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In this paper we investigatethe dependencestructure for PARMA mod-
els(i.e. ARMA modelswith periodic coe cien ts) with symmetric  stable
innovations. In this casethe covariance function is not de ned and there-
fore other measuresof dependencehave to be used. After obtaining the
form of the bounded solution of the PARMA system with symmetric -
stable innovations, we study the codi erence and the covariation the
most popular measuresof dependencede ned for symmetric stable time
series. We show that both consideredmeasuresare periodic. Moreover we
determine the caseswhen the codi erence and the covariation are asymp-
totically proportional with the coe cien t of proportionalit y equal to
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1. Intro duction

Convertional time seriesanalysisis heavily dependen on the assumption
of stationarity. But this assumption is unsatisfactory for modelling many
real-life phenomenathat exhibit seasonabehaviour. Seasonalvariations in
the mean of time seriesdata can be easily removed by a variety of methods,
but when the variance varies with the season.the use of periodic time se-
ries modelsis suggested.In order to model periodicity in autocorrelations,
a classof Periodic Autoregressive Moving Average (PARMA) models was
introduced. The PARMA (p;q) systemis given by:

xP %1
Xn B(MXn j=  a(n)ni; 1)
j=1 i=0
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wheren 2 Z and the coecients fly (n)gjp:1 and fai(n)giq:O1 are nonzero
sequencegperiodic in n with the sameperiod T while the innovations f g
are independert Gaussianrandom variables. For suh PARMA models, the
covariance function is a tool for describingthe dependencestructure of the
time seriesand we can recall that the sequencegiven by (1) is periodi-
cally correlated, more precisely the covariance function Cov(X ;X n+k) iS
T periodic in n for every k (see[l 3]). As the coe cien ts in (1) are peri-
odic, it is obvious that the classof PARMA modelsis an extension of the
classof commonly usedARMA models. Due to their interesting properties,
PARMA systemshave received much attention in the literature and turned
out to be an alternative to the corventional stationary time seriesas they
allow for modelling many phenomenain various areas,e.g., in hydrology [4],
meteorology[5], economics[6,7] and electrical engineering[8].

The assumption of normality for the obsenations seemsnot to be rea-
sonablein the number of applications, sud as signal processing,telecom-
munications, nance, physicsand chemistry, and heavy-tailed distributions
seemto be more appropriate, seee.g. [9]. An important classof distribu-
tions in this cortext is the classof -stable (stable) distributions because
it is exible for data modelling and includesthe Gaussiandistribution asa
special case. The importance of this classof distributions is strongly sup-
ported by the limit theoremswhich indicate that the stable distribution is
the only possiblelimiting distribution for the normed sum of independert
and idertically distributed random variables. Stable random variables have
found many practical applications, for instancein nance [9], physics[10],
electrical engineering[11].

PARMA modelswith symmetric stable innovations combine the advan-
tages of classicalPARMA models and stable distributions they oer an
alternative for modelling periodic time serieswith heavy tails. Howewer,
in this casethe covariance function is not de ned and thus other measures
of dependencehave to be used. The most popular are the covariation and
codi erence preserted in [12 14].

In this paper we considera special caseof stable PARMA models, i.e.
PARMA(1,1) systemswith symmetric -stable innovations. In this casewe
rewrite the equation (1) in a simple way, i.e.:

Xn hXn 1= @y n; (2

wheren 2 Z and the coe cients fb,g and fa,g are nonzero periodic se-
guenceswith the sameperiod T while the innovations are independen sym-
metric -stable (S S for short) random variables given by the following
characteristic function:
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Eexp(i n)=exp( ), 0< 2; 3

whereQ denotesthe scale parameter. Let usdene P = biby:::br and
Bf = ;.. b, with the corvertion BP = 1if r > s.

As the covariance function is not de ned for stable random vectors, in
Section 2 we presen two other measuresof dependencethat can be used
for symmetric stable time series the covariation and the codirence. In
Section 3 we discussthe necessaryconditions for existenceof the bounded
solution of PARMA(1,1) systemsfor 1 < 2 and we note that results ob-
tained in [3] for PARMA systemswith Gaussianinnovations canbe extended
to the caseof stable innovations. The covariation and the codi erence for
PARMA(1,1) models with stable innovations are studied in Section 4 and
the asymptotic relation betweenthesetwo measuresof dependencefor the
consideredmodels is examined there. We nd it interesting to illustrate
theoretical results and thus in Section5 we give an example of PARMA(1,1)
systemswith S Sinnovations and illustrate the periodicity of the considered
measuresof dependenceand the asymptotic relation betweenthem.

