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The aim of this paper is to determine the Value at Risk (VaR) of the
portfolio consisting of long positions in foreign currencieson an emerging
market. Basing on empirical data we restrict ourselvesto the casewhen
the tail parts of distributions of logarithmic returns of these assetsfollow
the power laws and the lower tail of assaiated copula C follows the power
law of degreel. We will illustrate the practical usefulnessof this approach
by the analysis of the exchangerates of EUR and CHF at the Polish forex
market.

PACS numbers: 89.65.Gh

1. Intro duction

The presen paper is a cortinuation of [1]. In the previous paper we dealt
with the purely asymptotic estimations, whereasnow our goal is to provide
someestimatesvalid for quite a substartial part of the tail.

We shall deal with the following simple case. An investor operating on
an emerging market, has in his portfolio two currencieswhich are highly
dependen, for example euros (EUR) and Swissfranks (CHF). Let R; and
R» betheir rates of returns at the end of the investmen. Let w; be the part
of the capital investedin the i-th currency, w1+ w, = 1, wi;wp > 0. Sothe
nal value of the investmen equals

Wy = W0(1+ R); R =wiR1+ woR>:

Our aim is to estimate the risk of keepingthe portfolio. As a measureof
risk we shall consider Value at Risk (VaR), which last yearsbecameone
of the most popular measuresof risk in the practical quartitativ e nance
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(seefor example [2 9]). Roughly speaking the idea is to determine the
biggestamourt one can loseon certain con dence level

If the distribution functions of R; and R, are cortinuous then, for the
condencelevel1 |, VaR is determined by the condition

PW, W; VaR; )=1

Note that if Q denotesthe quartile of the rate of return R, then we can
denoteVaR in the following way

VaR, = WpQ :

We shall baseon the Sklar theorem, which elucidatesthe role that copu-
las play in the relationship between multiv ariate distribution functions and
their univariate margins (see[10 12]). We describe the joint distribution of
rates of return R1 and R, with the help of a copulaC

P(R1 x1;R2  Xz2) = C(F1(x1); F2(x2)) ;

whereF; is a distribution function of R;. Note, that C is the joint distribu-
tion function of the random variablesF1(R1) i F2(R>).
We recall that a function
C:[0;1F ! [0;1];
is called a copula if
C(0;y) = C(x;0) = 0; Cly)=vy; C(x;1)= x;
X1< X2;¥1<VY2) C(Xx1;y1) + C(xz2;y2) C(Xyy2) C(xzry1) O

2. Basic empirical observ ations

2.1. Copulas

The copulasof nancial returns have a speci c property, namely they
have uniform tails.
We recall that a copula C has a uniform lower tail if for su cien tly
smallg
Clip) L(aiq);

where L is a nonzero function, which is positive homogeneousof degreel
(compare[1,13 16])

8t 0 L(tqstop) = tL(qu;op):
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For the daily exchangerates EUR and CHF in Polish z%ty (PLN) we
can obsene this phenomenoneven for 10% part of the tails. On the scatter
diagram below (Fig. 1) we plot the ranks of daily returns of EUR and CHF
(from January 1995to April 2006,2858returns). One canobsene that there
is more points at the lower and upper cornersthan average. In Fig. 2 we

enlargethe lower corner.

Fig. 1. Plot of ranks.

Fig. 2. Plot of ranks (lower corner).

To ched the homogeneiy of the lower tail of the copula we court the
number of pairs of ranks in squareshaving the origin as a lower vertex

W(n) = If(xiyi) : xi niyi n;g
and number of pairs in these squaresunder and over the diagonal
Wi (n) = Jf(Xi;yi) @ xi<yi ng;
W (n)=1f(Xi;yi) @ Vi < Xj ng:
In Fig. 3 we shaw the graphs of thesefunctions. They are closeto linear.
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Fig. 3. Graph of W (n).

2.2. Univariate tails

The daily log-returns of exchangerates (In(1 + R;)) have the power-like
tails (compare[17] Y9.3,[18] Y2.3.1or [19 22)).
Forsuciently smallr ( 1<r 0)

Fi(r) a( Ind+r) '; i=12:

For the daily exdhangerates EUR and CHF in Polish z%ty (PLN) sud
approximation is valid even for 10% part of the lower tails. In Fig. 4 we plot
the logarithms of minus log-returns against the logarithms of probability.

Fig. 4. Plot of logarithms.
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3. Main results

Our aim is to shov how to estimate Value at Risk of the portfolio
(VaR(W)) in terms of Valuesat Risk of portfolios of the sameinitial value
Wy but consisting only of one currency (VaR(S1) and VaR(Sy)). The rst
estimate requires only that the tail part of the copula is homogeneousof
degreel.

Theorem 3.1 If for g;;p < C(q) = L(qg), wher L is homagen®us of
dggree 1, thenfor <

VaR; 1.1y (W) wiVaR; (S1) + weVaR: (Sp):

The secondestimate requires also some properties of lower tails of the
marginal distribution.

