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The main goal of this paper is an application of Bayesianmodel com-
parison, basedon the posterior probabilities and posterior odds ratios, in
testing the explanatory power of a set of competing GARCH (General-
ized Autoregressive Conditionally Heteroscedastic)speci cations, all with
asymmetric and heavy tailed conditional distributions. In building compet-
ing volatilit y models we consider, as an initial speci cation, conditionally
Student-t GARCH processwith unknown degreesof freedom parameter.
By introducing skewnessinto Studert-t family and incorporating the re-
sulting classas a conditional distribution we generated various GARCH
models, which compete in explaining possible asymmetry of both condi-
tional and unconditional distribution of nancial data. In order to make
Student-t family skewed we consider various alternative medanisms re-
certly proposedin the literature. In particular, we apply the hidden trun-
cation mechanism, an approach basedon the inverse scalefactors in the
positive and the negative orthant, order statistics concept, Beta distribu-
tion transformation and Bernstein density transformation. Additionally,
we considerGARCH processwith conditional -Stable distribution. Based
on the daily returns of hypothetical nancial time series,we discussthe re-
sults of Bayesiancomparison of alternativ e skewing mechanismsapplied in
the initial Student-t GARCH framework. Additionally, we presen formal
Bayesianinferenceabout conditional asymmetry of the distribution of the
daily returns in all competing speci cations on the basis of the skewness
measurede ned by Arnold and Groernveld.
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1. Intro duction

The presenceof both, conditional and unconditional skewnesgasymme-
try) of the distributions of the nancial time seriesreturns has beenrec-
ognized for decades. But, as suggest[19], only a few attempts to specify
formally this feature have been made. A proper modeling of skewnessin
the distribution of nancial returns is important for at least two reasons.
Firstly, uncaptured skewnessclearly a ects inferenceabout all parameters
of the sampling model. As a consequenceghe nal conclusions,drawn from
the sampling model which doesnot allow for asymmetry, can be misleading.
Lanne and Saikkonnen presert in [19] the impact of the conditional skew-
nessassumptionon the results of making inferenceabout the volatility and
expected return. They preserted empirical analysis, which showed, that a
positive and signi cant relation betweenreturn and risk can be uncovered,
oncean appropriate probability distribution is employed to allow for condi-
tional asymmetry. Motivating the importance of assetpricing model that
incorporates conditional asymmetry, [16] emphasizethat systematic skew-
nessis economicallyimportant and commandsa risk premium. Investigating
the in uence of the assumption of asymmetric distributions in portfolio se-
lection, [18] concludedthat if investors prefer right-skewed portfolios, then
for equal variance one should expect a skew premium to reward investors
willing to invest in left-skewed portfolios. Secondly in pricing the deriva-
tivesandin risk managemen the accuratemodels,which describethe return
processare particularly desired. The importance of the assumption of con-
ditional skewnessin models used for option pricing was preserted [17,31]
and [8]. Additionally, conditional skewnessclearly in uences the results
of risk assessmanbuilt on the basis of the Value at Risk (VaR) concept.
Application of time varying volatility models with conditional asymmetric
distributions in Value at Risk prediction presen [9]; for a Bayesianapproad
to VaR calculation see[29].

Within GARCH (Generalised Autoregressive Conditionally Hetero-
scedastic) framework, initially proposed by [6] as a conditionally normal
stochastic process,fat tailed and possibly asymmetric distributions have
been also proposed and applied. Osiewalski and Pipie« in [26] de ned
GARCH processwith conditional skewed Studeri-t distribution, which is an
asymmetric generalization of Student-t family proposedby [10]. In [20,21]
and [30] GARCH processwith conditional -Stable distribution was consid-
ered. Someother processeswith asymmetric conditional distribution were
applied in [16,30,32], and [9]. Despite of the fact, that many researters
found the conditionally skewed volatility models better than those, which
do not allow for asymmetry, there is very hard to nd the result of the for-
mal comparisonof explanatory power of sud speci cations. Many authors



Bayesian Comparison of GARCH Processes. . . 3107

conclude the superiority of conditional skewed models on the basis either

of the asymptotically based statistical signi cance of the skewnessexcess
(seee.q.[32], or [19]) or of informal likelihood inference(seee.qg. [30], [32]).

