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We investigate the fermion creation in quantum kinetic theory by ap-
plying oscillator represenation approadc, which was earlier developed for
bosonicsystems. We shaw that in somepatrticular caseqY ukawa-likeinter-
action, xed direction of external vector eld) resulting Kinetic Equation
(KE) reducesto KE obtained by time-dependert Bogoliubov transforma-
tion method. We conclude oscillator represertation approac to be more
universalfor the derivation of quantum transport equationsin strong space-
homogeneougime-dependen elds. We discusssomepossibleapplications
of obtained KE to cosmologyand particle production in strong laser elds.

PACS numbers: 11.10.Ef, 25.75.Dw

1. Intro duction

Spontaneous particle production of pairs under the action of strong
external elds attracts a lot of attention sinceit is a multi-particle non-
perturbative e ect which is still lacking experimertal veri cation. Accord-
ing to the famous Scwinger formula [1] the probability of particle creation
in the constart electromagnetic eld becomesessetial if the eld reades
the critical value ES = m?=e Considering electron positron pair creation
in laser eld we may concludethat one must have unattainable static eld
ES, = 132 10% vicm. Howewer, theoretical and numerical results
obtained in recert papers (e.g. [2 6]) show that the probability of parti-
cle creation in time-dependent elds can be gradually enhancedin cortrast
to static ones. Also recent dewelopmeris in laser technology (method of
chirped pulse ampli cation [7]) and underway construction of X-ray free
electron laserswill allow an experimertal veri cation of spontaneous parti-
cle creation in the nearestfuture.
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Fermion production in external time-dependent elds was consideredin
a number of papers[8 11]. The method of the time-dependert Bogoliubov
transformation! used there, facesdi culties if the external eld has more
than onenon-zerocomponert, thus KE was obtained only for the linear po-
larized (also called ux-tub e geometry) eld (A = (0;0;0; A(t) = Asz(t))).
As was shown earlier for bosoncreation [15] in periodic laser eld, pair pro-
duction is e cient if the eld has rather the circular polarisation than the
linear oné?.

The approad presened in current paper resolvesthe problem of fermion
creation in an arbitrary polarised eld (e.g. in Hamilton gauge A =
(0; A1(t); A2(t); As(t))). This result can be of great importance for the the-
oretical predictions about dilepton and photon yield in high-intensity laser
experimernts [13,14].

As already mertioned, the classicalapproad to the description of the
particle creation in the external elds or in curved spaceis basedon the
time-dependert Bogoliubov transformation [8,9]. Concertrating on fermion
elds we will briey summarisethis approad. First of all let us suppose
that in the asymptotic statest! 1 the external eld vanishes.It means
that for the limit t ! 1 the interpretation in terms of particles and
antiparticles becomespossible. Thus we can introduce the orthogonal set
of functions | (x), which represen the positive and negative frequency
solutionatt! 1 . The eld function can be decompmpsedas

X % gk

WL e

s (iK)as(k) + g (x KBS (k) (1)

S

where we perform the sum over spin indicess. as(k{) is the annihilation
(creation) operator of the (anti)particle with the spin s and momertum k.
If we demand that the creation and annihilation operators introduced in
this way satisfy general anticommutational relations, then the Fock space
can be constructed with the vacuum state dened att! 1 . Howewer,
following this procedure one can easily prove that Hamiltonian in the ex-
ternal time-dependert eld will be non-diagonal (except the initial state
t! 1 ). Todiagonalizeit one can useBogoliubov time-dependert trans-
formation to rede ne the particle creation cs(t) and annihilation dg (t) oper-
ators with nortrivial equationsof motion for them. The particle number in

! The Bogoliubov transformations are named after N.N. Bogoliubov who intro duced
and applied these canonical transformations to determine integrals of motion for
creation and annihilation operators [12].

