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Thermodynamic quantities in symmetric nuclear matter are calculated
in a self-consistent T-matrix approximation at zeroand �nite temperatures.
The internal energyis calculated from the Galitskii�K oltun's sum rule and
from the summation of the diagrams for the interaction energy. The pres-
sureand the entropy at �nite temperature are obtained from the generating
functional form of the thermodynamic potential.
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1. In tro duction

Nuclearmatter is studied asa many-body systemof interacting fermions.
Its equation of state is of particular interest becauseof its applications to
heavy-ion collisions, supernovae collapsesand neutron stars structure. The
thermodynamic properties of such systemscan be investigatedstarting from
the nucleon�nucleon potential; strong interactions betweennucleonsinduce
short range correlations in the densenuclear matter.

Our approach is based on �nite-temp erature Green's functions. We
adopt the T-matrix approximation [1], which consistsin expressingthe self-
energyasa sum of ladder diagrams. Such a self-consistent schemebelongsto
a classof approximations derivable from a suitably chosengenerating func-
tional [1,2], which automatically ful�ll thermodynamic relations, including
the Hugenholz�Van Hove and Luttinger identities [3,4].

For what concernsthe binding energyat zerotemperature the thermody-
namically consistent T-matrix approximation [5,6] yields results similar to
other approaches,such asextensive variational and Brueckner�Hartree-Fock
calculations [7,8]. It is hazardousto compute the pressureand the entropy
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simply by integrating thermodynamic relations becauseof uncontrollable
numerical errors that propagateat small temperatures. We present instead
a method which allows to reliably calculate the pressure(and consequently
the entropy) at su�cien tly high temperatures from the diagrammatic ex-
pansion of the thermodynamic potential [9].

The starting point of these studies is a free N � N potential, a parame-
terization of the interaction derived from nucleon�nucleonscattering experi-
ments. In the present paper we restrict ourselvesto the two-body CD-Bonn
potential and will considerthree-body interactions in a future work.

2. T -matrix appro ximation

In the in-medium T-matrix approach the two-particle propagator takes
the following form (for simplicity we skip spin and isospin indices,aswell as
energyand momentum dependence)

G2 = Gnc
2 + Gnc

2 T Gnc
2 + exchangeterms: (1)

Gnc
2 is the non correlated two-particle Green's function, just constructed as

a product of two dressedsingle-particle propagators. We remark that the
useof the dressedpropagator implies the presenceof a nontrivial dispersive
self-energywhich leads to a broad spectral function [10]. The in-medium
two-particle scattering matrix T, which appears in the above expression,is
de�ned as

T = V + V Gnc
2 T ; (2)

whereV is the interaction potential. All the ingredients are then calculated
iterativ ely: the scattering matrix, the single-particleself-energy, which is ex-
pressedin terms of the scattering matrix, and the single-particlepropagator,
by meansof the Dyson equation.

The T-matrix approximation schemecanbeaswell derived from a gener-
ating functional � [G; V ] which is a setof two-particle irreducible diagrams[2]
obtained by closing two-particle ladder diagrams with a combinatorial fac-
tor 1=2n, where n is the number of interaction lines in the diagram. The
functional � depends on the dressedpropagators (lines in Fig. 1) and on
the two-particle potential (wavy lines in Fig. 1). The self-energyis then
expressedas a functional derivative � = � �=� G.

Fig. 1. Two-particle irreducible functional for the T-matrix approximation. The
sum runs over the number of interaction lines n in the two-particle ladders.
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3. Prop erties of the correlated system

3.1. Internal energy

The (total) internal energyper particle can be calculated as the expec-
tation value of the Hamiltonian of the systemH = H kin + Hpot

E
N

=
1
�

�
hH kin i

V
+

hHpot i
V

�
: (3)

