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A new simple nonlocal generalization of the Frenkel K ontorova model
of dislocation in solid body as a type of the nonlocal sine-Gordon equa-
tion with the generalizedinteraction term is suggested. Its limit cases,
symmetries and exact analytical solutions are obtained. This type of the
nonlocal sine-Gordon equation is shavn to possessone-solitonic solutions
which are a nonlocal deformation of the corresponding classical solutions
of the sine-Gordon equation. Exact analytical solutions of this equation
and its Lagrangian integrability and geometrical approach are considered.

PACS numbers: 61.72.Bb, 05.45.Yv, 11.10.Lm

1. Intro duction

It seemsreasonable,of all the possiblenonlinear ewolution equations, to
pick up rather nice onesto be analyzedin detail. This requiremert of
niceness is met by the so-calledintegrable nonlinear equationsin which
additional symmetry allows application of the newly coined methods, sucth
asinversescattering [1], micro-di erential operators[2] and algebraicgeom-
etry [3].

The sine-Gordon equation (SGE)

t @y =bsin( ); (1)
is one of the basic nonlinear equations both in mathematics and modern
physics. In mathematics it appearsas an equation for the surfacesof con-

stant negative curvature (a = = b= 1) and was already known to
F. Minding and E. Beltrami. Its physical applications are related with the
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description of dislocations in solid state physics [4], motion of Bloch mag-
netic walls in magnetic crystals [5], magnetic ux propagation in supercon-
ductors [6] and soon [7]. In theseapplications, the SGE givesthe simplest
nonlinear description of the phenomenaunder consideration. More adequate
models correspond to SGE (1) nonlocal generalizations.

All known nonlocal generalizationsof SGE could be divided into two
groups: (1) where the kinetic or (2) the dynamic term is under nonlocal
generalization. To the rst group belong various generalizationswhere the
local operator @, is replacedby the integro-di erential operator L[ ] [8]:

¢ L[I=bsin( ): (2)

In particular, to the family of the ewlution Eq. (2) belongvarious interest-
ing examplesof nonlocal Josephsonelectrodynamics. These exampleswere
introducedin [9 14], where one of the basic model equationsis

« KB ,+sin =0; (3)

where H is the Hilbert transform (see Appendix). The ewlution Eqg. (3)
was an object of study in a seriesof papers[11,12,15 18].
To the rst group belongsalso the nonlocal generalization of SGE pro-
posedin [19]:
« Dy +sin =0; 4)

whereD, is the Rieszpartial fractional derivative (seeAppendix). For this
equation, a family of breather-like solutions (i.e. solutionsthat are localized
in spaceand periodic in time) hasbeenfound numerically, and it has been
shawvn that theseertities are quite robust and can be generatedin the course
of ewolution of initial states of a rather di erent shape.

Another type of nonlocal generalizationof SGE was proposedin [20,21]:

(X 1)

X it = 2C0S 5

f(x y)sin

(y;t) .
5 dy; (5)

wheref (x) = 1=(x*+ %) or Gauss-ype. It is shovn that small amplitude
solitons of the nonlocal SGE can create coupled states. The e ect is due to
a changeof the dispersionoriginated by nonlocal nonlinearity. The ewolution
Eqg. (5) in the generalcasecould be generalizedin the form

XX w=F[]; (6)

whereF[ ] is a nonlinear and nonlocal function of (x;t).
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In the current paper, a new type of nonlocal generalization of the Fren-
kel K ontorova dislocation model is suggested.The correspnding ewolution
equation is the nonlocal SGE. Its limit cases,symmetries and exact ana-
Iytical solutions are obtained. This type of the nonlocal SGE equation is
shawvn to posses®ne-solitonic solutions which are a nonlocal deformation of
the correspnding classicalsolutions of the SGE equation. Exact analytical
solutions of this equation and its Lagrangian integrability and geometrical
approad are considered.

