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We consider the motion of a particle subjected to the constart grav-
itational eld and scattered inelastically by oscillating boundaries which
possesghe shape of parabola, wedge, and hyperbola. The linear depen-
denceof the restitution coe cien t on the particle velocity is assumed.We
demonstrate that this dynamical system can be either regular or chaotic,
which depends on the billiard shape and the oscillation frequency The
trajectory calculations are compared with the experimental data; a good
agreemen has been achieved. Moreover, the properties of the system has
been studied by meansof the Liapunov exponerts and the Kaplan Y orke
dimension. The period-doubling bifurcation route to chaoshasbeenfound.
Chaotic and nonuniform patterns visible in the experimental data are in-
terpreted as a result of large embedding dimension.

PACS numbers: 05.45. a, 05.45.Pq,05.45.Df

From the mathematical point of view, billiards constitute an interesting
classof dynamical systemsbecausethey exhibit  despite their simplicity
a variety of nonlinear phenomena,including both regular tori and com-
pletely chaotic, densetra jectories. Someof them are quite realistic and have
a direct physical importance. An example of such a systemis the gravita-
tional billiard in which a point-mass particle bounceswithin a container of
a given shape and its motion betweenthe bouncesis not free but ballistic.
Obviously, the dynamics depends on the billiard shape. For the parabolic
boundary the systemis integrable and all orbits are regular and stable. His-
torically, the rst study on the gravitational billiards hasbeenperformedfor
the two-dimensionalwedge,de ned as two intersecting straight lines [1,2].
The motion in the wedgeis fully chaotic if its vertex angle is larger than
=2 [3], otherwise there is a coexistenceof regular and chaotic behaviour.
Those ndings were successfullytested experimertally [4]. The chaotic, as

(2561)



2562 A.Z. Gorski, T. Srokowski

well as regular, dynamics is presernt also for the hyperbolic shape of the
gravitational billiard which involvesboth the wedgeand the parabola asits
asymptotic limits [5]. The chaotic componert prevails for shapes closeto
the wedge.

All the above approades assumedthat the collisions betweenthe par-
ticle and the billiard boundary were elastic. It is natural to require that,
in order to make the problem more realistic, one should take into accourt
the energylossand allow for the energy exchange betweenthe particle and
the wall. Sud handling of the dissipation is known in nuclear physics as
the wall formula [6] and then billiard models are applied. They are derived
in the framework of the liquid drop model. The atomic nucleus can then
be regarded as a billiard possessinghe oscillating boundary given by the
Legendrepolynomials of various kinds [7]. The systemexhibits both regular
and chaotic motion [8]. Similar investigations for the gravitational billiards
were lacking [9]. Only recerly they have beenstudied  experimertally
under the assumptionthat the energylossduring the collisionsis to be com-
pensated,on the average,by the motion of the cortainer [10]. The authors of
Ref. [10] constructed three aluminium cortainers with parabolic, wedge,and
hyperbolic shape which exercisedthe horizontal oscillations. Inside, a ball of
steelwas scatteredfrom the boundariesand a cameraregisteredthe position
of eah bounceand the ball velocity. The results clearly indicate the regular
motion for the parabola and the chaotic onefor the wedge;they alsosuggest
somesort of regularity for the hyperbola at a small driving frequency

In this paper we presen atheoretical analysisof that experimert. To the
best of our knowledge,it is the rst theoretical approad to sudh  very re-
alistic  systems. The parametersof our model are the sameasin Ref. [10].
We assumethe following boundaries: f (x) = aﬁx X)? + c (the parabola),
f(x) = bx xj+ c (the wedge),and f (x) = 1+ (x x)? (the
hyperbola), where a = 0:26cm !, b = 1:85 ¢ = 0:63cm, = 40:3cm?,

= 0:08cm 2, and = 4:45cm. Thosethree shapesare depictedin Fig. 1;
the relative dimensionscorrespnd to the above parameters. The corntain-
ers oscillate horizontally: x(t) = Asin! t, where A is the amplitude and
I = 2 f is the oscillation frequency Inside the container, the particle is
subjected to the constart gravitational accelerationg. Collisions with the
boundariesresult in the energyloss,quarnti ed by the restitution coe cient
r 2 [0; 1] which is de ned asaratio of the absolutevaluesof the velocity after
and beforethe collision. The caser = 1 correspndsto the elastic collision.
It is dicult to decidea priori which value for r should be assumed. An
experiment with steel particles bouncedon a steelblock givesr = 0:93 [11].
Howewer, taking into accournt e ects connectedwith the sharing of energy
betweenrotation and translation during the collision reducesthis coe cien t
substartially and the e ective r appearsof about 0.7. Moreover, r can de-
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pendonthe velocity and on the scattering angle[11]. The authors of Ref.[10]
suggestr = 0:9. Sincethere is no unique empirical evidenceaboutr, in the
following we try to draw someconclusionsabout its value from the compari-
sonof our resultswith the experimertal data of Ref. [10]. In the experimen,
the ball movemen waskept planar by implementing two sheetsof Plexiglas.
One can expect that collisionswith those sheetsresulted in additional noise
and in a reduction of the e ectiv e restitution coe cien t.

