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In this paper, we try to answer the question, whether for bivariate
elliptic random variable X = (X1;X>) the marginal random variables X 1
and X ; are asymptotically dependert. We shaw, that for somespecial form
of the characteristic generator of X the answer is positive.

PACS numbers: 89.65.Gh
1. Motiv ation

In order to give an answer to the question, What is the origin of the
interest of the asymptotic dependenceof elliptic random variables? onehas
to go badk seweral dozenyears.

Already in the years 1950'sand 1960'sresearters discovered the non-
normal behaviour of nancial market data. In the early 1990'san under-
standing of the methodology underlying nancial or insuranceextremeshbe-
camevery important. Traditional statistics mostly concernthe laws govern-
ing averages. But when we look at the largest, (respectively the smallest),
elemerts in a sample,the assumption of normality seemsnot to be reason-
able in the number of applications, particularly in nance and insurance.
And heavy-tailed distributions have a chanceto be more appropriate.

Why? Let X1, X, beinsuranceclaims due to o od disasters(X ;) and
wind storms (X ). Last year everts taught us that very often the extreme
values of X1 are accompaniedby extreme valuesof X,. In mathematical
languageit means,that X1 and X, are asymptotically dependert. Tradi-
tional models basedon multidimensional normal probability law give rise to
quite opposite conclusion. Therefore, in modelling of extreme everts more
and more often the researtiers use the wider class of distributions, which
includesthe normal distribution as a special case.
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Let us now considera simple examplefrom nance market. In the gure
below you seedaily log-returns of stock indices DAX and CAC ( horizontal
axis X 1-DAX, vertical axis X ,-CAC). The data cover the period from 1990
to 2004 (about 4000 data). The scatter plot assumesa shape of elliptic
cloud . And the level sets of the probability density of the random vector
(X1;X2) are ellipses. This empirical obsenation suggests,that the family
of elliptic distributions should be taken under consideration. Furthermore,
we can ask how often we obsene the situation, when the daily log-returns
of the both indicestake the extreme values.

CAC

DAX
Fig. 1. Log-returns of stock indices DAX and CAC.

Let W (j ) bethe quartity of obsenations (X 1.x;X2x) sud that (X1 > Xy ;
X2k > X2;j); Wherex;; is the j-th order statistics of the random variable
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Fig. 2. Graph of W(j).
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The graph of the function W (j ) shavsus, that X 1 and X, areasymptotically
dependent. So the joint random variable (X 1; X2) could not be normally
distributed.

2. Preliminaries

To begin with, we recall the basic de nitions.
Let F be an univariate distribution function and F ! its generalisednverse

F Y(uy=inffx2R : F(x) ug forallu?2 (0;1):

Definition  2.1. Let (X1;X2) be a random vector with marginal distribu-
tion functions F; and F».
The coe cient of upper tail degendene of (X 1;X2) is de ned to be

U(X1:X2) = lim P(X1 > Fy (u)jX2 > Fp '(u));

provided that the limit y 2 [0; 1] exists.

If y = 0, thenwesaythat X; and X, are asymptotially independent.
Otherwise (that is y > 0 or y dces not exists), we say that they are
asymptotially degendent.

For a pair of random variables upper tail dependenceis a measureof
joint extremes. That is they measurethe probability that onecomponert is
at an extreme of size given that the other is at the sameextreme, relative
to the marginal distributions.

Lemma 2.1. If two continuously distributed random variables X 1, X, are
independent, then they are asymptotially independent.

’ u! 1 1

Note that the bivariate normal distribution hasthe sameproperty.
The tail behaviour can be alsodescribed in a symmetric way .

Definition 2.2, The bivariate random variable X = (X 1;X>) is said to
ke regularly varying with index > 0, if for all y > 0 and for every angle

[ o 1]
P(Xj>ty;, argX 2[ o; 1]) _

Jm P(GXj> 1) =y MCoi o):

where M ( o; 1) is a certain measure on the interval [0;2 ).



3000 K. Jaworska

Definition ~ 2.3. If X is a bivariate randomvariable and, for some 2 R?,
some 2 2 nonngjative de nite symmetric matrix and some function
: [0;1) ! R, the characteristic function is of the form

C() = expit ) (6 1),

then we say that X hasan elliptical distribution with parameters ; and ,
and wewrite X  Ex(; ;).

The function is referredto asthe characteristic generatorof X .