Hencemore formal approad to investigating the explanatory power of con-

ditionally skewed models seemsto be necessary Additionally, the results of

formal comparisonof competing untested speci cations of conditional skew-

nesscould be very valuable in selectionof the best skewing medanism.

On the other hand, in recert yearsin statistics there can be noticed
a peculiar interest in the theory and applications of distributions that can
account for skewness. This resurgen eld of researt yields new families
of possibly asymmetric sampling models, as well as more general methods
of measuring skewnessphenomenon. The most common approad to the
creation of the family of skewed distributions is to introduce skewnessinto
an originally symmetric family of distributions. This approad underliesthe
generalclassesof skewed probability distributions generatedfor example by
hidden truncation mecanism (see[1,3]), inversescalefactors applied to the
positive and the negative orthant (see[10]), order statistics concept [14],
Beta distribution transformation [15], Bernstein density transformation (see
[28]) and the constructive method recerly proposedby [11].

The main goal of this paperisto de ne a setof competing GARCH speci-
cations, all with asymmetric conditional distributions, which also allow for
heavy tails. As an initial specication we consider GARCH model with
conditional Studen-t distribution with unknown degreesof freedomparam-
eter, proposedby [7]. By introducing skewness,accordingto the methods
mertioned above, and by incorporating the resulting family asa conditional
distribution, we generateGARCH modelswhich compete in explaining pos-
sible asymmetry of the conditional and unconditional distribution of the
nancial data. We also considerGARCH processwith conditional -Stable
distribution, which, from the de nition, alsoallows for skewnesssee[25].

By application of Bayesian approad to model comparison, based on
the posterior probabilities and posteriori odds ratios, we test formally the
explanatory power of competing, conditionally fat tailed and asymmetric
GARCH processesBasedon the daily returns of hypothetical nancial time
series,we discussthe results of Bayesiancomparisonof alternative skewing
medanismsand also ched the sensitivity of model ranking with respect to
the changesin prior distribution of model speci ¢ parameters. Additionally
we presert formal Bayesian inference about conditional asymmetry in all
competing speci cations on the basisof the skewnessmeasurede ned in [2].
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2. Creating asymmetric distributions

Let us consider parametric family of absolute cortinuous real random
variables| = f"¢;"s : | Rg, parameterizedby the vector . For eath
valueof 2 , by f(:j ) andF(; ) we denotethe density and cumulative
distribution function (cdf) of ";. Let us assume,that for eadhh 2  the
density f (:;j ) is unimodal and symmetric around the mode. Consider an-
other parametric family P of absolute continuous random variables, which
distributions are de ned over the unit interval, P = f"¢;"¢ . | (0;1)g,
with density p(:;j p) parameterizedby vector , 2 H. The unied represen-
tation of univariate skewed distributions that we study in this paper is based
on the inverseprobability integral transformation. In our approad the class
| is the initial family of symmetric distributions, while the classP de nes
formally skewing medanism. The family of absolute cortinuous random
variablesIP = f"s;"s: ! Rg, with generalform of density s(:j ; p) is
said to be the skewed version of the symmetric family |, if the density s is
given by the form:

s(xj ; p)=F(xj) pF(Xj)p ., for x2R: D

A number of simple but very powerful results can be obtained from decom-
position (1); see[11]. The most important and rather intuitiv e fact is that
the distributions s and f are identical if and only if p(:j p) is the density of
the uniform distribution over the unit interval; i.e. if p(yj p) = 1, for eat
y 2 (0;1). Henceif we want to create the family of distributions | P sud
that I | P, we must assure,that the uniform distribution over (0; 1) can
be obtained in family P for somespecic value ,2 H.

Within the generalform (1) seeral classesof distributions P have been
consideredand incorporated into somespeci ¢ families of symmetric random
variablesin order to obtain skewness.The rst approad of making distri-
bution F(:j ) skewed applied hidden truncation ideas. The skew-Normal
distribution in [3] constitutes the rst explicit formulation of sud a meda-
nism. In generalthis approat assumesthat:

s(Xj ; 2)=2 f(xj)F( 2 xj); for x2R; (2)

