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Models for control of epidemicson local, global and small-world net-
works are considered,with only partial information accessibleabout the
status of individuals and their connections. The main goal of an e�ectiv e
control measureis to stop the epidemic at a lowest possiblecost, including
treatment and cost necessaryto track the diseasespread. We show that
delay in detection of infectious individuals and presenceof long-rangelinks
are the most important factors determining the cost. However, the details
of long-rangelinks are usually the least-known element of the social interac-
tions due to their occasionalcharacter and potentially short life-span. We
show that under someconditions on the probabilit y of diseasespread, it is
advisable to attempt to track those links, even if this involves additional
costs. Thus, collecting someadditional knowledgeabout the network struc-
ture might be bene�cial to ensurea successfuland cost-e�ective control.

PACS numbers: 87.19.Xx, 04.60.Nc,05.50.+q, 87.23.Cc

1. In tro duction

Oneof the main goalsof epidemiologicalmodeling is to provide guidelines
for controlling diseaseoutbreaks. Traditionally this has been understood
in terms of reducing the number of infected individuals. With a cheap
vaccination available, �blind� vaccination of a large proportion of individuals
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might be a simple and yet optimal solution [1]. However, in many casesthe
epidemicmust be stopped at a manageablecost and with potentially limited
resources,leadingto a mixture of preventiv e and responsivemeasures.In the
simplest casethe goal of a successfulprevention and eradication programme
is to minimize a number of individuals who have either beentreated or have
beenthrough the infection.

In a seriesof previouspapers[1,2] we have studied the suitabilit y of local
control strategies for stopping spread of diseaseson networks with a mix-
ture of local and global links. These include �small-world� networks [3],
with a majorit y of contacts betweennearestneighbors and a small number
of global links. By a local strategy we understand control measureslimited
to someneighborhood of an infected individual. We have proposeda strat-
egy that is a mixture of responsive and preventiv e actions. A control event
is triggered by an appearanceof a symptomatic individual (responsive mea-
sure) and spansnot only this individual but also its immediate neighbors on
a certain control network (preventiv e measure).

The preventiv e control (analogousto a ring-vaccination strategy) is nec-
essary becauseof the delay between the onset of infectiousnessof an in-
dividual and the onset of symptoms. Thus, there is a possibility of pre-
symptomatic yet infectious individuals to be located in the neighborhood of
the observed diseasecase.The preventiv e local control strategy attempts to
treat such potential cases.The crucial assumption in our paper is that the
network that de�nes the control neighborhood is only a subset of the net-
work on which the diseasespreadsand in particular contains only a subset
of long-range links. This re�ects the limited abilit y of medical authorities
to track and follow contacts between individuals leading to spread of the
disease. In particular, we ask the following question: how detailed should
our knowledge be of the network structure to be able to stop the disease
at the lowest possiblecost? We comparedi�eren t strategiesby looking at
the �nal sizeof the epidemicsincluding individuals who have beenthrough
the diseaseas well as those treated [2]. We also include an additional cost
associated with tracking of long-rangelinks.

2. Mo del

The model of epidemicspreadand the associated control must take into
account the topology of the network on which the epidemic spreads, the
topology of the sub-network which is used for control, the state of each
individual and transitions between di�eren t states. We consider two basic
topological structures, a 1-dimensional small world topology (SW1D) [3]
and 2-dimensional small world topology (SW2D). The diseasespreadson
the full network, including local and global links. The control measurescan
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only follow a subsetof thoselinks and in particular for the SW1D and SW2D
topologieswe assumethat the subset contains all local links and a subset
of additional shortcuts. This approach is causedby the fact that it is much
easierto track local interactions, interactions with surrounding individuals,
�elds and farms, than long-range interactions, which might be causedby
geographical,technical, cultural or economicalfactors.

The epidemiological part of the model is based on an SIR model [4]
modi�ed so that it includes pre- and post-symptomatic individuals (who
can both contribute to the spreadof the infection) and recovered as well as
treated individuals.