2 As was noted in [5] the linear polarised eld is not appropriate for a quantitativ e
description of the laser pulse. However, the linear polarised eld was considered
[2,5,6,13] to obtain qualitativ e level results.
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this formalism can be de ned at ewvery time momert asN (t) fs(k;t) =
rojcs (k; t)cs(k; 1)j0i.

In this work, we will useanotherapproady the so-called oscillator rep-
resertation , which was earlier developed for bosonic systems[15,16]. The
main ideais to construct the eld function and to de ne the time-dependen
creation and annihilation operators so that the Hamiltonian immediately
becomediagonal. Moreover, it should take the form of the free eld Hamil-
tonian att! 1 . The solution of equationsof motion derived from Dirac
equation for intro duced operators will provide the wanted distribution func-
tion fg(k;t).

This paper is organisedasfollows. In Sec.2 the oscillator represemation
formalism for fermions is given. In Sec.3 the kinetic equation is derived.
The applications of the model and particularly the fermion production in
the early Universeare consideredin Sec.4. Sec.5 summarisesthe article.
Appendix cortains the KE in the conveniert form for numerical calculations.

2. Oscillator (holomorphic) represen tation

We start from the Lagrangian for electrodynamics
L= (iD m(t)) 2
whereD is the covariant derivative
D =@+ ieA 3

Let usassumethat the function m(t) is an arbitrary smooth function of time.
We also demand that the electric eld is classicaland space-homogeneous
with a cortinuous A (t). The classicalapproximation is supported by the
leading order of a large N approximation, seee.g.[10].
In order to derive the correct oscillator represemation of the fermion eld
one can usethe Foldy W outhuysen transformation [17]:
Z

3 . :

(x) = (20')'2:2 P &SP ay(p;tus(0) + B ( Pivs(0) 5 (4)
3 : .

(x) = (z‘d—)gzze 'PXag (pit)us(0) + bs( p;t)vs(0) €° PV (5)

where summation over spinor indices (s = 1;2) is implied, and spinors
u(0);v(0) are de ned as a solution of free Dirac equation in the particle
rest frame:

0; (6)
0: (7)

(o 1u(0)
( o+ 1v(0)
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The unitary operator € () can be dependert both on time and mo-
mertum. According to the scheme of oscillator represetation e'S (P:) js
de ned sothat the Hamiltonian density after the eld decomposition

H(pit) = a5 (piHus(0) + bs( pit)vs(0) €SPU(P; j+ m)eSPY
as(p;us(0) + b5 (- p;t)vs(0) ; (8)
becomesdiagonal, i.e.

H(p;t) = as(p;t)us(0) + bs( p;t)vs(0) ;! (P;t)
as(p;t)us(0) + kS ( p;it)vs(0) ; 9)

p
with quasiparticle energy! (P;t) = P2+ m2 de ned by kinetic momen-
tumP =p e€A.

This condition can be rewritten as

eSPOP; i+ meSPD =1 (Pi1); (10)
with the following solution

gson) = o (P m+ Py i

: 11
2T (P (m+ I (P;t)) ()
One can write down the explicit expressionfor S in a closeform
Pi i
S(p;t) = i— ; 12
(PiV) = i 75 (12)
where is given by
. _ _Pj . __m
sin(2 ) = P coq2 ) = P (13)
It is easyto corvince that
u(p! P) = €SPHy(); (14)
v( (p! P)) = €5PYv(0); (15)

whereu(p); v(p) arethe solutions of free Dirac equation. Taking into accoun
theseexpressiong14), (15) we canrewrite the decomposition of Egs.(4), (5)
in the form

z 4 _
W=z )gzz e as(pit)us(P) + B ( pitivs( P) i (16)
3 .
(x) = ap g ipx ag (p;t)us(P) + bs( p;t)vs( P) = (17)

@)=
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Thus, the formal substitution p! P in the free eld decomposition results
in (4), (5).

