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A speci ¢ universal shape of empirical massformula is proposedfor all
leptons i; 2; zande ; ; as well as all quarks u; ¢c;t and d; s; b
of three generations, parametrized by three free constarts ; "; assum-
ing four dierent triplets of values. Four such triplets of parameter val-
ues are determined or estimated from the present data. Mass spectra in
the four casesare related to eac other by shifting the triplet of param-
eters ; "; . For charged leptons ' 0 (but probably 6 0). If for
them is put to be exactly O, then m = 177680 MeV is predicted after
the input of experimental me and m (the certral value of experimental
m = 177699"%52 MeV correspondsto = 1:8 10 2 6 0). For neutrinos
1= ' O (but 1= 6 0in the caseof normal hierarchy m? ~ m?, —m?).
If for neutrinos 1= is conjectured to be exactly 0, then (m ,;m ,;m )
(1:5;1:2;5:1) 10 2 eV are predicted after the input of experimental esti-
matesjm?, m2j 80 10 SeV?andjm?, m2j 24 10 3eV?
Thus, the massordering of neutrino states 1 and 2 is then inverted, while
the position of state 3 is normal.

PACS numbers: 12.15.Ff, 14.60.Pq

1. Intro duction

Sometime ago we have found an e cien t two-parameter massformula
for charged leptons, predicting reasonablythe massm from the input of
experimertal massesne and m [1]. Then, we have extendedthis formula to
up and down quarks, introducing necessarilya third parameter[2]. Recerily,
we have considereda few versionsof two-parameter massformula for active
neutrinos [3] (also someversionsof one-parametermassformulae have been
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taken into accourt). In the presen paper, on the base of our previous
experience (especially of that about the e cient massformula for charged
leptons), we proposea speci ¢ universal shape of empirical massformula for
all leptons 1; »; zande ; ; aswell asall quarksu; c;t and d; s; b
of three generations, parametrized by three free constarts assuming four
di erent setsof three values. This massformula reads:

mi= | N2+ 2 (i=1,23); 1
i
where the numbers
Ni=1; N,=3; N3=5 2)
and 1 4 24
, 1% 550 27 557 37 59 )
( ; i=1) are xed elemerts in all four cases,while ; "; are three free

parametersthat take four di erent setsof three parameter values (the nor-
malized fractions ; may be called generation-weighting factors ). Here,

8
3 (m,;m,m ;) for active neutrinos;

(me; m ; m ) for chargedleptons,
2 (my; mcg; me) forup quarks;
(mg; mg; mp) for down quarks

(4)

(m1;my;m3) =

are experimertal massegaswe know them). Strictly speaking,m , in Eq. (1)
are neutrino Dirac massesn® , Subject to recalculationinto active-neutrino

I
massesn ;. The active massneutrinos ; (i = 1;2; 3) are related to the ac-
tive weak-irteraction peutrinos (= e;; ) through the familiar unitary
transformation = ;Ui .

From Eq. (1), rewritten in the explicit form

= _ mn ; 5
m= 55 ) (5)
4
= _ + mn .
m> 75 9(80 9); (6)
24
= . + n .
ms 75 25(624 25); (7)
we can evaluate the parameters:
29 25 6 )
1536 6 M 5@/Mz BM1) ®
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m3  19:(35Imy 904m;)

"= 10 e ; (9)
ms ﬁ(27m2 8m1)
6
_ lomg 15(35Imy  136m3) (10)
ms %(27“12 8m1)
and nd alsothe masssum rule:
1 6
m3= —— 3511 — m 136 1 — mq : 11
371 o 125 26 2 34 ! (11)
Note alsothe relations
2 1 2 4
- ,,gnl - 9(9’71;20 ml) (12)
1
and
320m
" = 1 71 (13)

10 9m, 4m,

following from the formula (1).

Sincethe shapem; = F;i(; "; ) (i = 1,2;3) of massformula (1) is the
samein four casesof fundamertal fermions, the four massspectra of them
arerelated to ead other by shifting the setof three parameters ; "; . Three
parameters ; "; , assumingfour di erent setsof three parametervalues,de-
termine four massspectra of fundamertal fermions. Then, the massformula
(1) givesmg, = Fi( (;(); )y (i = 1,2;3), wheref = ;1;u;d labelsfour
kinds of fundamertal fermions: neutrinos, charged leptons, up quarks and
down quarks, respectively (the function F;(; "; ) isuniversali.e. , indepen-
dert of the label f). Strictly speaking, in the caseof neutrinos, the mass

formula (1) givesdirectly three neutrino Dirac massesn (?) (i = 1,2;3) that
generically ought to be recalculated afterwards into three physical active-
neutrino massesm ; (i = 1;2; 3) through the seesa medanism (or another
analogical procedure).