Fig. 1. The billiard shapeswhich are discussedn this paper: the parabola (lower),
the wedge(middle) and the hiperbola (upper).

Let usassumethat the particle hits the boundary at the time to with the
velocity v§, determinedin respect to the frame connectedwith the billiard,
and the collision point is (x§;y§ = f (x§)). The transformation of particle
velocities v§ ! v§, at this point, hasthe following form

vi=rvs 2u v§ u ; (1)
where the componerts of the versor normal to the boundary, u, depend on
68 and are givenby: ux = f{x§)=h(x§) and uy = 1=h(x§) with h(x§) =

1+f @(xg). The particle, after being re ected from the boundary, moves
along the ballistic trajectory:

XC(t) = x§ + voa(t  to) + Asin!t  Asin! to;
yo(t) = y5 + vyt to) gt to)?=2;
for t > tp, up to the next section of this curve with the boundary:
(xC(t2);yC(t) = (xT:yD):

The subsequenapplying of Egs. (1) and (2) producesa setof collision everts
which take placeat timest,,. The time ewlution canbe characterisedby the
vector X n = (X5;Yy: Vin: Vi) in the four-dimensional phasespace,where
the velocities are taken just beforethe consecutive bounces. Therefore, we
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can restrict the dynamicsto the billiard boundary and describe it in terms
of the following time-dependent mapping:

X n+1 = Pn(Xn): 3

The above expressionshave beenformulated in the billiard coordinates be-
causethen the simple velocity transformation rule (1) holds. The transfor-
mation to the laboratory frame is straightforward: x = x¢ Asin! t and
vy = V¢ Al cos!t; y-componerts remain the same. The equation for
the boundary f (x) reducesthe 4-dimensional phase space,in which P, is
de ned, to the 3-dimensionalmanifold.

For various shapesof the billiard and variousdriving forces,the mapping
P, canrepresen either a regular cycle or a strange attractor. The static,
elastic billiard with the parabolic shape is always regular and possessebyo
stable orbits: the horizontal orbit, connectedwith the symmetric bouncing
betweenthe left and the right part of the boundary at the sameheigh, and
the vertical one which involvesthe top of the parabola [12]. In our casethe
limit cycle corresponds to the xed point of the mapping P2 and can be
obtained analytically by solving the equation X = P?(X ). The detailed
equations are complicated and will not be preserned here. As a result, we
yield the stable horizontal orbit which movesto and fro together with the
container. The vertical orbit of the elastic billiard shrinks now to a single
point. The time interval betweenconsecutive bouncesof the horizontal orbit
(2-point attractor on the boundary) = =!, moreovervy = ¢=2!. For
the parabolic shape the agreemeh of  with the data [10]is very good. For
r = 0:9 we get the height of the orbit y = 158 cm which exceedsby far the
experimental valuey 7:5 cm. The latter value can be obtained if we as-
sumer = 0:43. Therefore,r seemso be well establishedby the experiment
at the valuer = 0:43 and we cantry to apply it in numerical calculations
for the other shapes. Howewer, all trajectories calculated in this way, both
for the wedgeand for the hyperbola, do collapseto the bottom of the bil-
liard instantly. Apparently, the assumptionthat r can be approximated by
a constart cannot be maintained.