2. Nonlo cal generalization of the Frenk el K ontoro va
dislo cation model

Let us considera one-dimensionallattice with atomsin the integer num-
bers of the real x-axis. The in uence of the underlying layer of atoms is
approximated by the potertial energy

U(x) = % 1 cos ZTX ; (7)

where x is the coordinate, a is the lattice constart, and f , is a constart of
the shape of the potertial. Let the displacemen of the n-th atom from the
position of equilibrium be

yn(t) = xp(t)  na; (8

where x,, (t) is the coordinate of the n-th atom (seeFig. 1). The in uence
of the neighboring atoms in the samelayer is usually expressedby elastic
forces:k(x,4+1  Xn)  K(Xp X, 1), wherek is the coe cient of elasticity.
Taking into accourt expressiony7) and (8), the equation of motion of the
n-th atom of the massm is

.2
Mya)e = fosin 2%+ k(Ypir 2+ Yo 1) ©)

o o o o o o o

Fig. 1. Scematic picture of dislocation. Two layers of the crystal lattice. The
position of the atoms of the bottom layer is marked by circles (0). The in uence
on the atoms of the upper layer () is reducedto the e ect of potential energy(7).
The interaction of atoms of the upper layer could be as usual described by spring
interaction. Arrays show the corresponding displacemerts.
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If the correspnding limits exist and are nite,

lim 2 = 2; lim =< = x2; (10)

t
x0= X o= b (11)

and derivatives of the function ' (x%1t):

im 20 = jim 2YTX0 _ . o(x%1); (12)
al 0 a al 0 a=Xq

; 2 2 — 04y -

z!1|!m0 Xo g Yn+1 2yn *Yn1 = Xoxo(X 1) (13)

In the text below, the prime mark (9 is omitted.

This allows us to expressthe equation of motion (9) in a dimensionless
form:

(e xxx +sin’ = 0: (14)

After substitution ' we arrive to the classicalSGE (1).

Let us assumethat atoms in the one-dimensionallattice sites undergo
a chaotic but in the generalcasenon-Gaussianperturbation. In this casethe
limit g'mo(z y,=8&) could not exist, but there exists the limit {Iii'mo(z yo=a ),

where0 < 1. Then, instead of (12) we may obtain

. 2y
1 n — Ct) -
Al!mo Xo = D, (x;t); (15)

where D, is a fractional derivative of the order . From the geometrical
point of view, the existenceof the limit (15) meansthat at a small distance
the geometry of the displacemen looks like

y C(x) ; (16)

and the coe cient C is the above-merioned value of the fractional deriva-
tive. This property of the perturbation function y,,(t) and the correspnding
(x; t) is closelyrelated to the property of the scaleinvariance,

A(x)! A(Xx); a7

where s the index of the scaleinvariant function A(x), or in other words,
to the property of fractal sets[22].
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Thus, in the caseof a non-integer dimensionof the real interval x 2 D of
the axisx, D 2 R, we have to usethe limit (15), and the equation of motion
in this casetakesthe form

(Dy )¢ (Dy )y +sin(Dy )= 0; (18)
or, usingthe properties of the fractional derivative (seeAppendix), we obtain
Dy x T Dy sin(Dy ) = 0: (19)

Among the all possiblesolutions of this equation let us consider a set of
functions (x;t) for which

tt w + Dy sin(Dy )= 0; (20)
and the boundary condition obeysthe relation D, (x;ty) = 0. In this case,
the inverseoperator D, I, existsand for 6 1 equals

RD, Ri, = 2cos - et (21)

Note here that according to the semigroup character of the fractional
derivativesD, D, = 1, but

x a *

D, Dy f(x)=f(x) Dy *f(x) 0)

; (22)

where a is the left border of the interval x 2 D R.

Thus, we may considerthe ewlution equation (20) as a nonlocal defor-
mation of the classicalFrenkel K ontorova model, which coincideswith the
SGE. The next problem is analysis of the ewlution equation (20).

3. Symmetries, solutions, Lagrangian, etc.

Let us considera special type of the nonlocal SGE (NSGE):

t @ xx = bDy sin(D, ); (23)
where a;b and  are constarts, = (x;t) 2 C?(D) R;x 2 R;
dm = (0< 1)t 2 R;(x;t) 2 D = R;dimD = 1+ , and

D, meansa spacefractional Rieszderivative of the order (seeAppendix).
This equation is a simple generalization of the above obtained ewlution
Eq. (20). In our classi cation, its belongsto the secondgroup of the possible
nonlocal generalizationsof SGE (6), wherethe term of potential interaction
is modi ed.
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At the rst sight NSGE (23) looks very complicated, but actually it is
an equivalent transformation of the interaction term. Indeed, in the caseof
linear dependencethis term doesnot change.