Generically, the massformula (1) doesnot predict the valuesof masses,
when all parameters are free. Howewer, it may lead to some speci c pre-
dictions for m¢,; ms,; ms, (Somespecic relations for them), if not all three

(F), (). () for a particular f are really free parameters, for instance, if
one of them happensto be xed (.g. if ) = Oorif 1= () = 0 asdiscussed
below), while two others remain free parametersdetermined by the input of
two of mg¢,; m¢,; m¢, and so, predict the third of these massesthrough the
formula (1). This opensa new eld of phenomenologicalinvestigations.
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2. Charged leptons

In this case,the experimenal massesare [4]

me = 0:5109989MeV ; m = 10565837MeV; m = 17769902 MeV :

Thus, from Egs. (8) and (9) we nd (with the certral value of m ) 9
= 86:0076MeV ; " = 0:174069 (15)
and from Eqg. (12)
o = 2Me _ 5972008 (16)
Hence,
" )=1771 10%=18 10°3: (17)

The samevalue of follows from Eg. (10). Of course,we reproduceall three
values(14) of massedane;m and m (its certral value), when we make use
of three values(15) and (17) of parameters ; " and .
Notice that for charged leptons is very small in comparisonwith the
terms N2 + (" 1)=N2 in Eq. (1). If we put for charged leptons exactly
= 0, we would evaluate from Egs. (12) and (13)

_29(9m dme)
= 320 = 85:9924MeV (18)
and
320me
"= ——— = 017232 19
9m dme 3 (19)

respectively, and would predict from Eq. (11) the simplied sum rule [1]

6
m = ES(35]m 136me) = 177680 MeV (20)
in a very good agreemeh with experimerntal m givenin Eq. (14). In calcu-
lating the values(18) and (19) for and" aswell asthe value (20) for m
we useasan input only the experimertal mg and m .

3. Up and down quarks
In the caseof up and down quarks, the medium experimertal massvalues
are [4]
m, 28MeV; m. 13GeV; m; 174GeV; (21)
and
mg 6MeV; mg 110MeV; myp 4:3GeV; (22)
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respectively. Thus, using Egs. (8), (9) and (10) we obtain
13GeV; " 9:2; 9:2 (23)

and
280MeV ;" T75; 6:9; (24)

respectively. More precisely

= 29My 0:0062 - 1 67 10° (25)

"

and 2om .
= d 061, - 1 88 10 2; (26)

respectively. Of course,we can reproduce all quark masses(21) and (22),
whenwe usethe values(23) and (24) of parameters ; ", (and alsoEgs.(25)
and (26)).
We can seethat for up and down quarks " (especially for up quarks).
If we put for them exactly = ", we would predict from Eq. (5) that
my = 0 and mg = 0, and then would evaluate from Eqgs. (8) and (10) that
13GeV and" = 9:2 for up quarksand 280MeV and" = 6:8

for down quarks.

4. Neutrinos

The situation for neutrinos may be di erent than for three other kinds
of fundamertal fermions since, being electrically neutral, they may be Ma-
jorana fermions, in cortrast to the others which are Dirac fermions. Denote
by ; iL and N;j ir (i = 1;2;3) the three active (lefthanded) and three
sterile (righthanded) massneutrinos, and by m , and my;, their respective
massespeing eigenstatesof the correspnding 3 3 massmatricesM () and
M (N) (in the avor basis). Of course,the righthanded-neutrino massstates
N; must not be confusedwith the numbersN; = 1; 3;5.

Assumethat the seesa mecanismworks andthat M (N) comrrutes with
the neutrino Dirac 3 3 massmatrix M ®) (in the avor basis), giving the

neutrino Dirac massesm(?) (i = 1;2;3) asits eigenstates. Then, we can
write
m®) 2

m, = m'Ni : (27)

as a consequencef the popular seesw relation [5]

1
M) = M(D)TWM(D) (28)
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with M®Y = M® and MMNT = MN) Now, make (for simplicity) the
conjecturethat the assumedcommnutation [M (N); M ®) ] = 0is realized(triv-
ially) by the matrix proportionality M (N) = M ®) with a very large pa-
rameter > 0. This implies the eigervalue proportionality

= m®: (29)
Then, from Egs. (27) and (29) we obtain

my:.