2. Measures of dependence for stable time series

Let X and Y bejointly S Sandlet be the spectral measureof the
random vector (X;Y) (seefor instance[12]). If < 2 then the covariance
is not de ned and thus other measuresof dependencehave to be used. The
most popular measuresare: the covariation CV(X;Y) of X onY de ned
in the following way:

y4
CV(X;Y)= sisp Y (ds); 1< 2; (4)
S

wheres = (s1;s,) and the signedpower z/ is given by z™ = jzj° 1z, and
the codierence CD(X;Y) of X onY de ned for 0< 2

CD(X;Y)=InEexpfi(X Y)g InEexpfiXg InEexpf iYg: (5)

Properties of the consideredmeasuresof dependenceonecan nd in [12].
Let usonly mertion herethat, in cortrast to the codi erence, the covariation
is not symmetric in its argumerts. Moreover, when = 2 both measures
reduceto the covariance, namely

Cov(X;Y)=2CV(X;Y)=CD(X;Y): (6)
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The covariation inducesa norm on the linear spaceof jointly S S ran-
dom variables S and this norm is equal to the scale parameter, see[12].
Hencethroughout this paper the norm (so-called covariation norm) jjXjj
is de ned by jjXjj = (CV(X;X))¥* , for a S S random variable X and

> 1. The sequencd X,0n27 is boundedin a spaceS with norm jjijj if
SUpnoz JiXnji < 1 . Moreover, in this paper we write X = Y in S if and
only if jjX Yjj =0.

If it is possmletoFtransform the sequencd X ,g to the moving average
represemation X, = j_ 1 G(n) n j, wherethe innovations f g are in-
dependert S S random variables with parameters and 1 < 2, then
both the covariation and the codi erence can be expressedn terms of the
coe cien ts ¢ (n) (see[15]):

a3

G (N)Cm n+j(m)h 1i;

CV(Xn;Xm)
i=1

CD(Xn; Xm)

(g (M)j *+jcm n+ej(M)j  jg(n) Cm n+j(mM)j ) :
i=1

3. Bounded solution of stable PARMA(1,1) system

In this section we consider PARMA(1,1) system given by (2) with the
S Sinnovationsfor 1< < 2andweinvestigatewhenthe boundedsolution
exists.

Let us assumethat jPj < 1. In this casewe show that the considered
PARMA(1,1) systemhasa bounded solution given by the formula:

h 3
Xn = B s+18n sn s: (7
s=0
Provided that every s 2 Z can berepreseted ass= NT + j for some
N=01:::andj =0;1:::;T 1, wehave

.- e X X R 1
jiXnjj = Bn sv1@n s = Bi NT j+18n NT |
s=0 N=0 j=0
Now it su ces to notice that by periodicity of coe cients an nT j = an |
P
and B} 1 j41 = PVBJ .4 and that jPiN. = 1=1 jPj ). Thus
N =0
k1 . K
iXnji = —— Bl is1an | — =<1
JJ nJJ 1 ]P] n j+1%n | 1 JPJ

j=0
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P
where K is a real constart, K = maxg=1.....Tf i=0 B? j+18s j O This

implies that sup,,7 jjXnji < 1 and hencef X g given by (7) is bounded.
Moreover, it is easyto ched that f X g given by (7) satis es equation (2).
To prove the cornverse,let us note that iterating the equation (2) yields:

K 1
— N n )
Xn=Bp ka1 Xn k* Bh s+1@n sn s:
s=0

Foreatin 2 Z andk = NT + j by periodicity of the coe cien ts we have
N =PNBA j+1- Therefore,if jPj < 1andfX,gis a boundedsolution
of (2) then

b( 1
kl!l{n IXn o qu s+1@n sn )] = k|!I:{’n 1 Xn kqu w1l = O

This meansthat the bounded solution of the system consideredin this sec-
tion is given by

X1 s
Xn = lim B!