where , 2 R is the only one parameter which governs the skewing meda-
nism; ,=( 2). In this case,it canbeshown, that p(yj 2)=2F( 2F (y)j ),
fory 2 (0;1). In (2) positive and negative valuesof » de ne right and left
skewed distributions. Since, for ead y 2 (0; 1), it is true that p(yj0) =
2F (OF (y)j 2) = 1, the case » = O retrievessymmetry. As an alternative
it was proposedin [14] to apply the family of Beta distributions in order to
de ne p(;j p). In particular, s(xj ; 3) canbe de ned asfollows:

s(xj ; 3)=f(xj )Be F(Xj)j 3; 31 ;. for x2 R; 3)
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where Be(yja; b) is the value of the density function of the Beta distribution
with parametersa > 0 and b> 0, calculatedat y 2 (0;1). SinceBe(:j1;1)
de nes the density of the uniform distribution, we obtain, that for 3 =

3 1 = 1 the density s is symmetric. In (3) there is still only one parameter

3 > 0, which de nes the type of asymmetry. If 3 > 1, then s is right
asymmetric, while 3 < 1 constitutes left asymmetric density.

The family | P of skewed distributions proposedin (3) canbe generalized,

by imposingBeta distribution transformation with two freeparametersa > 0
and b> 0. This leadsto the following form for s:

s(xj ; p) = f(xj )Be(F(xj )ja;b); for x 2 R: (4)

In this casethe vector , = (a;b) cortains two parameters, which govern
skewness.As a consequencsud a medanism enablesto vary tail weight. If
a= b= 1wegobad to symmetry, while a< bor a> bde nes left or right
skewness. It can be shawn that the skewing medanism (4), in casewhen
| is the family of Student-t distributions, yields skewed Student-t family of
distributions proposedin advancein [15].

Another method for introducing skewnessnto an unimodal distribution
is basedon the inversescalefactors on the left and on the right side of the
mode of the density f (:j ). Investigating this concept Fernandezand Steel
proposedin [10] skewed Student-t family of distributions with the density
fsks(ij ;0;1; 1) de ned asfollows:

. 2 . .
fsks(Xj 301, 1) = ﬁfft(x 45501 g+fux 11 L0041y
1 1

wheref(zj ;1;0) is the value of the density function of the Studen-t dis-
tribution with  degreesof freedom, zero mode and unit inverse precision,
calculated at z 2 R. The approad studied in [10] can be applied to any
family | of symmetric distributions by de ning in (1) the following skewing
medanism for ead y 2 (0; 1):

oy 1) = 2 fF(1F *Wloos + F( 1 F ) os1)9

1t " f(F (y) '

where 1> 0. The resulting density s(:j ; 1) is symmetric if 1 = 1, while
1> 1or ;< 1makedistribution right or left skewed.

As pointed in [11] the generalform of density s in (1) seemsto be the
good starting point in completely nonparametric treatment of the skewing
medanismp. As ", : ! (0;1) can be in generalany random variable
with probability distribution de ned over the unit interval, the possibility
to model it in an unrestricted fashion is tempting. The next approad of

(®)
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constructing p is a compromisebetweentotally exible skewing medanism
and one obtained in parametric fashion. It usesBernstein densities (see
e.g. [28]), which are cornvex discrete mixtures of appropriate densities of
Beta distributions. The following form on p constitutes another skewing
medanism:

X
plyjwy;iit;wm) = wiBe(yjm j+1); y2(0;1);
j=1
wherem > 0, w; 0, wy+ :::+ wy = 1 The resulting s(:j ; p) takesthe
form:
xn
s(xj ; p)=T(xj) w;Be(F(xj )jjm j+1) for x2R; (6)
j=1

where p, = (Wg;::5;Wm 1), W) 2 (0;1) forj = 1;:::;m 1, and in (6)
Wm=1 w; i Wyp i1 Foranym> 0, ifw = m L for eah j =

Henceequal weights w; lead to the symmetry in (6).

In the next sectionwe presern basic model framework, which is a start-
ing point in generating conditionally heteroscedasticmodels for daily re-
turns. In order to createthe set of competing speci cations, we make use of
all preserted skewing medanisms. We also consider GARCH processwith
conditional -Stable distribution.