1 1 2
m = _m(?): = omyc

(30)
Hence,the commutation [M ();M (N)]= 0. If m |, > 0, then it follows that
my; < 0 from Eq. (27) and m(?> < 0 from Eq. (30) (massesfor relativistic
spin-1/2 elds may be negative, sinceonly massessquaredcan be physical).
Now, conjecture for neutrino Dirac massesm(?) our massformula (1):

N7 (i=123): (31

Then, making useof the seesw relation (30) (valid in the caseof the propor-
tionality (29)), we obtain for active neutrinos ; the following massformula:
- 1 2, 1

m = — ;1 - Ni+|\li2

Hence,rewriting this formula in the explicit form

(i=123): (32)

n

m . = 2—9 1 - y (33)
= 11
= . _ _ + mn .
m, 9 41 5 80+ ") ; (34)
m,= ——241 = 1 (62447 : (35)
029 25 '
we canevaluate the parameters = ;" ; 1= in terms of the active-neutrino
massesm ,;m ,;m ,:
29 125 6
m, 2:(35Im, 904m
L 10 3 1256( 2 l) ’ (37)
m, (2/m, 8m,)
6
1— — i m, E(27m 2 8m 1) . (38)

10m, 43:(35Im, 136m,)’
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and nd alsothe masssum rule:

1 6 26 34
m3=m2—5271 —m2 8 1 —ml: (39)

Note alsothe relations
29m , 1 29

— T 71 Q3—2(9m2 4m ;) (40)

and " 10 32m
- = = -t 41
1 1 9m , 4m , (41)

following from the massformula (32).

Unfortunately, in spite of the enormousprogressin neutrino physics,data
on neutrino massesare still unsatisfactory. In fact, only the mass-squared
di erences are reasonablywell estimated [6]:

i myj jm%, m?j 80 10 °eV?;

2
2 m%j 24 10 *eV?; (42)

j m%i  jm?

2

. . . . 2
giving in the caseof normal hierarchy m<, ~ m=,

q q
m, m3, + m2 ' mglq 89 10 3ev;
q
m mg,+ mj; + m " m3,+ m3 50 10 2eV;(43)

m?2, the estimations

Whenm2l canbeneglected(it cannotbeneglectede.g. form , 1 10 3ev,
wherem , 90 103e/andm, 50 10 ?eV). Their ratios are

2 _
M2 30 M= P3pe 5. (44)
m%l m 2

Sincein the caseof normal hierarchy m?,  m?,  m2, the massm ,

is very small, considerthe following range of its possiblevalue

m, (Otol) 10 3eV: (45)

Then,m , (8:9t09:0) 10 3evandm , 50 10 ?eV (cf. Egs. (42)).
In this situation, we can evaluate from Eq. (36)

— (79t0 7:55) 10 2eV; (46)
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from Eq. (37)
" (120to 89) (47)

and from Eq. (38)

l m
= (81lto 69) 10 3; - (1to 0:61): (48)

Of course,we can reproduce all active-neutrino massesn ,;m ,;m ., if we
know adequatevaluesof the parameters ; ";

It is interesting to notice that, in the caseof normal hierarchy m21
m22 m23, the parameter 1= for neutrinos is very small, though not O
(cf. Egs. (48)). In cortrast, for charged leptons, the parameter is very
small, but not O for the certral value of experimertal m (cf. Eq. (17)).
This suggeststhe existenceof a kind of complementarity betweenneutrinos
and charged leptons.

It seemsworthwhile to investigate for neutrinos the strict limit of

1= ! O that implies a new masssum rule (49) below. Similarly, in the
caseof charged leptons, the strict limit of ! 0 leadsto the masssum
rule (20) which is consistent with their experimertal masseswithin the un-
certainty limits of m . To this end obsene that, in the limit of 1= ! 0,
Eq. (39) givesthe simplied sumrule:
6
m,= 2—5(27m , 8m.); (49)
implying the equality
6 ? 2 2 m . o 2
2—5(27m , 8m ) m<, = m3 m2, (m<, m°): (50)
Denoting
2
LT M2 30 (51)
m, m2;

and dividing Eq. (50) by mzl, we nd the following quadratic equationfor r:

6 2

— (@7 8 1+ )%+ =0: (52)
25
With 30> 0, this equation getstwo complexsolutionsfor r that cannot
be physical. Thus, in the strict limit of 1= ! 0 the neutrino massorderings
m2 < m?, < m? andm?, < m?, < m? leadingto > Oareboth excluded.
On the cortrary, with 30< 0, there appear two real solutions for r:
046 <0 .
r 081 >0 (53)
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correspnding to

0:46m , <0

0:8lm, >0 ° (54)

m, rm,
wherewe choosem , > 0 (here and below, only two decimalsare signi cant
asonly two are such in ). The requiremert that all three massesm ; of
active-neutrino triplet 1; »; 3 should have the samesign, excludesthe rst
solution (54). Then, only the secondsolution (54) remains as physical.