In the caseof small valuesof the parameter , the in nitesimal form of
Eqg. (23) is asfollows:

t @y =Dbsin + L[]; (24)

whereL[ ] is a local perturbation of the classicalSGE, whenat ! O the
NSGE turns into the ordinary SGE (1).

In the caseof small amplitudes jD , | 1, the NSGE turns into the
linear Klein Gordon equation with the mass term b

If (x;t) is a solution of the SGE, then the function

1 t) = 2n

(C, xC, t); n=0 1, 21, (25)
where C; C, are arbitrary constarts, is also an exact solution of SGE. The
signs in expression(25) could be chosen arbitrarily . Unfortunately, this
doesnot hold for NSGE solutions, but would be useful for generating new
solutions of NSGE by the known solution of SGE.

3.1. The Lagrangian

It could be veried that the NSGE (23) has the following Lagrangian
form:

71
L= 200 OF P +21 cos(D, )] dx: (26)
1

Thus, the equation of motion (23) could be derived by using the modi ed
Noether theorem. For instance, the energy-mometum tensor T; in the
metric ; (X' = (x;t) D; i;k=0;1)

T = (Dyi XDy ) e il (27)

wherelL is the Lagrangian density in expression(26).

The existenceof the energy-mometum tensor T, (27) and equation of
motion (7) meansthe vanishing of the divergenceof tensor Tik in the whole
areaD

K
% - 0; (28)



A Nonlocal Integrable Genenalization of the Frenkel Kontorova... 2939

and the existenceof the related consened quartities. Then, for instance,
the condition (12) meansthe existenceof consenation of momertum P;:

71
Pi = TiO dx
1

(29)

t=const :

Indeed, for the eld functions (x) jxj @) forx! 1 from the condi-

tion (28) and Stockestheoremit follows that
4

TXdl, = 0; (30)
C
where C is a rectanglewith the generatinglinesx® = x? and x° = t° Thus,
71 71
Pi(t) = TS =, = THAS =, = Pi(t): (31)
1 1
If the variable x in the generalcasecorrespndsto a generalizedcoordinate

(e.g. an angle), the other consened quartity in the caseof symmetric T

is the angular momertum M
A

Mk = (x'dPk xXdP'): (32)

Indeed, this is the casewhen the divergenceof the density of M ¥ vanishes.
Note herethat in the caseof one spacevariable the angular momertum has
only one nonzerocomponert M %%, In the generalcase,
@ iru kil ik ik
@ X'TC x*7% =T7% T¥=0: (33)
Thus, in the nonlocal caseof our NSGE we may introduce the corre-
sponding nonlocal generalizationsof the classicalconsened quartities.

3.2. The traveling wave solution

The NSGE hasthe travelling wave solution  a nonlocal generalization
of one-solitonic solution.

(@) Letb ( 2 ak? > 0, then
m #)
b (kx+ t + )

4
X;t) = — D, arctg ex .
(x; 1) oAty e P

. (34)

wherek; ;  are arbitrary constarts.
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(b) Letb ( 2 ak? < 0, then
m #)
b (kx+ t + )

4
X;t) = — D, arctg ex .
(x; t) X g p P b (ak2 2

. (39)

wherek; ; , like above, are arbitrary constarts. Thus, the in uence of
nonlocality leadsto the spaceshape deformation of the solution.

4. Integrabilit y

The classicalSGE belongsto the family of integrable ewlutionary equa-
tions. Is it possibleto proof the samefor the NSGE?
Let us considerthe SO(2; 1) linear integrable system,
t= U x=V (36)

where U and V take valuesin the Lie algebrasq2;1). This meansthat U
and V may be of the following two types:
0

1 0 1
0 C B 0 F E
():u=@ c 0 AA; V=@ F 0 DA; (37)
B A 0 E D O
0 1 0 1
0O C B 0 F E
i) u=@ o0 AA; V=@ 0 DA; (38)
B A O E D O

where the coe cients A;B;C;D;E and F are suitable functions of and
their (non)local derivatives.

For the case(i), the integrable condition for system (36) in the caseof
local functions and their derivativesis the Gaussequation of the imbedding
of the pseudo-spher&st!t  R%1, andfor the case(ii) it isthe Gaussequation
of the imbedding of the hyperplaneH? R?!. Sincethe SGE correspnds
to the caseof H2  R?%1, let us considerthe case(ii) .