In the following we assumethe dependencer (v) in the simplest form:

r=1 ; 4
o (4)

if r > 0:01, otherwise (for very large velocities) r = 0:01 The formula (4)
takes into accourt that the dissipation should rise with the velocity and,
sincethe small velocities are most important, in the rst approximation we
can neglectthe terms higher then linear. The threshold value r = 0:01 has
beenintroduced for numerical reasons;everts which correspnd to sud r
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are rare and the results are not sensitive to this quartity. The parameterv,
can be determined by comparisonwith the data. It is especially easyfor the
parabola casebecauseit is characterisedby a simple cycle. The data [10]
seemto conrm the presenceof a cycle though it appearsin a strongly dif-
fusedform which may result both from the low resolution in the experiment
(e.g. due to the surfaceroughness)and from the rotational degreeof free-
dom, not taken into accourt in the calculations. We get the position of the
2-point attractor in agreemen with the data for vg, = 390 cm/s. We apply
this valuein the calculationsfor the other shapes. The restitution coe cien t
determinedin this way is e ectiv e, it incorporatese.g. the energylosswhich
results from the collisions with the sheetsof Plexiglas which are not taken
into accoun in our calculations.

Fig. 2 presens someproperties of the map P,,  the height y and the
time interval betweenconsecutive bounces , = t, t, 1  for the wedge
and the hyperbola which is driven by three di erent frequencies.Each gure
represets a singletrajectory, ewlveduptot = 2 10° swhich correspnds
to about 2 10* collisionswith the boundary. The plot of y for the wedge
is strongly nonuniform and indicates a high degreeof chaoticity. The most
of the points is concertrated just above the line y,+1 = y, and the fractal
structure is hardly visible. The gure can be directly comparedwith the
data (seeFig. 3 in Ref. [10]); Both gures are similar though the calcu-
lated quartities are extendedto slightly larger valuesthan the data. The
nonuniformity is clearly visible alsoin the plot of the time intervals and the
region closeto the point (0.09,0.09)is distinguished. The experimertal data
exhibit the samepattern. For the hyperbola, at the low driving frequency
f = 45Hz (Fig. 2, hl) the particle abidescloseto the bottom of the billiard
which canbe well approximated by the parabola. That resultsin apparertly
regular pattern. Howewer, also a stochastic ingrediert is presen there and
a magni cation of the upper part of the gure revealsthe strange attrac-
tor structure. In the experimertal data the chaotic componert seemsto
be absert completely. Instead, long-time tails in the plot of time intervals,
possessinghe intermittent structure, are obsened, as well as very small
valuesof the height y. Then the experimertal results suggesta more regular
motion than the calculations predict. For the larger frequencyf = 5:8Hz
(Fig. 2, h2) the chaotic behaviour is overwhelming. The bands typical for
the strange attractors are visible; it is not the casefor the experimeral
data but sud subtle structures may be smeareddue to the low resolution.
The bands vanish completely if we make the frequency still larger. The
last row in Fig. 2 shows that it happensfor f = 8Hz (the casenot studied
experimertally) and the picture is similar to that for the wedge.

Some additional information about the phase space structure can be
obtained by plotting the positiony versusthe tangertial velocity afterthe
collision, v¢, at collision points, normalized by y™® and v{"®, respectively.



2566 A.Z. Gorski, T. Srokowski

Fig. 2. The coordinate y of a collision point versusy for the previous collision
(left column) and the time of ight betweentwo subsequen collisions (right col-
umn). The rows correspond to the following cases:the wedgewith f = 6:6Hz (w)
and the hyperbola with: f = 4:5Hz (h1), f = 5:8Hz (h2), andf = 8Hz (h3). The
units are: [cm] for y and [s] for the time.

The quartities y™® and v{"® mean the largest possible values of y and
v; at ead collision, obtained under the assumption that the particle is
either at rest or bouncesalmost horizortally at the bottom of the bil-
liard. Therefore, the region around v; = 0 correspnds to the head-on
collisionswhich may result in instability of the motion and the onset of the
chaotic behavior. For the parabolic shape we have obtained 2-point lim-
iting cycle, correspnding to very small values of the tangertial velocity:
(vi=y@X; y=ymaX) = (1 0:044 0:39). The experimertal result preserts itself
as a narrow band, due to the noisein the system. Results of the calcula-
tions for the other shapesare preserted in Fig. 3. The caseof the hyperbola
for the largest frequencyf = 8Hz shaws the greatestdisorder (Fig. 3, h3)
whereasthe trajectory for the wedge (Fig. 3, w) is able to Il the ertire
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region which is allowed by the energypartition rule [10]. The gure for the
hyperbola at the intermediate frequencyf = 5:8Hz (Fig. 3, h2) indicates,
in turn, a pronouncedfractal structure. On the other hand, the pattern for
f = 4:5Hz is predominartly regular (Fig. 3, hl). Howewer, a vertical strip
at small jv;j bearsapparen signs of chaoswith a fractal structure, visible
after a magni cation of this region. Also the experimert [10] distinguishes
the region of small tangertial velocities for this casebut the lack of any ne
structure in the data preverts detailed comparisons.