2.1. Topology

SW2D topology is constructedfrom a regular lattice, with periodic bound-
ary conditions, to which a given number of additional random shortcuts is
added. Thus, every individual placedon the SW2D topology interacts with
its four nearestneighbors and someother individuals via additional short-
cuts (Fig. 1). The SW1D topology is constructed in a similar way, by adding
long-rangelinks to a one-dimensionalring. For compatibilit y betweenSW2D
and SW1D topology every node of the initial ring has4 �rst order neighbors,
2 of them located on the left-hand side and 2 on the right-hand side of the
given node.

Shortcut

Disease control,
second-order
neighborhood

z=2

Disease spread,
first-order neighborhood

Fig. 1. SW2D topology: In this example, a detected individual (black circle) is
in contact with its four nearest-neighbors on the diseasenetwork and to one node
connectedby a shortcut (gray circlesto indicate non-symptomatic infected individ-
uals). The control might then be applied locally, limited to the eight second-order
neighbors and individual itself on a treatment network (marked by a square). In
general, a given ratio of additional shortcuts can be incorporated in the disease
control neighborhood making control more e�cien t.
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In the �rst instance,the control network contains the regular (local) part
of the infection network. In addition, we assumethat a certain number of
long-range links is included in the control network. This re�ects an addi-
tional e�ort that a government or health authorit y put into diseasetracking.
A control neighborhood of given order, z, is constructed in an iterativ e way.
Starting from the infected node the �rst order control neighbors are local-
ized. The secondorder neighbors are then found as �rst order neighbors
of the previous group. The whole procedureis repeated iterativ ely z times.
A single control action involves all individuals in the control neighborhood
of order z.

2.2. Individuals and transitions

Individuals are placed on a given topology and can be in one of the
following states:

1. S � susceptible(or healthy), which can be infected with probabilit y p
by any infectious or detectedindividual in its epidemicneighborhood;

2. I � infectious (infected but pre-symptomatic); can infect other nodes
from its epidemicneighborhood but cannot trigger a control measure.
In addition, with probabilit y q it can spontaneously move to the de-
tected class,i.e. symptoms becomeobservable;

3. D � detected(infected and symptomatic), can infect other nodesfrom
its epidemic spread neighborhood. In addition, it can spontaneously
move to the recovered class (with the probabilit y r ) or can trigger
a treatment measurewith the probabilit y v that includesall individuals
within its control neighborhood;

4. R � recovered. This classincludesindividuals that have beenthrough
the disease,can be treated but cannot becomere-infected;

5. V � vaccinated(treated). Individuals in this classhave beenin a con-
trol neighborhood of a detected individual when the treatment event
was triggered. They cannot becomere-infected.

We assumethat all nodesin the network are occupied. The initial state
is a mixture of a majorit y of susceptible individuals with an addition of
few (0:1%; 0:5% or 5%) infectious (symptomatic) individuals. We denote
the total number of nodesby N and the number of susceptiblenodesby S,
infected by I , detectedby D , recovered by R and treated (vaccinated) by V .

2.3. Simulations

Details of the simulations are given in [1,2]. The model was updated
synchronously and the simulation loop was performed until the number of
infected individuals was equal to zero, i.e. until T max such that I (T max ) +
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D(T max ) = 0. In every iteration, spontaneous transitions from I ! D ,
D ! R and state-dependent transitions S ! I , D ! V were performed.

We consider three treatment strategies, random vaccination, local vac-
cination and a mixed strategy combining local vaccination with tracking
of long-range links. In the random �blind� vaccination, the given ratio of
randomly chosen individuals is vaccinated shortly after the �rst detection
of the disease. For local treatment all individuals up to a given order z
surrounding and including the detected infected individual, are vaccinated
regardlessof their current diseasestatus. For the mixed strategy, a certain
proportion of long-range links is also tracked and individuals to which the
detected individual is linked are treated as well.

For a givensetof parametersthe simulation wasaveragedover 50realiza-
tions for the total number of nodesequal to 2500(i.e. the SW2D topology is
created from the square50� 50 lattice), with or without addition of a �xed
number of 1023 long-range links. Larger sizesof the networks and larger
number of realizations were explored as well, but they did not improve or
changethe results.