The equationsof motion for the creation and annihilation operators can
be obtained from Dirac equations (dots denote the derivative with respect
to time):

ao(p;t) = it ag(p;t)  gas(pit)  sasbS ( pit)s (18)
Bo( p;t) = it blo( p;t)  GhE( pit)  Ssas(pit); (19)
or in matrix form
ap;t) = itapit)  ta(pit)  UB( pib); (20)
B"( p;t) = it b"( p;t)  VBT( pst)  Va(p:t); (21)

where YV, YV aregiven by

Ys = uly0)e @S us(0); (22)
Ys = vH(0)e S @S vs(0); (23)
Y = uly0)e S @eSvs(0); (24)
%5 = Vi(0)e © @ us(0): (25)

The straightforward calculation gives

P E]

Y= Voie——— 26
v m) (26)
L+m e
U= V== = _P —E ; 27
21 (! + m) 2! ’ 27)
where | are Pauli matricesand E = A isthe eld strength.

In innite pastt! 1 |, the operatorsas and b should satisfy the clas-
sical anticommutation relations. However, onecan seethat the secondterms
in the right-hand side of the equations of motion (20, 21) can modify the
classicalanticommutation relations in the presenceof the time-dependert
eld. Indeedlet us assumethat

fas(k;t);a(k%t)g= sso(k;t) 3k k9; (28)

where the equation for unknown time-dependert matrix  ¢q0 is derived by
using (20, 21)

—(k;t) = [ (k;t); “(k;t)] (29)
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Howewer, taking into accourt trivial symmetriesof the matrix  gg

ss0 = sl = 405 (30)

and initial conditions in innite past go(k;t! 1 ) = g5 one easily
provesthat ggo(t) = const= 4, i.e. canonicalcomrmutation relations are
valid even in time-dependert external eld.

3. Distribution  function and kinetic equation

In this section we will derive the equation of motion (or KE) for the
one-particle correlator

fsso(p;t) = Hojag(p; t)as(p; )joi : (31)

The distribution function is the diagonal componerts of f sco(p;t) [9,10,18].
Further calculations will show that f gq0 is coupledto one-particle correlator
describing the antiparticle distribution gsse and two anomalouscorrelators

Ysso-

Osso(p;t) = HOjbso( p;t)bE ( p;t)0i; (32)
Yeso(Pit) = MOjbso( p;t)as(p;t)joi; (33)
Yeso(P;t) = HOjag(p;)bE ( p;1)j0i: (34)

KE is obtained by dierentiating (31) (34) with respect to time and
subsequenh substituting the equations of motion (20), (21) and de nitions
(31) (34). After sometrivial transformation one gets:

fo=i[f; ] vy vy, (35)
y = 2ty +ily ; ]+ f 9; (36)
y' = 2yt +ilyt; ] g + f; (37)
a=ilg I+y + y°; (38)
where = UY=i= ; ,and = Y= ; ;arehermitian matrices. It is

more corveniert to introduce two hermitian matrices

r* = %(W +y ), (39)

o= 0t Y (40)
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and decompse = f; g; r into U(2) basis(l is a unitary matrix)

= ol + i; 1=123; (42)
o= T =T ) 42
Finally in terms of (41), (42) KE (35) (38) takesthe following form:

fo = 271", (43)
= 2ff 1+ 2[r 1 2ry (44)
Q=2 r"; (45)
a= 2[g ] 2[r 1+2rg (46)
rg = 2ry+ f 9; (47)
"= 2 2[r" ]+ (fo 9); (48)
rg = 20rg; (49)
ro= 2" 2 1+ [f I+lg I (50)

The KE (43) (50) allows somefurther simpli cations if we assumezero
initial conditionsin in nite pastt! 1 forfy;f = 0 (absenceof particles),
ro;r = 0 (anomalous correlators turns to zero at in-vacuum), and go =
1;9 = 0 (neutrality condition and absenceof antiparticles). Summing (43)
and (45), (44) and (46) one nds the following integrals of motion:

fo=1 0o; (51)
f = 0: (52)
Taking them into accourt KE equation (43) (50) is rewritten as

fo = 21", (53)
= 2ff 1+ 2]r | (54)
rg = 2lrg +2 f; (55)
rt = 2r 2[r* 1+ @fo 1); (56)
ro = 20rg; (57)
ro= 20rt 2[r K (58)