Let I;m; n be an orthonormal frame of R%%, and 12 = m? = n? = 1.
The condition 12 = 1 is the equationfor H? R,

As follows from the linear system (36), the integrability condition is

U, V+[U;V]= 0: (39)
For the case(ii) it can be written in the following form:
Et BX B + Ft CX
CE BF CE BF
Et BX E + Ft CX
CE BF CE BF

C

X

F +CE BF=0:; (40)
t
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The nonlinear partial di erential equation which admits an SO(2; 1) lin-
ear integrable system (CE  BF 6 0) is (40). Moreover, Eq. (40) is the
Gaussequation for H2 R, when B;C;E;F are arbitrary functions of

and their local derivatives. The basic di erence between the local and
nonlocal casesis dependenceof the coe cients A; B;C;D;E and F on the
possiblenonlocal derivatives. p__

LetB=F=0andC = Dbcos(D,=2),E="Dbsin(D, =2).

From Eq. (40) we get the NSGE:

tt x = bDy sin(D , ): (41)
Thus, the NSGE belongsto the family of integrable nonlinear and non-

local ewlution equations.

5. The geometrical approac h

The classicalSGE describesthe surfaceof a constart negative curvature
imbeddedin D -dimensionalspace.Regardingthe Tsthebysche coordinates,
the rst and secondfundamertal forms of the surfaceare

| = ds? = coszz dt® + sin2§ dx?; (42)

de dn = cos; sin (dt?  dx?): (43)

It is easyto verify that the Gausscurvature K of sud surfaceis

K = JeQ _ byby, b, _ 1
>
detG 0,10, 9

; (44)

where Q and G are matrices of the secondand rst fundamertal forms in
expressiong42) and (43). The meancurvature H = Sp(G 1Q):

= 2P 2912b12: 911P20 _ ¢ty (45)
91192 912

The quartities K and H (44) and (45) expressthe geometrical contents of
the SGE.

The classicalway to derive the SGE is the substitution of the Christo el
connection coe cien ts ,}< which are determined by the coe cien ts of the

rst fundamertal form 9j »

1

= w @ N @ @ . (46)

@ e @'

k —
ij -

g
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into the Gaussequation:

@ i'l p s s
@—|J< % + ks R s=hybt bh'; (47)
where ' = (t; x).

Here we can considerone simpli cation. In the caseof the rst funda-
menrtal form ds? = A2dt? + B2dx?, the Gausscurvature could be obtained
from the expression(seee.g. [23])

1A, B
AB B A

t X

K = (48)

We can see,that the substitution of A = cos=2and B = sin =2 into (42)
leadsto the classicalSGE:
tt w = Ksin : (49)

In the caseof the nonlocal value of the coe cien ts, i.e. in the casewhen
there exists the fractional derivative D, and

A =cogD, =2); B =sin(D, =2); (50)

by substituting (50) into (48) we obtain the nonlocal generalization of the
SGE:

tt xw = KDy sin(D, ): (51)
Togetherwith the coe cien ts of the secondfundamertal form,
by = by = cosOy =2) sin(Dy =2); (52)

according to Eq. (44), we can obtain the value of the Gauss curvature
K= 1
Thus, for the rst and secondfundamerntal forms,

I= co@ DX g2+ si? Dx_ dx?; (53)
2 2
D . D
Il = cos —X— sin —X— (dit? dx?); (54)
2 2
the surfaceof the constart negative curvature K = 1 imbeddedin (1+ )-

dimensional spaceobeysthe NSGE:

tt w = Dy sin(Dy ): (55)
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6. Conclusions

Thus, the NSGE, like the ordinary SGE, has a Lagrangian form (26)
and one-solitonic solutions (34), (35). Despite the nonlocal nature of the
interaction term in the ewlution equation, this model possessesonlocal
deformations of localized solutions.

The asymptotic form has slowly falling tails (x) x , which corverge
to zeroat < 0, asfollows from explicit expressignsof the solutions. At the
sametime the total value of the momerta I[ ] = - (x; 0) dx divergesfor
any > 1. This meansa nonlocal distribution of the momerta, energy
and related quartities.