For sudh a unique solution it follows that

m3;,  (r> 1m?  0:35m? <0 (55)

andso, m3, 80 10 %5eV2< 0, while m3, 24 10 °%eV?> Oas
< 0in this case.Thus, from Eq. (55)

2 m3, 4 \/2
m<, 71 2.3 10 "eVvs, (56)
m?, m3;+ m? 15 10 ‘eV? (57)
and
m?, mg,+ m?, 26 10 3eVZ: (58)
This gives
m% m?% m? 23 10 3%eV?
and
m?,:m? :m? ~ 0:65:1:11: (59)
We can seethat
m?, < m? < m?, (60)

i.e., the mass ordering of neutrino states 1 and 2 is inverted, while the
position of neutrino state 3 is normal. The hierarchy is here more moderate
than in the caseof very smallm , (Eq. (45)). From Egs. (56), (57) and (58)
we predict that

m, 15 102eV;m, 12 10%eV;m, 51 10 2eV; (61)
implying the proportion
m,:m,:m, 081:1:33: (62)

It is easyto ched that thesemassef active neutrinos really satisfy the mass
sum rule (49) valid in the strict limit of 1= ! 0. Recall that the ordering
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of indicesi = 1;2;3 is establishedby the form of neutrino mixing matrix
U = (U; ) transforming active weak-interaction neutrinos ( =e€; )
into active massneutrinos ; (i = 1;2; 3).

With the values(61) of m ; and m , we canevaluate = and "= in
the strict limit of 1= ! 0, applying Egs. (40) and (41) consideredin this
limit:

— 1 g(gm , 4m ) 45 10?2%eV (63)
and
" 32m
-1 1 == '8< 0: 4
9m , 4m , 88<0 (©4)
Thus, ! +0and1="! Owhenl= ! +0, but only the constarts =

and "= aswell as1= appearin the massformula (32) which, in the limit
of 1= ! 0, takesthe form

nQ
- 0 .
m = 9 1+ _—

where =1 0 45 102%eVand "= ! "0 88>0.

Finally, not passingwith 1= strictly to O, considerl= smallerthan the
values in Eq. (48) correspnding to the rangem , (0 to 1) 10 2 ev
(Eq. (45)), where still m?, m?, m2,. For instance, put 1=
1:8 10 3 e/ which is the value of neutrino 1= 1= () related to the
charged-lepton () (Eq. (17)) through the simplest form of complemertar-
ity: (OO 10r1=0) =128 103,

In the caseof arbitrary 1=, we derive for the ratio r m ,=m, the
following generalizedform of Eq. (52) (the latter being valid in the limit

=1 0
2 2
12222712—6r81% 1+ )2+ =0;
1 10 5

(66)
wherej j  30. With 30 the discriminant of the quadratic algebraic
equation (66) for r is negative when 1= is smaller than 1= 6:1 10 3,
giving two complex solutions, while with 30 it is always positive,
providing two real solutions. If 30, the parameter 1= gets th% upper
bound 1= 81 10 2 correspnding to m 0Oe/, m, 80 ev
andm | 2480 ¢v. If 30, the parameter 1= is uppetbbound by
= 3:8 10 2, what is realizedwhen msz & m; & m» m3,

24 10 % eV i.e., whenms;m; and m, are practically degenerate.
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Now, consider1= 1:8 10 3. For 30, both solutions to Eq. (66)
turn out to be complex. For 30, both solutions are real, but only one
positive:

r 0:81> 0; (67)

correspondingtom ,  0:81m , (a di erence with the limiting value (53) ap-

pearsat the level of further decimals). Then, with j m3,j 80 10 ° eV?
andj m3,j 24 10 3eV? we obtain

m? 24 10 *ev?; m? 16 10 *eV?; m? 26 10 ‘eV?
(68)
and

m, 15 102%eV; m, 13 102eV; m, 51 10 ?eV: (69)

Thus, the mass ordering of 1 and 2 neutrino states is inverted
( m3, 80 10 5 eV?), but the position of 3 neutrino state is nor-
mal ( m3, 24 103%eV?as < 0).