3. Basic model framew ork and comp eting skewed
conditional distributions

Let usdenoteby x; the value of a currency at time j . Following [4,5,27]
let consideran AR(2) processfor In x; with asymmetric GARCH(Z1; 1) error.
In terms of logarithmic growth ratesy; = 100In(x;=x; 1) our basic model
framework is de ned by the following equation:

Yi = o1 )F oalnxg o+t =120 )
The AR(2) formulation adopted from [5] enablesus to make inference on

the presenceof a unit root in Inx;. If 1 = 0, then (7) reducesto the AR(1)
processfor y;, i.e. an | (1) processfor Inx;. In an initial specication Mg

we assume,that the error term "; = zj(h;)®°, where z; are independer,
Studen-t random variables,with > 0 degreesof freedomparameter, mode
12 (1 ;+1), and unit inverse precision; i.e. z; iSt( ; 1;1). The

density of the distribution of the random variable z; is given as follows:

©5( +1) ,, @ 2
05)

(+1=2

p(zjMo) = f¢(zj0;1; ) = 8
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De ning h; we follow GJR-GARCH(1; 1) speci cation proposedin [12]:

hj =ag+a"? 1 (") 1<0)+a"? 4I("j 1 O)+bihj 3; j= 1;2;:(::)
9

which allowsto model asymmetric reaction of conditional dispersionmeasure
h; to positive and negative sign of shack " ;.

As a consequencein model Mg, the conditional distribution of "; (with
respect to the whole past of the process, j 1 = (:::;") 20" 1)) is a
Studert-t distribution with > 0 degreesof freedom parameter, mode
12 (1 ;+1), andinverseprecisionh;j;i.e. "jj j 1;Mo iiSt( ; 1;h;).
In speci cation Mg the conditional distribution of y; is the Studert-t distri-
bution with > 0 degreesof freedomparameter, mode j = + (y; 1
)+ 1lnx; 1+ 1hj0:5 and inverseprecisionh; (given by the equation (9)):

PlYij j 1Mo 3 )= felyi) jihys ) J = L2

where = (;; 1;a0;a1;a; ;bi;ho) is the vector of all parametersde ned
in sampling model My exceptthe degreesof freedomparameter .
Now we want to construct a set of competing GARCH speci cations

yj in Mo. The resulting asymmetric distributions are obtained by skewing
the distribution of the random variable z;, (8), accordingto methods pre-
serted in the previous section. The resulting skewed density of z; is of the
generalform given by (1):

p(ziMi) = T¢(zj0; 1; )p[Fe(z  1)j i;Mi]; forz 2 R; i=12:::;K;

wherep(:j i;M;) de nesthe skewingmedanism parameterizedby the vector

i, and F¢(:) is the cumulativ e distribution function of the Studeri-t random
variablewith > 0 degreesf freedomparameter,zeromode and unit inverse
precision. The resulting conditional distribution of "j in model M; takesthe
form:

PCiI 5 M) = fo(hy O°C 0i0 L )by OplFe(hy O3 )i Ml
where f{(:j0; 1; ) is de ned by the formula (8). This leadsto the general
form of the conditional distribution of daily return y; in model Mj:

PYiT § 15 M) = fuz] 0 Dhy ®OplF(zj Ml (10)

wherez, = hj O:5(",- i). Asthe rst specication, namely M, we con-
sider GARCH model with skewed Student-t distribution obtained by the
method proposedin [10]. The skewing medanism p[:j 1;M1] is given by
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the formula (5), where ; = 1> 0, and ; = 1 denes symmetry (i.e.
M, reducesto the model My under the restriction 1 = 1). The model M,
is the result of skewing conditional distribution p(y;j j 1;Mo; ) according
to the hidden truncation method. In this casep[;j 2;M>] is de ned by (2),

2= 22 R, while > = 0denes symmetric Studen-t conditional distri-
bution for y;. In model M3 we apply [14] Beta skewing medanism with
one asymmetry parameter. The skewing distribution p[:j 3;M3] is de ned
by (3), where 3= 3> 0,and 3= 1reducesour model to the caseof M.
Speci cation M4 is basedon the Skewed Student-t distribution proposed
by [15]. In this casep[:;j 4;M4] is de ned by the formula (4), 4= (a;b), for
a>0andb> 0anda= b= 1reducesMy4 to Mg. In model M5 we apply
Bernstein density based skewing medanism with m = 2 free parameters.
It meansthat the skewing medanism p[:j 5;Ms] is de ned by the formula
(6) and 5 = (wq;w2). The casew; = wy = 1=3 de nes symmetry of the
conditional distribution of y;, given Ms.