4. Applications
4.1. Salar-like interaction
If the vector eld vanishesA;(t) = 0;E;(t) = 0, we obtain
= 0; (59)
m

= 5P (60)



2594 V.N. Pervushin, V.V. Skokov

For this casethe KE (43) (50) allows somesimpli cation. First of all,
the vector componerts r , f, g will be collinearto p. Thus let us rede ne
v

IPJ
and assumingzeroinitial conditions in the asymptotic past rewrite the KE
in the form

r = (61)

fg = 2WV*; (62)
vi = W 2fg) 2lv ; (63)
v = 2lvT; (64)

whereW = m=(2! ?)jpj and in the above equationsthe neutrality condition
0 =1 fo wasused. Applying zeroinitial conditionsto fo and f we can
concludethat the vector componerts of the distribution function for fermions
and anti-fermions are identical zero and the ewlution of fy componert is
given by (62) (64).

So far we have not discussedany origin of the time dependenceof the
mass m(t). Howewer, any fermion interaction of the Yukawa type L =
g in the mean eld approximation for the scalar eld results in the
time-dependert e ective fermion massm(t) = m+ gh i. Sud a type of
interactions is preserted in the Higgs model, sigma model and can appear
in somee ective eld theories (e.g. Waledka model [19]).

Here we will concertrate on another important example where time-
dependenceof the e ectiv e fermion masscan be generated,namely, confor-
mal eld theory.

4.1.1. Fermion pro duction in the Early Univ erse

For the sake of consistencylet us recall some general and well-known
facts of generalrelativit y.

The Lagrangian of the massiwe fermion eld in generalrelativity is writ-
ten as D

L=""9gi () ") n x) m (x) (x) ; (65)

where
"(x) = hy (66)
v @+ Cohy) (67

The rotation coe cien ts can be de ned by meansof tetrad as (for details,
refer to [9,20])
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We will consider conformally static space-time. In this casethe met-
ric is conformally related to a static space-time. For a particular case of
Robertson Walker metric we have

g =a()h ; (69)
ds? = a?( )(d ? dx?); (70)
R
where a is the conformal factor, = dt a(t) is the conformal time, h

is the Mink owski metric. Introducing new eld variables .= a™( ) we
obtain

L=2a%() i cx) @ o(x) m() co(x) o(X) ; (71)

where we de ne the e ective fermion massm( ) ma( ).

The cosmologicalcreation of particles is consideredin terms of the so-
called conformal Universe[21], where the volume of the Universedoes not
increase, while all masses,including the Planck mass, are scaled by the
cosmicfactor a( ). We assumea sti state scenario,where the massm( )
is given by D
m()=m;, 1+ 2H, ; (72)
where H, is initial data at the matter production instant.

The kinetic equation transformed into corveniert form for numerical
calculations is given in Appendix. In Fig. 1 the ewlution of the fermion
number density (g is the degeneracyfactor)

Z 3

n= 2g (g—';f (p:t); (73)

10*

10-5 1 1 1 L L

t=2H,h

Fig. 1. The time dependenceof the number density for fermions with dierent
massesm,;=(2H,) = 0:5, 1, 2 (from top to bottom).
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for dierent ratios m;=(2H,) is shavn. The nal spectra of produced par-
ticles are far from exponertial as seenfrom Fig. 2. The time ewlution of
speci ¢ ertropy S=nis shown in Fig. 3, where enropy S is given by
z
d®p

= 20 W[f(p;t)lnf(p;tﬁ(l f(p:t) In(@ f(p;t)] = (74)

102 T T T T
10°}

104

f(a)

105§ BEERT

10—6 1 1 1 1

Fig. 2. The momertum dependenceof the distribution function for fermions with
di erent massesm;=(2H,) = 0:5, 1, 2 (from top to bottom) at the xed momert
of time 2H,t = 6;q jqgjis dimensionlessmomertum g = p=m;.