Fig. 3. The normalized coordinate y of a collision point versus the normalized
tangential velocity v; at the samepoint for the casesdescribed in Fig. 2.

Now we calculate the largest Liapunov exponert 1 for the mapping
Pn by applying a standard method for billiards [13,14]. We utilize the
fact that the distance betweentwo closetrajectoriesis governed by the lin-
earized equations. Then we perform the time ewlution of two trajectories,
whose initial conditions dier by r, by the time interval t which must
be small enoughto keepthe trajectories close. In the next step we renor-
malize the relative distanceto r and cortinue the procedure for a long
time. The dependence 1(f) for the hyperbola is presened in Fig. 4. For
f < 3:5Hz trajectories collapse,then nite cyclesemerge( 1 < 0) with an
exception of the quasiperiodic window at f 2 (3:97,4:13) (at f 3:97Hz
the Hopf bifurcation occurs). The transition to chaosproceedsvia a period-
doubling sequence.By plotting subsequen attractors, we obtained the fol-
lowing bifurcation points: f1 = 4:224272]1f, = 4:22429535f 3 = 4:2243071
f4 = 4:22430985 and f5 = 4:224310525which correspndsto the 24-cycle
up to 384-cycle,respectively, and we estimated f; = 4:224310715 The
above points satisfy the scalingrelation f1  f, " where the scaling
parameter = 4:55 ewaluated from the last two points, agreesreasonable
well with the Feigerbaum constart 4:669::: [15].
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Fig. 4. The largest Liapunov exponert as a function of the frequency for the hy-
perbolic shape.

The spectrum of four Liapunov exponerts ; can be obtained by the
orthogonalization scheme [16]. More precisely we ewlve trajectories con-
nectedwith all directions in the phasespaceand apply the Gramm Schmidt
method at ead renormalization step to sort manifolds related to subsequen
unstable and stable directions. Finally, we multiply the exponerts by the
meantime betweensuccessie bounces,di erent for ead case. The results
aresummarizedin Tablel. All preserted casesare characterizedby oneposi-
tive exponert, exceptthe parabola for which all exponerts are negative. We
cannow determinethe Kaplan Y orke dimensionwhich in many casesnay be
identi ed with the Hausdor dimension(thFe Kaplan Y orke conjecture [17]).
The de nition is the following: Dky = | ’, i= j+1, wherej is the largest
integer such that 1+ »+:::+ ; > 0. The results, preserted in Table I,
indicate that the embedding dimension of the attractor for the casesw and
h3 equals3, i.e. it is equalto the ertire available manifold. This conclusion
explains the nature of chaotic, but also nonuniform and di used, pattern
obsened in the gures for those cases,in respect both to the theoretical
predictions and to the experimertal data: for so high dimensionality of the

TABLE |

The Liapunov exponerts for the mapping P, and the Kaplan Y orke dimension for
the parabolic shape (p) and the casesdescribed in Fig. 2.

1 2 3 4 Dky
p 0:408 0:579 0:579 2:17 0.00
w 0.447 0:288 1:17 198 2.14
hl 0.208 0:579 1:05 1:42 1.36
h2 0.367 0:394 1:21 1:78 1.93
h3 0.611 0:0637 1:05 2.08 2.52
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attractor its structure, projectedto the plane, cannot be clearly visible. For
the wedge, that diused, non-fractal pattern is restricted to the area just
above the line yh+1 = ypn but in the caseh3 it extendsto the almost whole
picture. On the other hand, the fractal structure is apparen for the caseh2.

We have studied the inelastic gravitational billiards with the time-
dependert driving which exhibit both regularand chaotic behavior. A simple
dependenceof the restitution coe cien t on the velocity has beenproposed.
It appearsto be essetial to get results consistert with the experimenal
data. The nonuniform patterns, revealed by the experiment, can be ex-
plained by the attractor dimensionality. Generally, the model predictions
agree quite well with the data. Howewer, the values of the height y are
slightly too large, which results in the more irregular motion than the ex-
periment shows, for the hyperbolic shape with small driving frequency This
discrepancymay be a suggestionthat the damping at small velocities, as
predicted by the simple formula (4), is slightly too weak. To re ne this
formula, someexperimertal e ort is necessary:the resolution of the data
should be improved and, rst of all, the restitution coe cient, which is the
essefial quartity in the model, should be determined in the wide range of
the ball velocity.
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