As an alternative for all methods of making family of Studen-t random
variables skewed, it is possibleto considerin a GARCH framework a class
of distributions, which directly, from the de nition, enablesfor fat tails and
skewness. The next GARCH speci cation is basedon the assumption of
conditional -stability. In GARCH model Mg, as a speci cation which is
not a direct generalization of model M, we consideredin (7) conditional

-Stable distribution. In particular we put "; = z (h;)%°, where z; are
independert  -Stable random variableswith 2 (0; 2], location parameter
12 (1 ;+1), unit scaleand skewnessparameter 2 [ 1;1]; i.e. z;
iiSta( 1;1; ; ). For areport of Bayesianinferencein model M g see[29].

vector of forecastedobsenablesat time t. The following density represens
the i-th sampling model (i = 1;2;3;4;5; 6) at time t:

l\%n
pyOsy ) st M = R ot M) i = e
j=1

where! ; is the vector of additional parametersof the sampling model, which
arenot includedin and ;foreahi = 1;2;3;4,5!'; = , while!g=
The sampling model M; is basedon the product of the appropriate densities
p(YjJ j 15 i:!isMj), which are generally speci ed in the formula (10) for
i = 1,2,3,4;5, while in casei = 6 p(Yjj j 1; ;!'6 6 Ms) isdened by the
appropriate density of -Stable distribution (see[29]).
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Constructed at time t Bayesianmodel M, i.e. the joint distribution of

the obser\ables(y(t);yf(t)) and the vector of parameters( ;!i; ;) takesthe
form:

pOysye: i M) = ey @yt GMORC i M) (D)
and requires formulation of the prior distribution p( ;!;; ijM;), for eat

speci cation Mj, fori = 1;2;3;4;5;6. In generalwe assumedthe following
prior independence:

pC 5 tis iiMi) = p( jMi)p(! iiMi)p( ijMi) 1= 1,256 (12)

The prior information about the common parameters was initially for-
mulated by [27]. For i = 1;2;3;4;5 the prior density p(! ijM;) = p( jM;)
de nes exponertial distribution with mean 10 for the degreesof freedom
parameter . In caseof conditionally -Stable GARCH model (i = 6) the
density p(! giMg) = p( jMg) de nes the uniform prior distribution over the
interval (0;2] for the index of stability . Fori =1, 1= 1> 0, and
p( 1jM1) is the density of the standardized lognormal distribution trun-
cated to the interval 1 2 (0:5;2). Fori =2, 2= 5, 2 R, and p( 2jM>)
is the density of the normal distribution with zero meanand variance equal
to 3. Fori =3, 3= 3> 0, and p( 3jM3) is the density of the standard-
ized lognormal distribution. In caseof i = 4, 4 = (a;b), and p( 4jMy4) is
the product of the densitiesof the standardizedlognormal distribution. For
i =5 5= (wg;wp) and p( s5jMs) is the product of the normal densities,
both with mean 0:33 and variance 36, truncated by the following set of re-
strictions: wy > O;w, > O;wp+ wo < 1. Fori=6 g= ,andp( sMeg) is
the density of the uniform distribution over the interval [ 1;1].

4. Empirical results

In this part we presert an empirical example of Bayesiancomparisonof
all competing speci cations. As a basicdatasetwe consideredT = 13980b-
senations of daily growth rates, y;, of the WIBOR one month zloty interest
rate from 20:03:.97 till 05.09.02. The variability of daily returns y; aswell as
somedescriptive statistics are preserted in Fig. 1. It is clear, that dynamics
of daily returns of the WIBOR 1m instrument is very anomalous. Huge out-
liers, causedby changesin the monetary policy, together with the regionsof
almost no variability, depicts very volatile behavior of rates of daily changes
of the Polish zloty middle term interest rate. In spite of the fact, that in
v e years from March 1997to Septenber 2002 the Polish money market
was changing, our rst attempt to compare all models was based on the
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whole dataset. As seenin Fig. 1, negative value of the skewnessstatistics
clearly shawvs substartial asymmetry of the empirical distribution. It also
may indicate skewnessof the conditional distribution of y;.