3. Results

Simulation results were analyzedto extract information that is relevant
for the design of an optimal control strategy. In particular, we look at
a severity index, a combined number of treated and recovered individuals,
X � R(1 ) + V(1 ) at the end of an epidemic. This quantit y represents
the combined severity of an untreated epidemic, R(1 ), and the costs of
treating it, V (1 ). In this paper, we mainly focus on e�ects of a network
structure (including shortcuts) and probabilit y of spread,p, on the severity
index, X , of the epidemicand the optimal extent of a control neighborhood
zc. zc is de�ned assuch a diameter of control neighborhood for which X (zc)
is minimal. All other parameters,except r which was set to 0:01, take all
possiblevaluesfrom the allowed domainsand z 2 f 1; 2; : : : ; 15g. In addition,
we vary the structure of the control network by changing the proportion
(TL = f 0%; 10%; 20%; : : : ; 100%g) of long-range links (shortcuts) that are
tracked and included in the control neighborhood.

We �rst consider a �blind� vaccination strategy, Fig. 2 and assessthe
e�ect of di�eren t proportions of vaccinated individuals on the impact of
disease. This strategy is e�ectiv e when applied early and the number of
non-local links is small, seeFig. 2. Addition of long-rangelinks or delaying
the application of the �blind� treatment renders it ine�ectiv e, cf. Fig. 2.
In addition, from the social point of view, such a strategy is di�cult to
accept,becauseit is purely preventiv e and control measuresare focusedonly
on initial vaccination of randomly chosen individuals without any further
actions during the outbreak.
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Fig. 2. X = R(1 )+ V (1 ) asa function of proportion of initially vaccinatedindivid-
uals for SW1D topology (left panel) and SW2D topology (right panel) for various
values of infection probabilit y, p: p = 0:01 (top panel), p = 0:05 (middle panel)
and p = 0:5 (lower panel). Other parameters: q = 0:5, r = 0:01. Di�eren t symbols
correspond to various numbers of additional shortcuts: � + � 0 shortcuts, � � � 1023
shortcuts. Initially , at t = 0, 0.5%of all individuals were in the symptomatic class.

The next group of possiblecontrol strategiesis characterizedby a mixture
of responsive and preventiv e actions. As new foci of the diseaseare formed
and spread, they trigger control measuresthat are applied in a broader
neighborhood of detected symptomatic individuals. The extended control
neighborhood compensatesfor the lack of our knowledge about the exact
state of individuals and the exact structure of interactions. The severity
index X � V (1 ) + R(1 ) is plotted in Fig. 3 as a function of infection
probabilit y p and the control neighborhood size, z. For each value of p,
there exist an optimal value zc for which the control measuresare most
e�cien t. If z < zc the diseaseescapes the control, while for z > zc too
many individuals are vaccinated. The exact shape of the surfacedependson
network properties and epidemic parameters. Nonlocal interactions make
minima lesspronounced;nevertheless,purely local strategiesare capableof
stopping epidemicseven in the presenceof long-rangelinks [2].

Epidemics can spread not only to the nearest neighbors but also, via
non-local shortcuts, to distant part of the network. On the one hand, long-
range links are crucial for the spread of the outbreak. On the other hand
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Fig. 3. X � R(1 ) + V(1 ) asa function of the infection probabilit y p and diameter
of the vaccination z for SW2D network with 63 additional shortcuts. Other pa-
rameters: q = 0:5, v = 0:1 and r = 0:01. Initially , at t = 0, 0.5% of all individuals
were in the symptomatic class.

they are hard to identify and their identi�cation requiresan additional cost.
Therefore, for knowledge oriented strategies, more general cost functions
need to be considered. We proposeX � V (1 ) + R(1 ) + � L T , where L T
represents the ratio of identi�ed to the total number of shortcuts and � is
the cost associated with contact tracking.

Figs. 4�5 show ratio of tracked links (top panel), the number of vacci-
nated individuals (middle panel) and cost function X (lower panel), corre-
sponding to the optimal solutions. In the following we examinethe in�uence
of incubation time, controlled by q, and e�ectiv enessof the vaccination, v,
on the optimal strategy.