_ n .
K n s+19n sn s= Bnh s+1@n sn s
' s=0 s=0

In a similar manner, it can be shown, that if jPj > 1, then the bounded
solution of the systemunder study is given by

R a
Xn = % n+s- 8)
s=1 Bn+1

It is worth pointing out here that the solution for the PARMA(1,1)
systemwith S S innovations takes the sameform of the moving average
as in the caseof Gaussianinnovations obtained in [3] and it reducesto
well-known formula for ARMA modelsin caseof constart coe cien ts.

4. Dep endence structure of stable PARMA(1,1) models

Let us considerPARMA(1,1) systemgiven by (2) with S Sinnovations
for 1< 2. Moreover, we will restrict our attention to the casejPj < 1
becausehis caseis moreimportant for applications asshawvn in Section3,
the consideredsystem has a bounded solution f X ,g in the linear spaceof
jointly S S random variables with norm jj:jj given by the causal moving
averagerepresemation (7).
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In order to investigate the dependengestructure of stable PARMA(1,1)
models we will rst rewrite X, asXp = i: 1 Cs(n) n s, wWhere

_ 0 if s< 0;
cs(n) = Bl ¢s1an s; ifs 0; ©)
and then using results preserted in Section 2 we will nd formulas for the

covariation and the codi erence. We will also study periodicity of these
measuresand their asymptotic relation.

The covariation. If n  m, then for 1< 2 we have
R n m h 1
CV(Xn,Xm)= Bn j+1an i Bn j+lan i .
j=n m
It is easyto notice that z z" Y = jzj and B} ;,; = BBl ..
Therefore,for s= | n+ m we obtain
h3
CV(Xn;Xm) = m+1 Bm s+18m s
s=0

As ewerys2 Z canberepresemed ass= NT + | for someN = 0;1;::: and
j =0T 1, wehave

n )4 R ! m
CV(Xn;Xm) = Bmu Bm NT j+1@m NT j
N=0 j=0
Now it su ces to notice that by periodicity of coe cients am NT | = am |
p
and B} y1 41 = PYBR ;.4 and that jPjiN = 1=1 jPj ). Thus
N =0
Bn,, X!
CV(Xn; Xm) = ﬁ Bm ja@m j (10)

j=0
If n < m, then the covariation is given by

x
CV(Xn,Xm)= qu j+1an i ij_,_lan i
j=0

T

. n —om  —_om . .
In this caseBy ;,; = B ;.1 =Bpiy which resultsin formula

b3

m
BI’l+1 j=0

CV(Xn,Xm): BrTHlan ]
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The simple calculation similar to the previous caseleadsus to the result

K 1
B (L P
As the sequences$a,g and f b, g are periodic in n with period T, the covari-
ation is periodic in n and m with the sameperiod, indeedCV (X; Xm) =

CV(Xn+T: Xm+T)-
The codierence. Forl< 2andn m we have to calculate

b3

CV(Xn;Xm) = Brer+1an i (11)

n ) m . n ) m :
Bn j+1@n j + Bp jir@n Bn j+1@n j Bp jiran
j=n m
. m n - m n H
Obsene that there are a, j and B'j,; (@S By 3 = B j41Bpy) in
ead part of the above formula. Therefore we can write

h3
CD(Xn; Xm) = 1+ Bfa)  j1 Bl B ja@n ji s
j=n m
that can be transformed to
p3
CD(Xn; Xm) = 1+ jBlii] i1 Bpiii iBm s+1@m s :
s=0

P
And now it is sucient to notice that the sum Q:Oij s+18@m s] has
beenalready calculated for the covariation. Sowe obtain

1+ B j1 BR4j X*
1 jPj

CD(Xn;Xm) = JBR? j+18m il +(12)

j=0
It is not necessaryto calculate the codi erence for n < m asthis measureis
symmetric in its argumerts, i.e. for everyn;m 2 Z wehave CD (X ; X ) =
CD(Xm;Xn). By the assumption, the coe cien ts fa,g and fly,g are peri-
odic in n with period T. Thusit isnot di cult to noticethat CD (X ;X) =
CD(Xn+1;Xm+1), Which meansthat the codi erence is periodic in n and
m with the period T.