In the caseof 1= 1:8 10 3, usingthe values(69), we canalsoevaluate

2
_:3_2(9m2 4m ) 46 102%eV; — 83 10°eV  (70)

and
87; " 4800: (71)

So, we can seethat, in this case,the results (67) (71) at the level of two
decimals are practically idertical to those in the strict limit of 1= ! 0
(exceptfor = and " which could not be obtained with ! 1 ).

5. Conclusions

In this paper, we have proposeda speci ¢ universal shape (1) of empirical
massformula for all fundamertal fermions: leptons 1; »; zande ; ;
as well as quarks u; c;t and d; s; b of three generations, parametrized by

four dierent sets of three free constarts ; "; . Mass spectra in the four
casesare related to ead other by shifting the set of three parameters ; *;

The parameter plays the role of radius in the three-dimensional mass
spaceof mq; m»; ms, while " and are connectedwith spherical angles in
this space. Strictly speaking, for active neutrinos the massformula holds
in the form (32) related (in the seesaw mecdanism) to the primary mass
formula (1), whenthe latter is valid for neutrino Dirac massesand whenthe

matrix proportionality M (N) = M ®) with avery large parameter > Qs
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assumed(for simplicity). In the massformula (32) the primary parameters
and " arereplacedby = and "= . Note that the seesaw parameteris
equalto

M ) 1 ()
86 10 ;= (1310 17) 10t (72)

()= O (64t052) 104 ( O
where () = 860076 MeV and ()=  (6:4to 5:2) 10 * eV for charged
leptons and neutrinos, respectively, as can be seenfrom our listing below.
if () O then = O@O0YW). If rather () : O (W . (& 46
(Egs. (23) and (24)), then = O(10%3).

From the massformula (1) we have evaluated or estimated the following
parameter values:

fore; ; : = 86:0076 MeV ; "= 0:174069; =18 10 3;
when me = 0:510999MeV;; m = 105658MeV; m = 177699 MeV ;
foru;c;t: 13GeV; " 92; 9:2;
when my 2:8MeV; me. 1:3GeV,; m: 174GeV;
ford;s;b: 280MeV ; " 75; 6:9;
when mg 6MeV; ms 110MeV; m, 4:3GeV;
for 1; 2; 3: — (7:9t07:5) 10 2eV; 1 (1to 0:61); 1 (8:1t06:9) 10 3;
[and - (6:4t05:2) 10 “eV; " (120to 89); (120to 140)];

when m, (0tol) 10 ®*eV; m, (8:9t09:0) 10 %eV;m , 50 10 %eV:

We can seethat for chargedleptons ' 0 and for neutrinos 1= ' 0 (but
herethey are not exactly 0 in both cases)while for up and for down quarks

" ". In a way, the value of characterizesfour kinds of fundamertal
fermions.

For chargedleptons, in the strict limit of ! 0, we have predicted onelin-
ear relation betweenmg;m and m (Eq. (20)), giving m = 177680 MeV
versusthe experimertal value m = 177699'%22 MeV, when the experi-
mertal valuesof me and m are used. For neutrinos, in the strict limit of
1= ! 0, we have predicted one linear relation betweenm ,;m , and m ,
(Eg. (49)), leading to their values (61), when the experimertal estimates
jm?, m?j 80 10 5eVZandjm?, m2j 24 10 3eV? areapplied.
Then m?, < m2 < m? i.e., the massordering of neutrino states 1 and 2
is inverted, while the position of neutrino state 3 is normal.

If the simplestform of complementarity relation works betweenthe neu-
trino and charged-lepton 's: 1= () () = 1:8 10 3, then the predictions
for neutrinos at the level of two decimalsare practically idertical to those
in the strict limit of 1= ()1 0.
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Finally, we would like to stressthat the numbersN; and ; (i = 1;2;3),
being xed structural elemers of the massformula (1), can be constructed
and interpreted in the formalism described in Ref. [1]. We hope that,
eventually, the three terms appearing in the empirical massformula (1) will
be understood as three kinds of internal interactions within intrinsically
composite leptons and quarks (for a proposal seeRef. [7]).

This paper is a modied version of the e-preprint hep-ph/0602018
(unpublished).

| am indebted to Stefan Pokorski for a stimulating discussion.
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