For the parametersused in this paper, the cost associated with an op-
timal strategy is generatedmainly by vaccination and links tracking. The
relative importance of these two factors depends on the cost of tracking
a single long-range link, � 0 = �= 1023. When links tracking is cheap, it
is optimal to track all shortcuts, seeFigs. 4�5 (top panel). When disease
incubation time is long (small q) and vaccination is ine�cien t (small v) de-
tailed contact tracking is lessimportant and costsare largely in�uenced by
treatment, cf. Fig. 4. The combined e�ect of the long incubation time and
low e�ectiv enessof vaccination decreasethe e�ect the additional knowledge
about long range links has on the control. When the incubation time is
long, epidemicscan infect large proportion of individuals before they are
detected. For short incubation times (large q) and more e�ectiv e treatment
(large v), there is a clear distinction between strategies applying contact
recognition and purely local strategies,cf. Fig. 5. The recognition of short-
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Fig. 4. Ratio of the tracked links L T (top panel), proportion of the vaccinated
individuals V (1 ) (middle panel) and X � R(1 ) + V(1 ) + � L T (bottom panel)
as a function of the infection probabilit y p for SW1D topology (left panel) and
SW2D topology (right panel). Other parameters: q = 0:1, v = 0:1 and r = 0:01.
Initially , at t = 0, 0.5% of all individuals were in the symptomatic class. Di�eren t
symbols correspond to various cost of a single non-local link tracking � 0: � + � 0 ,
� � � 0.5, � � � 1.0, � � � 1.5.
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Fig. 5. The sameas in Fig. 4 for q = 0:5, v = 0:5.
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cuts, despite the associated costs, can signi�cantly decreasethe number of
individuals that needto be vaccinatedto eradicateepidemics.Furthermore,
such strategies lead to smaller value of the severity index X than purely
local strategies,cf. middle and bottom panelsof Fig. 5.

4. Discussion

Designing control strategiesfor networks incorporating long-rangelinks
is complicated. In the simplest case,we envisage treating infected and/or
susceptibleindividuals so that the diseaseprogressis slowed down or even
stopped. Examplesof such treatment include preventiv e vaccination, culling
of animals and quarantine of �elds or individuals. For networks with only
short-range interactions the spread of a diseaseis geographically limited
and can therefore, be contained locally [2]. For non-local networks there is
always a possibility of infection jumping to another location to form a new
focus. In designing control strategies for such networks it is necessaryto
know not only the geographicallocation of new cases(so that they and their
immediate neighbors can be treated) but also all possibleconnectionsthat
can span the whole population. Obtaining this information can be very
expensive and time consuming. With the authorities faced by a large-scale
epidemic the collection of such data might be di�cult and might lead to
many inappropriate decisions. It is thus imperative to use epidemiological
models to explore the possibilities of simplifying the control strategies.

Most models of diseasespreadusedto predict its advanceand to design
e�cien t control measuresassumea perfect knowledgeof both the status of
each individual (healthy versusinfectious) and the network structure (who
acquiresthe diseasefrom whom [4,5]). Among the epidemiologicalparam-
eters, the di�erence betweenthe onset of infectiousnessand the earliest de-
tectabilit y of the diseaseis the key issuefor controlling the disease.For most
diseasesan individual can be infectious even though the infection cannot be
detectedand controlled. Such an individual can be a sourceof further infec-
tions for a relatively long time until the sourceis identi�ed and controlled by
isolation or treatment. In many cases,even post-symptomatic individuals
cannot be treated straight after the detection, which further addsto a spread
of the epidemic. Control strategiesshould aim at decreasingthe time until
control measuresare applied by increasing detectability and speeding up
control.

We have shown that long-range links dramatically reduce the e�ectiv e-
nessof local control measures. Our results show that in some casesit is
possible to control epidemics with only limited knowledge about interac-
tions between individuals. If this is not possible,our model gives guidance
on conditions under which it is advisable to attempt to track long-range
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links, despite the high costsassociated with such a strategy. From the eco-
nomic point of view, contact tracking is important when diseaseincubation
time is short and vaccination is e�cien t. Furthermore, if the epidemicsis
highly infectious, knowledgeoriented strategieslead to a signi�cant decrease
in the severity index characterizing the costsof diseaseeradication.

There is a clear distinction between the casewhen the control measure
works and when it doesnot. If the control neighborhood is too small, or we
track insu�cien t numbersof long-rangelinks, the diseasekeepsescapingthe
treatment and asa result we needto treat practically the whole population.
Making the ring of control even a fraction larger might lead to a dramatic in-
creasein the e�ciency of the control strategy. Similarly, incorporating more
long-rangelinks might improve the e�ectiv enessof the control measures.
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