15 4

10

-10 A

-15 A

-20 T T T T T T !
18.03.97 23.12.97 02.10.98 15.07.99 26.04.00 12.02.01 21.11.01 05.09.0:

mean=-0,07; std. dev.=1,09; skewness=-3,74; kurtosis=48,50

Fig. 1. Daily returns y; of the WIBOR 1-morth zloty interest rate from 20:03:1997
to 05:09:2002 T = 1398 0bsenations.

In Table | we presen the results of Bayesiancomparisonof explanatory
power of all competing speci cations. In rows we put the decimal logarithm
of marginal data densitiesp(y(®jM;) (i = 0;1;::::6), posterior probabili-
ties of all models including Mo, posterior probabilities of all conditionally

probabilities.

It is clear, that the modeleddataset of daily returns of WIBOR 1m inter-
est rates do not support decisively superiority of any of competing skewing
medanisms. The massof posterior probabilities is rather substartially dis-
persed among models. Howewer, the greatest value of P(M;jy(") receiwes
conditionally skewed Student-t GARCH model built on the basis of the
hidden truncation idea. In this casethe value of posterior probability is
greaterthan 44%. The datasetalsosupports conditionally skewed Studert-t
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GARCH model with Beta distribution transformation (M 3) and condition-
ally -Stable GARCH specication (Mg). Those three models cumulate
about 85% of the posterior probability mass, making all remained speci-
cations (including conditionally symmetric M) rather improbable in the
view of the data. Very small value of posterior probability is received by
model M4, which, just like M 3, is built on the basis of the Beta distribu-

tion transformation, but with two free parameters governing the type of
skewness.The obsened time seriessupport parsimory of Beta distribution

transformation with one free skewnessparameter (in M 3) and rejects gen-
eralization proposedby [15]. Finally, model M4 receiwes lessthan 9% of
posterior probability mass. Also the Bernstein density transformation (with

2 free parameters) leadsto very doubtful explanatory power of the result-
ing conditionally skewed GARCH speci cation. The model M5 is strongly
rejected by the data, as the value of posterior probability is more than 10
times smaller than posterior probability of symmetric GARCH model (M o).
It leadsto the similar conclusion,asit was pointed by [11], that Bernstein
densities do not yield exible skewing medanism for small values of m;
see(6).

On the basis of posterior odds ratios Bg; (for i = 1;:::;6) we carried
out Bayesian testing of conditional asymmetry within presetted GARCH
framework, accordingto the Je reys scale,see[13]. Except for M 5, posterior
odds Py reject conditional symmetry in favor of skewnessof the conditional
distribution of y; in model M;. In caseof model M, and M3, the data
strongly support conditional asymmetry, becausePo, and Po3 read the third
grade of Je reys scale. The data substartially (grade 2) support M4 and
weakly (grade 1) support M1, both against symmetric M. Additionally,
poor explanatory power of speci cation M s is con rmed. The data strongly
support (grade 3) symmetry against skewing medanism built on the basis
of Bernstein density transformation.

In Table Il we put the results of Bayesian inference about tails and
skewnessof the conditional distribution of daily returns in all competing
speci cations. The tails of p(yjj j 1; ;!i; i;Mj) is modeled by the de-
greesof freedomparameter > 0in M;, fori = 0;1;:::;5, while fori = 6
they are captured by the index of stability 2 (0;2]. The report of the re-
sults of Bayesianestimation cortain expectationsand standard deviations of
marginal posterior distributions of parameters. Apart from making inference
about model speci ¢ skewnessparametersin all models, we also calculated
posterior meansand standard deviations of skewnessameasure y , proposed
by [2]. Additionally, we put the value of posterior probability of left asym-
metry of the density p(y;j j 1 ;'i; ivMi) (il.e. P(m < Ojy(V; M;).



TABLE |

Logarithms of marginal data densities, posterior probabilities of all competing models (including M) and Bayesfactors of

Mg against M, for i = 1;2; 3;4;5;6.