From the asymptotic and in nitesimal form of NSGE (23) follow the
correspnding dispersionrelations,

12 ak’= b and !? ak?®= W(k); (56)

where W (k) correspndsto the Fourier transform for the linearized part of
the bsin + L [ ] accordingto Eqg. (24) and which are the Klein Gordon
and SGE modi ed dispersionrelations.

The variety of the physical origination of SGE (1) allows usto apply the
obtained solutions not only to dislocation ewolution in the modi ed Frenkel
Kontorova model [1], but alsoto the Josephsore ect [6-11], magnetic crys-
tals [2], semiconductors[3], etc. In the caseof particle physics, worth noting
is the interesting idea of massgenerationpossibility for the classicalSGE in
the caseof jD , ] 1.

Note here one important property. The cortinuation of the parameter

2 [0;2] does not mean a cortinuous transition of one ewlution equation
to another. Let us have an ewlution equation in the form

t ax=NI[L (57)

where N [ ] meansthe nonlocal operator on (x;t), and is the parame-
ter of nonlocality. The transformation of the operator N [ ] for 2 [0;2]
inducestransformation of the automorphism groupsG, and G, (group sym-
metriesof Eq. (57)for = O0and = 2) for the correspnding local ewolution

equations:
Ngf ] ! D LNy ]
? ? ?
Auty Yy Y Aut
Go LT I G,

where, in the generalcase,the operator of the fractional derivative D in-
ducesan action on the group of translation operators T .
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In other words, the continuous deformation of the ewolution equation by
the nonlocal parameter related with the spacefractional derivative D, is
not cortinuous in the topological sense,i.e. this corntinuous deformation is
not a di eomorphysmsin the group spaceof symmetriesof the corresponding
equation induced by the translation operator T .

This fact, which is a great drawbad from the point of view of math-
ematics, but an advantage in phasetransitions, inducesthe idea to apply
fractional calculusin phasetransition theory. Herewe will have not only the
asymptotic valuesof the symmetry groups like G, and G, asin the above
diagram, but also a detailed kinetic description of all intermediate states
0< <2

At the microscopiclevel, the fractional character of the spacederivative
D, is the result of the random motion of individual atoms. In the simplest
usual di usion-lik e model we have to useLaplacian operators @ to model
the atom motion where the key assumptionis that the random motion is
a stochastic Gaussianprocess.

The origin of non-Gaussianmotion can be traced bad to the existence
of long-range correlations in the dynamics, or the presenceof anomalously
large particle displacemers described by broad probability distributions.

Qualitativ ely, in the Frenkel K ontorova model we have the perturbed
wave motion, but in the fractional casetheseperturbations have a nonlocal
nature. The in uence of suc nonlocal perturbations leadsto the long-range
correlations or the presenceof anomalously large particle displacemers in
the dynamics of atoms.

Sud a speci ¢ motion of atoms is the reasonnot only for the dynamics
of defectsin the solid body. Recerly, a growing number of works have
shown the existenceof anomalousdi usion processedor which the mean
square displacemem Hx il t grows faster (> 1), in the caseof
superdi usion, or slowver (< 1), in the caseof subdi usion, than in the
Gaussiandi usion process[27].

Accordingly, an important open problem is to understand the dynam-
ics of such diusion systemswhen the assumption of Gaussian di usion
fails. This problem has a particular relevance to plasma physics, pertur-
bative transport experimerts, in numerical simulation of three-dimensional
turbulence, and problems of solid body physics [27].
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App endix A

To give an explicit expressionfor the Rieszpseudo-di erertial operator,
we rst introducethe Weyl fractional integrals| of the order > 0[24,25]:

1

I (x)=

8 R
3L ) t(O)d;
. (A.1)

R
L7 0 T (O)d:

X

Then the Weyl fractional derivativescould beintroducedby the relations

8
< (&M ) () 0< <1

D ()=, (A2)
Sl ) 00 1< <2

where| denotesthe Weyl fractional integrals of the order > 0. When
= 0, the Weyl fractional derivative degeneratesnto the identity operator