Here � is the density and V the volume of the system. When weevaluatethe
right hand side of (3) in momentum spacewe seethat the kinetic part is

hH kin i = V
Z

d3p
(2� )3

d!
2�

p2

2m
A(p; ! )f (! ) ; (4)

whereA(p; ! ) is the spectral function and f (! ) the Fermi�Dirac distribution.
For the potential term, using the approximation (1) for the two-particle
Green's function, we get

hHpot i =
V
2

Z
d3P

(2� )3

d3k
(2� )3

d

2�

b(
 )

� Im
��

hk jTR (P ; 
 )jk i � hk jT R (P ; 
 )j � ki
�

Gnc R
2 (P ; k ; 
 )

	
; (5)

where b(
 ) is the Bose�Einstein distribution. The dependenceon the total
energy 
 and momentum P of the pair and on the exchangedmomenta k
is now made explicit.

It is also possibleto determine the energy in an alternative and simpler
way. The Galitskii�K oltun's sum rule [11�13]

E
N

=
1
�

Z
d3p

(2� )3

d!
2�

�
p2

2m
+ !

�
A(p; ! )f (! ) ; (6)

for conserving approximations is equivalent to the direct calculation (3).
However, this is valid when only two-body interactions are considered.
In the presenceof many-body forcesthe sum rule cannot be employed and
the internal energy of the correlated system has to be computed from the
expectation value of the Hamiltonian (3).

We calculate the internal energy per particle with the use of the two
methods: from the Galitskii�K oltun's sum rule (6) and from diagram sum-
mation, i.e. from Eq. (3) together with (4) and (5). We restrict ourselves
to the empirical saturation density (� = 0:16 fm � 3) and consider di�eren t
temperatures up to 20MeV. The calculation are performed using a numer-
ical procedure where the energy range is limited to an interval [� ! c; ! c].
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We have tested several values of the energy scale ! c between 2GeV and
10GeV, and we found that the Galitskii�K oltun's sum rule expressionfor
the energy shows somedependenceon this value. On the other hand, the
results obtained from the direct estimation of the interaction and kinetic
energiesare stable and independent on the energy range taken (up to an
inaccuracy due to numerical discretization of about 0.5MeV). The cuto�
dependenceis shown in Fig. 2 for two di�eren t temperatures. The result
from the diagram summation can be compared to Galitskii�K oltun's sum
rule result extrapolated to in�nite energyrange(Table I). This extrapolated
value will be usedin the following.
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Fig. 2. Internal energy per particle as a function of the cuto� at T = 0 and T =
10MeV. The dashed lines represent the energy calculated from the sum rule (6),
the solid lines the energy from the summation of diagrams.

TABLE I

Results (at � = � 0) of the internal energy and the pressure at zero and �nite
temperature (all valuesin MeV). The secondand third colum represent the internal
energyper particle obtained from the Galitskii�K oltun's sum rule (6) and from the
diagram summation (3). The other columns contain our estimate for the pressure
(from Eq. (7)) and the results of Baldo and Ferreira [15].

T EGK =N Ediag =N Ptot =� PBF =�

0 � 15:80 � 16:63 � 7:69 � 5:58
2 � 15:15 � 16:29 � 5:86 � 5:4

5 � 14:40 � 15:24 � 5:48 � 5:2
10 � 11:15 � 11:72 � 2:66 � 3:35

20 � 1:29 � 1:21 6:49 4:74
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3.2. Pressure

The pressureis related to the thermodynamical potential through


 (T; �; V ) = � P V : (7)

It can be shown that


 = � Trf ln[G� 1]g � Trf � Gg + � : (8)

The �rst two terms involvean integration over energyand momenta of single-
particle propagators and self-energies.The calculation of the functional �
requiresinsteada summation of a set of diagrams,evaluated in the following
way. One noticesthat within the T-matrix approximation the diagrammatic
expansionsfor the interaction energyand the functional � di�er by the factor
1=n where n is the number of interaction lines in the diagram. Hencethe
functional � can be obtained from the formula for the interaction energy

� =

1Z

0

d�
�

hHpot (�V ; G� =1 )i : (9)

In the above formula the interaction potential is multiplied by the factor �
but the propagator G is the dressednucleon propagator corresponding to
the systemwith the full strength of interactions (� = 1).