M 2 M 3 M 4 M 5 M 1 M 6 M 0
Azzalini Beta distribution Beta distribution  Berstein densities Fernandezand ( -Stable Symmetric
(1985) with 1 parameter, with 2 parameters, 2 parameters, Steel (1998) GARCH)  Student-t
22 R Jones (2004) Jonesand Faddy w; N(0:33;36), 12 (0:5;2) 2( 1,1) GARCH
2 N(0;3) 32 (0;+1) (2003) wz  N(0:33;36) In 1 N(O;1) u( 1,1)
In 3 N(;1) a2 (0;+1) wi > 0; wpe > 0,
b2 (0;+1) wp+ wp <1
Ina N(0;1)
Inb N (0;1)
log p(yVjM;) 356:40 35662 357:11 35878 357:42 356:87 357:69
P(Mijy®);
i=0:::;6 0.437 0.262 0.086 0.002 0.041 0.150 0.023
P(Mijy®);
i=0:::;6 0.447 0.268 0.088 0.002 0.042 0.153
Poi 0.052 0.086 0.263 12.5 0.549 0.151 1
Strong (3)
Je reys Strong (3) Strong (3) Substantial Substantial
grade 2) against Ms in Weak (1) (2)

favor of Mg

9TTE
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TABLE 11

Posterior meansand standard deviations of tails and asymmetry parametersin all models as well as posterior probability of
left skewnessof p(yjj j 1; ;!'1; i;Mj).

M2 M3 M4 M5 Ml M6 MO
Azzalini Beta distribution Beta distribution  Berstein densities Fernandezand ( -Stable Symmetric
(1985) with 1 parameter, with 2 parameters, 2 parameters, Steel (1998) GARCH) Student-t
22R Jones (2004) Jonesand Faddy wi; N(0:33;36), 12 (0:5;2) 2( 1,1 GARCH
2 N(0;3) 32 (0;+1) (2003) wyz N(0:33;36) In 1 N(0;1) u( 1;1)
In 3 N(0;1) a2(0;+1) wi > 0; wpe > 0,
b2 (0;+1) wp+ wp <1
Ina N(0;1)
Inb  N(0;1)
Symmetry 2=0 3=1 a=b=1 Wi = Wy = 1=3 1=1 = always
Tail 1:55 1:59 2:07 1:54 1:58 1:21 1:55
Parameters 0:10 0:10 0:55 0:20 0:10 0:04 0:10
Asymmetry 2. 0:046 3. 0:942 a: 0:951 wi : 0:493 1: 0:939 . 0:.017
Parameters 0:018 0:020 0:100 0:191 0:031 0:011
i b: 1:070 wy : 0:255
0:091 0:276
M 0:027 0:041 0:035 0:060 0:063 0:015
Symmetry 0.018 0.030 0.040 0.075 0.033 0.010
m=0
P( mhojy®¥;M;)| 0.9348 0.9184 0.8610 0.7872 0.9756 0.9446
P( w hojy) 0.9263
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In caseof conditional symmetry (model M) the dataset clearly re-
jects the hypothesis of existence of the variance of the distribution
p(YjJ j 15 +Mp), becausethe whole density of the posterior distribution
of the degreesof freedomparameter is located on the left side of the value

= 2. Also, very tight location of p( jy(: M) around the value = 1:55,
assuresthat the conditional distribution of daily returns possessethe rst
momert. Thoseproperties of the posterior distribution p( jy®; Mg) remains
practically unchangedafter imposing skewnessmedanisms. Only in model
M4, Beta distribution transformation with 2 free parameters substartially
changesboth, location and scaleof the posterior density of the degreesof
freedom parameter. In spite of the fact that p( jy(;M,) is located on the
right side of the value = 2, the posterior standard deviation (equal to
0:55) leavesgreat uncertainty about existenceof the secondmomert of the
conditional distribution p(yjj j 1; ; ; 4:Ma).

The similar conclusionscan be drawn in caseof model Mg, i.e. within
conditionally -Stable GARCH speci cation. Sincethe posterior mean of
the index of stability locatesthe density p( jy(¥;Mg) around the value