D° (x)=1 (x)= (x): (A.3)
For the cortinuity of D (Xx) with respectto

d d?
1 _ : 2 _ :
D - & ) D - dX2 . (A4)
For an arbitrary  we have the de nition
8 R
3 1 d! (t) dt
b [f o] dxl] ;. & t)y+f g AS
X) = :
D=5 L R e (A.5)

gl e

wheref gand|[ ] arethe fractional and integer parts of > 0.
The Riesz fractional derivative, denoted sometimesas @=@xj , is de-
ned as 8

D++D . .
Toost = (X 6 1;
RDx (x) = ) (A.6)
: &'q (x); =1,
where B is the Hilbert transformation
A
H (x) = v.p.1 O 4 ; (A7)

X
1

and the integral is understood in the senseof the Caucdy principal value.
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An important property of the Rieszfractional derivative RD is that it
is a Fourier multiplier operator with the symbol jkj . For someapplication
of the fractional calculusin the caseof nonlinear and nonlocal integrable
models see,e.qg. [26].

REFERENCES

[1] V.E. Zacharov, B.E. Manakov, S.P. Novikov, L.P. Pitaevski, Theory of Soli-
tons: Inverse Sattering Method, Nauka, Moscow 1980 (in Russian).
[2] I.M. Gelfand, L.A. Dikii, Func. Anal. Appl. 11, 93 (1977).
[3] P. Grits, J. Harris, Principles of Algebmic Geometry, John Wiley & Sons,
New York 1978.
[4] Ya.l. Frenkel, T.A. Kontorova, Zh. Eksp. Teor. Fiz. 8, 1340(1938).
[5] U. Enz, Helv. Phys. Acta 37, 245 (1964).
[6] A. Barone, G. Paterno, Physics and Applications of the JosephsonE e ct,
Wiley, New York 1982.
[7] R.K. Dodd, J.C. Eilbek, J.D. Gibbon, H.C. Morris, Solitons and Nonlinear
Wave Equations, AcademicPress,London 1982.
[8] G.L. Almo v, V.M. Eleonsky, L.M. Lerman, Chaos8, 257 (1998).
[9] Yu.M. Ivanchenko, T.K. Soholeva, Phys. Lett. A147 , 65 (1990).
[10] Yu.M. Aliev, V.P. Silin, S.A. Uryupin, Superconductivity 5, 230(1992).
[11] A. Gurevich, Phys. Rev. B46, 3187(1992).
[12] R.G. Mintz, I.B. Shapiro, Phys. Rev. B49, 6188(1994).
[13] G.L. Almo v, I.D. Popkov, Phys. Rev. B52, 4503(1995).
[14] Yu.M. Aliev, K.N. Ovchinnikov, V.P. Silin, S.A. Uryupin, J. Exp. Theor. Phys.
80, 551 (1995).
[15] Yu.M. Aliev, V.P. Silin, Phys. Lett. A177 , 259 (1993).
[16] G.L. Almo v, V.P. Silin, J. Exp. Theor. Phys. 79, 369 (1994).
[17] G.L. Almo v, V.P. Silin, Phys. Lett. A198, 105 (1995).
[18] G.L. Almo v, V.P. Silin, J. Exp. Theor. Phys. 81, 915 (1995).
[19] G.L. Almo v, T. Pierantozzi, L. Vazquez, Fractional differentiation and its
applications, FDA'04, Workshop preprints/proceedingsNo.2004-1,p. 644 649.
[20] L. Vazquez,W.A. Evans, G. Rickayzen, Phys. Lett. A189, (1994) 454.
[21] M.D. Cunha, V.V. Konotop, L. Vazquez,Phys. Lett. A221, 317 (1996).
[22] B.B. Mandelbrot, The Fractal Geometry of Nature, W.H. Freeman,New York
1982.
[23] B. Dubrovin, S. Novikov, A. Fomenko, Modern Geometry Methods and
Applications. Part |, Springer, Berlin 1986.
[24] W. Feller, MeddelandenLunds Universitets Matematiska Seminarium 21, 73
(1952).
[25] S.G. Samko, A.A. Kilbas, O.l. Marichev, Fractional Integrals and Derivatives.
Theory and Applications, Gordon and Breach, Yverdon 1993.
[26] P. Mi2kinis, Nonlinear and Nonlocal IntegrableModels Tednika, Vilnius 2003,
in Lith uanian, summary in English.
[27] A. Le Mehauté et al. (Eds.), Fractional Di er entiation and Its Applications,
Books on Demand, Norderstedt 2005.