Remark 2.1. The following widespead usel distributions prove to be
elliptic:
1. the normal distribution
t2
t2) = —
(t) = exp —

2. some -stablewith characteristic genentor of the form

@ =exp 1L 0 0< <2

3. T-Student distribution.

3. Result

Theorem 3.1. Let
M= (t t); t2R%
ke a characteristic function of a bivariate elliptically distributed randomvari-
ableX = (X 1;X>).
1. is a positive de nite symmetric matrix,
2. R+ ! Ris suchthat:
(r)= o(r)+r a(r); 0< 2;
2 Ry n2N;
0; 12CH(R) » 1(0)60 ~ (0) = 1;
80 k 4+[] limy tz W2 = 0;
then the marginal randomvariablesX ; and X , are asymptotially dependent.

4. Concluding remarks

1. Forall 2 (0;2),if X = (X1;X>) is elliptic and - stable, then X1
and X, are asymptotically dependeri.

2. The result is alsovalid for the characteristic generator of the form
(r)) = o(rd)+r 1 4(r )+::+r ™ ,(rm),where0< 1< ,<
i< m
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5. Pro of of the Theorem

Lemma 5.1. Let us havethe sameassumptionsasin Theorem 3.1.
Then the asymptoticsof the probability density of bivariate random variable
X = (X1;X2) formulates as follows

g(x) = g’jxjj 2 +0(@ixji * ); jixii! 1 c=const>0;
ixii = x x; x=(X1;X2): (1)

Proof.

(U = P X1>F; Hu)jXz > F, Y(u)

P X1>F, Yu)» X2> F, Y(u)
P X2>F,(u)

Let us denoteFj Yu) = asj; j=12; s;;sp=const>0; a O,

P X1>F, Hu)®» Xo>F, Yu) = P(X1> as;» X, > asp)

71 71 4
= dx; dxp e ™' (t t)dt:
asi asy R2
We calculate the asymptotics of the integral above,fora ! +1 .
> 0 and s%mmetric =) =AA
Z
. . 1
gx)= et (t tdt= e XA W (ww)det ) = dw;

R2 R2

after the changeof the variablest = A 1w.
Next we substitute x = A y and obtain

Z i 1 1

gAy)= eY"V (ww)det ) z2dw= (det )z G(y):

R2
We changethe variables a secondtime w1 = r cos' ;w, = rsin' ; and let
us expressys;y> in the form y; = jjyjj sin ; y» = jjyjicos . Then

71 Y2
G(y) - r (r2) dr e ir jjyjj sin(" + )d.
0 0
71 Z 71

ro(r?)dr e "SI g =2 1 (r?)Jo(rijyij) dr;



3002 K. Jaworska

where Jg is Besselfunction

h i
Jo(rjjyij) = pP—=== cos rjjyjj i O (rijyii) *
riiyii
for rijyii ! 1 ijargrijyijij < ,cf [4]
zZl r (r?) 1 Tz
p—" cos rjjyj - dr= p——Ree* €&Wirz (r2)dr:
. riiyii 4 iiii

Now we compute the rst term of asymptotics of the integral

y1
Fliyi) = eWirs (r2)dr; for jiyj ! 1 :
0
We assumedthat the function (r?) and its derivativestend quickly to O,
asr ! 1 . Therefore, with the help of localisation rule and Erdelyi Lemma
cf. [4] we obtain
Zb
a) Refer &Wirz o(r?)dr]= 0; the asymptotics is trivial,

0
Zb
b e Wizt (r)dr
0
i i (3+ )
set 10 S+ e s iyid ++0 yis
i P 3+ )
=ie'T 10 o+ e e jyiT +0 jiyiT
i i 3+ )
Re ie'T 1(0) o+ e o i
. 3 Lo 3
= SII”\? 1(0) > + 1yl 2

The expressionabove is not trivial, when is not a natural even number.
Hencethe rst term of the asymptotics of the integral G(y) is given by
a formula:

p_ 3 L o
G(y) = 2 sin—1(0) S+ iyl 2 +0 jyj ®
= ajyii 2+ OGiyii * ) for jiyii ! 1 :
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Thus
g(x) = ca(det )z (A N i ? jixii 2+ O(ixii * ):

Lemma 5.2. Under the assumptionsof Theorem 3.1 the bivariate random
variable X = (X1;X?>) is regularly varying with the index

Proof.
R
o rg(r; )d dr
POXj>ty; argX 2[ o; 1) _ v o _
P(jXj>1) R
rg(r; )d dr
t 0

(1 o)ﬂ[rl +O(r 2 )dr
ty 1 0

R
2 [r1T +0O(@ 2 )dr
t

Lemma 5.2 implies the thesis of Theorem 3.1 cf. [5].
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