Theorem 3.2 If for g;;p < C(q) = L(qg), wher L is homagen®us of
dgree 1, andfor 1<t F, 1( )

Fi)=a (b InA+t) '; a>0; >1; i=12;
then for <
VaR; (W) wi1VaRy (Sl) + wyVaR (Sz) :

In Figs. 5 and 6 we show the plot of the empirical VaR of the portfolio
(w1 = 0;4 EUR, w, = 0;6 CHF) and the estimatesbasedon the theoretical
VaR's for both currencies. We put Wy = 1.

Fig.5. VaR(W).
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Fig. 6. VaR(W) (the extreme part).

4. Pro ofs

P(R r)

PWwWiRi+wzR2 )= c(M) (W)
where

Vi = q:wFy 1((:11) + wWoF, 1(q2) r
Note that the domain V; is a generalizedtrap ezoid.

Vi=fg:0 o 9q; 0 g 'r(q)g;

1
whereq = Fi(5;2) and ' (1) = F2 W _

Lemma 4.1 If rWg= w;VaR; (S1) w;VaR: (Sp) then the squae
[0; 1 [O; ]is contained in V.

Proof. If g then

VaR: (Sj) .

1/~ 1 -
F () F ()= Wo

Therefore,

WlVaRl (S1) wzvaRl (82)=r:

wiF; Ha) + woF, Y(ap) W W

Now we are able to nish the proof of theorem 3.1.
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Proof of theorem 3.1. (compare [23]).
Due to the homogeneiy we get

c(O; 1 [0 )=C(; )=1L(EL1

LetrWo= wiVaR; (S1) weVaR: (Sp). Sincethe square[0; ] [0; ]
is cortained in V;, we have

c(\r) L&D
Therefore,the L(1;1) quartile of R is smallerthan r. Thus
VaR; a1 (W)  rWo=wiVaRy (Sp)+ wzVaRy (Sy):
This nishes the proof of theorem 3.1.
Lemma 4.2 LetrWp= wi;VaR: (S;) wxVaR; (Sp). If
Fit)=a (B In1+1) '; >0, i>1;, i=12;
then the function

. 1A i1y _ e Prtw | - 4 .
0a) !0+ a=F (@)= s

has the following properties:

is strictly convexand increasing;
©0=01lmy,, (@=+1, ()=1
limg o A0) = Fa((r + wi)w, ) L lim, o Yo =+1.

Proof. We have

o1
(m) = 1
F2 r Wl\'/:vlz (1)

- 3l h Tl ’

= a, g bpt+tin(wy) In 1+r wiexp by o
1

Hence
=0, (@)==p—=+1; ()=—=1

Fa( 1)

Furthermore,
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) = a,t b+ In(wp) In 1+r1r wiexp by % B
1
@+
+a,t 3 p+In(wy) In 1+r wiexp by a—i 1
1
q
wiexp by 2 ¢ 1 g
-+ 1
1+r wyexp by &
1
Hence
1 q
q0*) = ; q)= =+1:
Fa((r + wi)w, 1) Fa( 1)

Moreover, the rst derivativeis always positive, hence is strictly increasing.
Also the secondderivative is always positive (hence s strictly corvex).
Indeed: the secondcomponert of the rst derivative is a product of four
positive factors, from which only the last one(q; 1= ) hasnegative derivative
but it is reducedby positive derivative of the rst componert.

_1 2 1
Ran) = a,t 2 bp+in(wz) In 1+r wiexp by 2—1 '
1
a1 1
W1 exp by ar 1 o _11 .
T ] a O,
1+r wiexp by 2—1 1
+ o+
q _1 2 1
+a,t 5 bp+in(wy) In 1+r wiexp by a_l 1
1
1
W1 ex L 1
- 1 & 11

1+r wiexp by XZ

1
=+ () gt 1 =

Since ; is greaterthen 1 the nal result is positive.
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Lemma 4.3 LetrWg= wiVaR; (S1) wyVaR; (Sp). If the function

() = .rc&l) has properties listed in lemma4.2 then | (V)

Proof.

L(Fg: wiFy () + woF, Y(p)  rg)
L(fg:0 @ '((@):;0 @ qog
A Ad) A

= @(ql;oa)dqqul = %(Ch;' r(Ch))dop :
0 1

L(Vr)

@n @p

SinceL is homogeneousof degreel, its rst derivative is homogeneousof
degree0. Thus

A
@
V) = — 1 d
L(V) e @
o]} 1 “ 4 q '?1)00
1 + L L .q i d
@ g ° @) g 0200
"r(on) 0 "r(an)

For every copulathere is an upper bound C(qi; ) min(aqi; @) ( [10]).
SincelL coincideswith C in the lower corner, the samebound is valid for L.
Therefore,

A _Q 00
r(01) (—% )0
"r()
@ @ ) 2 g,
1 r (d1 r (d1
= - do + —d
r(Ch) ( G )0 2 T ( G )0 2 T
0 ' r((ill) ECH)
_ q ' r(ﬁh) + 1 ! — 1 + 1 _
= h TR —p = q =
: q ) Q)
r(ql)) 0 0 r(al)

To nish the proof of theorem 3.2 one hasto obsene that if
cV)= (W) :
then

VaR; (W) r'Wo = wiVaRy (Sl) + wyVaR (Sz) :
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