyof the model with the
properties expectedfrom saturation. We shall then look for other properties
of the cascadinggluon model. It isimportant to realizethat this consistency
fails for a choice of the parameter dierent from (6). This justies a-
posteriori the identi cation of the equivalent temperature of the systemin
the gluon/p olymer mapping framework.

4. The spin-glass phase of gluons

Let us now cometo the main new results concerningthe determination
of structure of the gluon momertum phaseat saturation.

The striking property of the directed polymer problem on a random tree
is the spin-glassstructure of the low temperature phase. As we shall seethis
will translate directly into a speci ¢ clustering structure of gluon transverse
momerta in their phasenear the unitarit y limit, seeFig. 4.

X

“ed

K_s1 K s4

Fig. 4. The clustering structure of gluons near saturation. The drawing represerts
the s;  s4 clusters near momenrta ks1  ksa. They branch either neart 1 or
( t t) 1, where tisthe total amourt of time evolution.

Following the relation (6), oneis led to considerthe polymer system at
temperature T with

T T
¢ 1 =1 ; (10)
Te
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where . is the critical exponert de ned by (4). We arethus naturally led to
considerthe low-temperature phase(T < T¢), at somedistanceT; T from
the critical temperature T¢ = 1=" 2 In the languageof traveling waves [16],
this corresppndsto a pulled-front condition with frozen and universal
velocity and front pro le.

As derived in [15], the phasespaceof the polymer problem is structured
in valleys which are in the sameuniversality classasthose of the Random
Energy Model (REM) [19] and of the in nite range Sherrington-Kirkpatric k
(SK) model [20].

Translating theseresults in terms of gluon momerta moduli, the phase
spacelandscape consistsin evert-by-everp distribution of clusters of mo-
merta around somevaluesk?  1=(nj) =, k? wheren; is the cluster
multiplicit y. The probability weights to nd a cluster s; after the whole
ewlution rangeY is de ned by

P k2
Wsi = #zisl'(iz' : (11)
wherethe summation in the numerator is over the momerta of gluonswithin
the si cluster (seeFig. 4). The normalized distribution of weights W¢; thus
allows oneto study the probability distribution of clusters. The clustering
tree structure, (called ultrametric in statistical medanics) is the most
prominent feature of spin-glasssystems[21].

Note again that, for the QCD problem, this property is proved for mo-
merta in the region of the unitarit y limit, or more concretely in the mo-
mertum region around the saturation scale. This meansthat the cluster
average-mometum is also sud that k2 = O(Q?): Hence the clustering
structure is expectedto appear in the range which belongsto the traveling
wave front [7] or, equivalertly, of clustering with nite uctuations around
the saturation scale.

In order to quartify the cluster structure, one may introduce a well-
known overlap function in statistical physicsof spin-glasseg21]. Translat-
ing the de nitions (cf. [15]) in terms of the QCD problem, one introduces
an ewen-by-evert indicator of the strgngth of clustering which is built in
from the weights (11), namely Y = W2: The non-trivial probability
distribution of overlaps (Y) possessesomeuniversality features, sinceit
is identical to the one of the REM and SK models and sharesmany quali-
tativ e similarities with other systemspossessing spin-glassphase[22,23].
Examplesare given in Fig. 5.

The rather involved probability distribution  (Y) is quite intringuing.
It possessea priori anin nite number of singularitiesat Y = 1=n;n integer.
It can be seenwhen the temperature is signi cantly lower from the critical
value, seefor instancethe curvefor 1 T=T; = 0:7 in Fig. 5. Howeer, the
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Fig. 5. The probability distribution of overlaps (Y). The gure (the simulation
is by courtesy from [18], using the method of Ref. [23]) is drawn both for the
theoretical QCD value . = 0:7; and for . = 0:3 for comparison. The statistics
used for the simulation is 10® events in 10° bins for . = 0:3 and 3:25 1(° everts
in 107 bins for = 0:7:

predicted curve for the QCD valuel T=T. 0:3 is smoother and shavs

only a nal cuspat Ws = 1 within the consideredstatistics. It thus seems
that con gurations with only one cluster can be more prominent than the

otherwise smooth genericlandscape. However, it is alsoa fuzzy landscape

sincemarny clusters of various sizesseemto coexist in general.

5. Summary

We investigatedthe landscape of transversemomerta in gluon cascading
around the saturation scaleat asymptotic rapidity. Limiting our study to a
di usiv e 1-dimensional modelization of the BFKL regime of gluon cascad-
ing, we make use of a mapping on a statistical physics model for directed
polymers propagating along random tree structures at xed temperature.
We then focus our study on the region near the unitarit y limit where infor-
mation can be obtained on saturation, at least in the mean- eld approxi-
mation. Our main resultisto nd a low-temperature spin-glassstructure of
phasespace,characterized by event-by-evernt clustering of gluon transverse
momerta (in modulus) in the vicinity of the rapidity-dependert saturation
scale. The weight distribution of clusters and the probability of momerta
overlap during the rapidity ewlution are derived.
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Interestingly enoughthe clusters at asymptotic rapidity are branching
either nearthe beginning( overlap 0 ory=Y 1) or nearthe end ( overlap
1 orl y=Y 1) of the cascadingevent. The probability distribution of
overlapsis derived and shows a rich singularity structure.

On a phenomenologicalground, it is remarkable that saturation density
e ects are not equally spread out on the event-by-evert set of gluons; our
study suggeststhat there exists random spots of higher density whosedis-
tribution may possessomeuniversality properties. In fact it is natural to
expect this clustering property to be presert not only in momertum modu-
lus (as we could demonstrate) but alsoin momertum azimuth-angle. This
is reminiscent of the hot spots which were sometime ago [24] advocated
from the production of forward jets in deep-inelasticscattering at high en-
ergy (small-x). The obsenability of the cluster distribution through the
properties of hot spots is an interesting possibility.

Many aspectsdepicted in this lecture comefrom constart collaboration and
discussioninside (and outside) our Saturation Team in Sacla/ 2006, in
particular Edmond lancu, Cyrille Marquet, Gregory Soyez.
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