7 1 1 1

t=2H,h

Fig. 3. The time dependenceof the specic entropy S=n (74) for fermions with
di erent masseam;=(2H,) = 0:5, 1, 2 (from bottom to top).
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4.2. Vector interaction

In this sectionwe considersomeapplication of the model to the interac-
tion of the type L = eA

4.2.1. Particle production in the external eld with xed direction

Here we consider another simple example, particle production in the
external time-dependernt eld with xed direction. As in the previous sub-
section, let us demand zero initial conditions for the particle elds in the
asymptotic past. The vector potential is given by time-dependert ampli-
tude and constart vector n:

A= A(t)n: (75)

The KE in this casealsocanbereduced to the systemof three equations

fg = 2WV": (76)
vi = W 2fg) 2v ; (77)
v = 21V, (78)

with W, v de ned by

W=jj=s —F5— (79)
_ k ? .
VST o)
where the vector decomposition was used:
P = Pun+ Ty (81)
ro= r"n+jE:jr?: (82)

The set of equations (76) (78) coincides with pioneering results ob-
tained by Bialynicki-Birula, Gornicki, Rafelski [22] in the framework of
the equal-time Wigner function. Also, for the one-commnert external eld
A = (0;0;A3(t)), the derivation of this KE in the framework of Bogoliubov
guasiparticlescan be found in [9,11]; someapplications to particle produc-
tion in strong laser elds [13,14] aswell asin the ultrarelativistic heavy-ion
collision [4,23] in the Abelian dominanceapproximation [24] were also con-
sidered.

3 We leave the proof to the reader.
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5. Summary

In the presen paper, we usethe oscillator represemation [15,16]to derive
the most general kinetic equation for fermions in time-dependent external
electro-magnetic eld of arbitrary direction. Also particle production due to
time dependenceof fermion mass(as a result of Yukawa-like interactions in
the mean eld approximation or conformally static space-time)is considered.

The derived KE in the special cases(time-dependent mass, xed direc-
tion of the external eld) coincideswith KE obtained by time-dependen
Bogoliubov transformation approad. Howewer, for the latter there is an
unsolved problem of particle production in the vector elds of alternating
direction. As shown in the presen paper, the oscillator represemation over-
comesthis di cult y and helpsusto derive KE for fermions createdin eld
of generalpolarization A = (A1(t); Ax(t); As(t)).

Someapplications of derived KE are discussed.The detailed investiga-
tion and numerical calculations are done for fermion creation in conformal
cosmology The solution of KE in this casehas shown that the obtained
momertum distribution function is far from equilibrium, therefore can be
an argumert in favour that the introduction of temperature is impossible
without taking into accourt collision processesn createdfermion gas.

The consistert description of particle creation in the strong laser elds
includes the e ects of the eld direction alteration. So far asthe simplest
model of the laser eld only the linear polarised one is considered(e.g.
[2,5,6,13]). Our approad basedon quantum eld theory allows numerical
calculation of particle production in the eld of arbitrary polarisation. In
this casethe simpli cations assumedin Sec.4 are no longer applicable and
one hasto deal with the generalsystem of equation (53) (58). Preliminary
numerical results on this subject are promising but out of the scope of the
current paper and will be printed elsewhere.
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App endix A

We introduce dimensionlessvariables of the time , momertum ¢ and
the parameter | accordingto the following formulas:

= 2H, ; (A1)
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p

q = m_|; (A.2)
m
The kinetic equation (62-64) in this variablestakesthe form
d "
d—fo = 2Wv'; (A.4)
dgv+ = W@ 2fg) 2+ v ; (A.5)
div = 2~ \Vv'; (A.6)
where
_ 1 jqai .
w i E s I (A.7)
p__
b= g2+ 1+ (A.8)
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