Asymptotic relation between CV and CD. Using formulas (10),
(11) and (12) and two simplefactsthat hold for 1< < 2,0< jPj < 1and
any real constart a 6 O:

1+ jaP™j j1 aP™Mj
ml!l apm B
aP™ 1+ jaP™j j1 aP™Mj) _
mi1 jaPmj
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it can be proved that for the consideredPARMA(1,1) systemswith S S
innovations the following relations hold foreacn 2 Z and1< < 2

. CD(Xn;Xn k) . CD(Xn+k; Xn)

I = | = 13

A CV(XniXn 1) K1 CV(Xnee Xn) (13)
CD(Xn k;Xn) _ . CD(Xn;Xn+k) _ 0: (14)

I = =
A CV(Xn G Xn) K1 CV(Xn: Xnrk)

The interesting point is that, becauseof asymmetry of the covariance,
we obtained quite di erent asymptotic results. Moreover, (13) extendsthe
results obtained in [13] for ARMA modelsand it reducesto (6) for = 2.

5. Example

In order to illustrate our theoretical results let us considerPARMA(1,1)
model with S Sinnovations with = 1, wherethe coe cien ts are given by

8 8

< 05 ifn=147::"; <1 ifn=1,47:";
b= 16 ifn=258:::; anh= . 2 ifn=258;:::;

04 ifn=369:::; " 0003 ifn=369::::

It is clear that the coe cien ts are periodic with T = 3 and in this case
P = 0:32 Therefore we are allowed to useformulas obtained in Sections3
and 4. We rst want to demonstrate how the parameter in uences the
behaviour of the time series,so we plot 1000realizations of the considered
model for =2, = 1.7and = 14, seeFig. 1. It is easyto notice
that the smaller we take, the greater valuesof the time seriescan appear
(property of heavy-tailed distributions). Next, we want to shav the depen-
dencestructure of the consideredmodel, especially periodicity of measures
of dependence.In order to do this we plot the codi erence CD (X n; Xn+k)
and the covariation CV (X p; Xp+k) for = 1:7and = 1:4in caseofk = 5,
seeFig. 2. Although the behaviour of the measuresof dependencedepends
on the parameter , one can obsene that both measuresare periodic with
the sameperiod T = 3.

Finally, let us illustrate the asymptotic relation betweenthe covariation
and the codi erence that is studied in Section4. Fig. 3 cortains plots of the
functions

CD(Xn+k;Xn) . CD(Xn; Xn «) .
CV(Xn+k;Xn)’ C V(Xn; Xn k)’

CD(Xn; Xn+k) and CD(Xn k;Xn)

C V(Xn;Xn+k) C V(Xn «:Xn)
fork=0;1;:::;40, n=50and = 1.7and = 1:4:
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Fig. 1. The realizations of PARMA(1,1) model with S Sinnovations for
panel), = 1:7 (middle panel) and = 1:4 (bottom panel).

3079

= 2 (top

Fig.2. The codierence CD(X,;Xn+k) (top panel) and the covariation
CV(Xn;Xn+k) (bottom panel) for PARMA(1,1) model with S S innovations for
= 1:7 (solid line) and = 1:4 (dotted line) versusn = 3;4;:::;20for k = 5.



3080 J. Nowicka-Za grajek, A. Wy2oma«ska

According to the theoretical results, the rst two quotients tend to 1 and
the next two tend to 0 ask increases.

T

RO — a=17
1r == 9=14 "
0 L L L L L L L

0 5 10 15 20 25 30 35 40
2 T T T T T T T

Nommmaee — a=17
188 --:a=1.4n
0 L L L L L L L

0 5 10 15 20 25 30 35 40
2 T T T T T T T

\ — 0=1.7
1 -=sa=1.4 [

<2

0 .\—~"-\-----. .

0 5 10 15 20 25 30 35 40
2 T T T T T T T

o - a=1.7
1ir == 9=1.4 1

)

0 I '~~'\‘------

0 5 10 15 20 25 30 35 40

k

Fig. 3. The plots of the functions <2XnskXn) (the rst panel), %

C V(Xn+kiXn)
(the secondpanel), % (the third panel) and % (the fourth

panel) versusk = 0;1;:::;40for n = 50, = 1.7 (solid line) and = 1:4 (dotted
line).
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