= 1:21 (with posterior standard deviation 0:04), the dataset decisiwely re-
jects conditional normality in model M g (correspondingto = 2). From the
de nition of the family of the -Stabledistributions the resulting conditional
distribution p(yjj j 1; ;; e Msg) doesnot have variance (just like in Mj,
i =0;1;:::;4). Also, posterior distribution of is located on the right side
ofthevalue = 1. It clearly assureghe existenceof conditional meanof the
distribution of modeled daily returns (again just likein Mj, i = 0;1;:::;5).
The posterior meansand standard deviations of both, asymmetry param-
eters ; and skewnessmeasure \ indicate, that in all specications Mj,
i = 1;:::;6 there is a quite strong evidencein favor of left skewnessof the
conditional distribution of modeled daily returns. The posterior distribu-
tions of \ are located on the left side of the value , = 0, conrming
left asymmetry of p(y;j j 1; ;!i; i;Mj). However, relatively great values
of posterior standard deviations of j, reducespotertial strength of condi-
tional skewnesse ect. As measuredby posterior mean of p( mjyY; M;),
the greatestintensi cation of skewnessof p(yjj j 1, ;!i; i;M;j) is obtained
in model M1. In this caseof GARCH model the posterior expectation of
asymmetry measureis equalto M = 0:.063 with posterior standard de-
viation equal to about 0:033 All remained conditionally skewed GARCH
speci cations generatedposterior distributions of y;, localizedmuch closer
to the value \ = 0 and also much more dispersed. As a consequence,
model M yields the greatestvalue of posterior probability of left asymme-
try of p(yjj j 1 :'i; i;Mj). In caseof models M1;M2;M3; Mg the pos-
terior probabilities P( v < Ojy(;M;) are greater than 91%. The condi-
tionally skewed GARCH speci cation basedon the Berstein density trans-
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formation (Ms) generatesrelatively low value of posterior probability of
left asymmetry, making symmetry, as well as skewnessto the right not
strongly rejected by the data. Given Beta distribution transformation with
two free parameters, posterior probability of < 0 is much lower than
in caseof model M3. Again we may conclude, that generalization, based
on two free parametersin Beta distribution, substartially changesinfer-
enceabout the properties of p(y;j j 1, ;!i; i;Mj). Finally, on the basis
of the Bayesianmodel pooling technique, we obtained posterior probability
of left asymmetry calculated considering the whole class of speci cations

P(wm < Oy®) = 0:9263 but it also leaves some uncertainty about true
intensi cation of this phenomenon. Posterior probability of symmetry and
right skewnessof p(yjj j 1, ;!i; i;Mj) (equalto 0:0737 doesnot totally
reject those cases.

5. Concluding remarks

The main goal of this paper was an application of Bayesian model com-
parison in testing the explanatory power of the set of competing GARCH
(Generalized Autoregressive Conditionally Heteroscedastic)speci cations,
all with asymmetric and heavy tailed conditional distributions. As an ini-
tial speci cation we consideredGARCH processwith conditional Studert-t
distribution with unknown degreesof freedom parameter, proposedby [7].
By introducing skewnessinto Studen-t family and by incorporating the
resulting classas a conditional distribution we generatedvarious GARCH
models, which compete in explaining possible asymmetry of both condi-
tional and unconditional distribution of nancial returns. In order to make
Student-t family skewed we consideredvarious alternative methods recerily
proposedin the literature. In particular, we applied the hidden truncation
medanism (see[1,3]), an approad basedon the inversescalefactors in the
positive and the negative orthant (see[10]), order statistics concept[14], two
di erent settings of the Beta distribution transformation [15] and Bernstein
density transformation (see[28]). Additionally, we preserted the results of
Bayesianinferencewithin GARCH processwith conditional -Stable distri-
bution, (see[29,30]).

Analysis of posterior probabilities of competing speci cations did not
lead to decisive conclusionabout superiority of any of the consideredspec-
i cations. The greatest value of P(Mijy() received conditionally skewed
Studert-t conditional distribution built on the basisof the hidden truncation
medanism (see[3]). The data alsosupported Beta distribution transforma-
tion with singlefree parameterand conditionally -Stable GARCH process.
Those three models cumulated more than 85% of the posterior probability
mass.
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The results of Bayesianestimation shaved, that in ead competing spec-
i cation the modeled data set con rmed left asymmetry of the conditional

terior distribution of skewnessmeasure  was situated on the left side of
the value \ = O (represering symmetry). However, substartial dispersion
of p(M jy®; M;), asmeasuredby the posterior standard deviation of y , did
not precludesymmetry or right skewnesof p(y;j ;j 1, ;!i; i;Mj). Asare-
sult, the posterior probability of left asymmetry (equal to 0:9263, obtained
by application of Bayesian model pooling approad, left someuncertainty
about the true strength of conditional skewnessphenomenon.

The author would liketo thank Ma?gorzataSnarska for help in manuscript
preparation in LaTeX format.
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