The pressurein hot nuclear matter has been obtained using two-body
Argonne v14 interaction in the Bloch�De Dominicis approach [15]. The re-
sults are qualitativ ely similar, with a negative value of the pressureat T = 0
and � ' 0:16fm� 3. This shows the need to include three-body forces for
a reliable description of the thermodynamics of the nuclear matter.

3.3. Entropy

We compute the entropy through the thermodynamic relation

S
N

=
1
T

�
E
N

+
Ptot

�
� �

�
: (10)

The results are plotted in Fig. 3. The error in the calculation of TS at each
temperature can be estimated by comparing the results obtained with the
two expressionsfor the internal energy(3) and (6). The di�erence is of the
order of 1MeV, also at zero temperature we �nd jTSj ' 1MeV 6= 0. The
entropy can be estimated reliably only for T � 5MeV, with the uncertainty
shown as the hatched band in the �gure.
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We comparetheseresults with other methods of calculating the entropy:

1. The dynamical quasiparticle formula [16]

SDQ

N
=

1
�

Z
d3p

(2� )3

d!
2�

� (! )

�
�
A(p; ! )

�
1�

@Re� R (p; ! )
@!

�
+

@ReGR (p; ! )
@!

� (p; ! )
�

; (11)

where
� (! ) = � f (! ) ln[f (! )] � [1 � f (! )] ln[1 � f (! )] : (12)

It hasbeenshown that this one-body formula givesresults closeto the
completeexpressionfor the entropy [17].

2. The entropy calculated as for a free Fermi gasbut using the e�ectiv e
massm� (determined at each temperature by (@! p=@p2)p= pF

= 1
2m?)

instead of the rest massm

Sfree?

N
=

1
�

Z
d3p

(2� )3 �
�

p2

2m?

�
: (13)

The entropy estimatedby meansof (11) and (13) is shown in Fig. 3 with the
dashedand solid line, respectively. Remarkably, we �nd that the expression
for the entropy of the free Fermi gas is very similar to the result of the full
calculation for the interacting system, if the changeof the e�ectiv e massin
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Fig. 3. Entropy per baryon as a function of the temperature. The hatched band
denotesour estimate of the entropy. The solid line denotesthe result for the free
Fermi gas with the in-medium e�ectiv e massand the dashed line represents the
result of [17] (Eq. (11)).
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the systemis taken into account. The last observation simpli�es signi�cantly
the modeling of the evolution of proto-neutron stars [18], since relations
betweenthe entropy per baryon and the temperature derived for a fermion
gascan be usedin hot nuclear matter. As observed in [17] the quasiparticle
expression(11) for the entropy [16] follows closely the full result.

4. Summary

We investigate the properties of correlated nuclear matter up to T =
20MeV. We calculate the internal energy with di�eren t methods, through
the Galitskii�K oltun's sum rule and by summing the diagrams which con-
tribute to the expectation value of the interaction energy. The two methods
give similar results at all temperatures up to a di�erence of about 1 MeV
which can be attributed to numerical inaccuracies.The pressureis derived
from the thermodynamic potential which is given by the generating func-
tional � . The diagramscontributing to � are calculated with an integration
of the interaction energy over an arti�cial parameter � which multiplies
the interaction lines, while keeping the propagators dressedas in the fully
correlated system. We �nally estimate the entropy and compare it to two
expressionsderived in the context of a quasiparticle gas,whoseresults turn
out to be closeto the full calculation.

Only a study which embodies three-nucleon interactions can be realisti-
cally comparedto experimental data on the nuclear equation of state. Here
all calculations are carried out at the empirical saturation density, but the
present scheme can be applied to other densities and it is suitable for the
inclusion of three-body forces or the study of asymmetric nuclear matter,
which will be addressedin a future work.
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