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In this paper we have studied upper bound of time derivative of in-
formation entropy for colored cross-correlatednoise driven open systems.
The upper bound is calculated basedon the Fokker Planck equation and
the Schwartz inequality principle. Our results consider the e ect of the
noise correlation strength and correlation time due to the correlation be-
tweenadditive and multiplicativ e white noiseson the upper bound as well
as relaxation time. The interplay of deterministic and random forcesre-
veals extremal nature of the upper bound and its deviation from the time
derivativ e of information ertropy.

PACS numbers: 02.50.Ey, 05.40. a

The study of dynamical system subject to a noise perturbation has be-
come a recurrert theme in physics, chemistry and biology, as well as in
seweral other areas[1 11]. In this paper we have investigated relaxation
behavior of the noise driven dynamical system. Although in traditional
classicalthermodynamics the speci c nature of stochastic processis irrel-
evant, it plays an important role on the way to equilibration of a given
non-equilibrium state of a noisedriven system. An appropriate tool for the
study of stationary and non-stationary states[9 15] in stochastic processes
is Shanon'sinformation meas%re[16 17]

S= W(q;t) In W(q;t)dq 1)
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which typically is not a consened quartity. Here W(q;t) is the continu-
ous probability distribution function in phasespace. S as de ned in the
above equation is called information entropy. If one considersBoltzmann's
constart asthe information unit and identi es Shannon'smeasurewith the
thermodynamic entropy, then the whole of statistical medanics can be el-
egarly reformulated by extremization of S, subject to the constraints im-
posedby the a priori information onemay possesgoncerningthe systemof
interest [16 17]. The time ewlution of S considersmainly the signature of
the rate of phasespaceexpansionand cortraction in the stochastic process.
This implies that the specic nature of the random processhas a strong
role to play with S. Generally we considerthat the noisedriven systemis
thermodynamically closed,which meansthat the noise of the medium is of
internal origin sothat the dissipation and uctuation getrelated through the
uctuation dissipation relation. Howewer, in a number of situations the sys-
tem is thermodynamically open, i.e., the dissipation and the random force
are not related through uctuation dissipation relation [18]. In general,ori-
gins of the noisein the open systemswhich exert two or more random forces
are di erent.

The barrier crossing dynamics with multiplicativ e and additive white
noisesraised strong interest in the early eighties. In most of the works
stated above, noiseforcesthat are presen simultaneously in the stochastic
systemswere usually treated as random variables uncorrelated with ead
other. Howewer, cross-correlationbetween the random variables is possi-
ble in the noise driven dynamical systemsas pointed out in Refs.[19 21].
Physically, the cross-correlationwould meanthat the noisesare of the same
origin (the same uctuating quartity, either intrinsic or external, in uencing
two di erent kinetic parameters)[19]. But for the noisesof di erent origin
cross-correlationis alsopossible. This waspointed out in Refs.[20 21] where
authors have assumedthat external ervironmental uctuation canin uence
internal uctuation changingthe internal structure [20 21]. If this happens,
then the statistical properties of the noisesshould not be widely di erent,
and can be correlated. The crosscorrelated noiseswere rst consideredby
Feddenia [22]in the context of hydrodynamics of vortex ows in ellipsoidal
containments with regardto uctuations. There the author introducedcross
correlation among the noisesof common origin which appear in the time
ewlution equation of dimensionlessmodesof ow rates. Fulicski and Tele-
jko [19] also consideredthe interferenceof additive and multiplicativ e white
noisesin the bistable kinetic model, mertioning the physical possibility of
crosscorrelated noises. However, very recerily Madureira et al. [20] have
pointed out the possibility of crosscorrelated noisein realistic model (ballast
resistor) showing bistable behavior and have also discussedthe in uence of
correlation of additive and multiplicativ e white noiseson the activated rate
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processes.Transport of particles causedby cross-correlationbetween addi-
tive and multiplicativ e noisesin the symmetric periodic potertial has been
investigatedin Ref.[21]. The e ect of correlation betweenadditive and mul-
tiplicativ e noisesis consideredindispensablein explaining phenomenalike
stochastic resonance phasetransitions etc. [23 31]. Our aim in the presen
paper is to investigatethe e ect of interferenceof multiplicativ e and additive
noiseson time dependenceof upper bound of time derivative of information
ertropy, when the coupling betweentwo noiseterms is coloredwith nonzero
correlation time

To beginwith, we considera stochastic processvhereboth multiplicativ e
and additive noisesare preseri. The Langevin equation of motion for the
presert problem can be written as

do. V9, 8y, L g, @

where V{q) is the derivative of potential energy expressedas a function of
the particle coordinate g.  in Eq. (2) is the dissipation parameter. (t) and

(t) are white noises. The two noiseterms are characterized by their means
and variancesas

h (t)i = h(t)i = 0; (3)
h() % = 2D (t t9; (4)

and
ht) % =2D°(t t9: (5)

Here D and D are intensity of multiplicativ e and additive noises, respec-
tively. In general, we expressthe in uence of the internal uctuation on
the system as additive noise and the e ect of the external ervironmental
uctuation on the systemas multiplicativ e noise. Here we assumethat the
external ervironmental uctuation can inuence the internal uctuation.
Becauseof the in uence of the external ervironmental uctuation on the
internal uctuation, additive and multiplicativ e noise are not independen
(there is correlation betweenthem). We assumethat the correlation time of
the (t) and (t) are nonzero[25,27 31]

p— .
h() @i=h@ @iz 2 ep 1LY, (6)

where is the correlation time of the coupling between multiplicativ e and
additive noises. in Eq. (6) correspndsto the coupling strength. In the
limit ! O the above equation becomes

ht) 9 =h @) (t%i=2 P 5po t t9: (7)
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A generalequation satis ed by the probability distribution of equation (2)
with (3) (6) is given by [32]

gVO(Q) gﬂ h(t) [qt) di glh (t) [a(t) dli;
8

where (q;t) = h[q(t) d]i; the average(8) can be calculated for Gaus-
sian noise (t) and (t) by the Novikov theorem [33]. The Fokker Planck
equation for (2) is obtained following Refs.[25,29 30].

@ @vig @ @@ , @9)?

—(t) (g 1)

= = =_ Y7 = : 9
@ @ @ e " ar ©
where h . p i 1=
DO+ 227 Dog+ Do?
9(a) = : (10)
The above Fokker Planck equation can be written in the form
@ _ @V . @ @ 2D
@_@vid , @ A @ , @ D 1)
@ @ @ @ @
with
=3, (12)
p____
3 DD?°
1T ey 49
and P =50
DO+ 2 + D
Q= 1+2 ; q q (14)

Now multiplying exp(2Dt= 2) on both sides of the Fokker Planck equa-
tion, (11), followed by the transformation

W= (Ghexp b (15)

we get

av _ @VO(Q)W @qW @1W @W_
@ @ @ @12 '

Eq. (15) implies that W(q;t) is not normalized if (q;t) is a normalized
probability distribution function. It alsoimplies that a factor exp( 2Dt= 2

(16)
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hasto be multiplied with (q;t) exp( 2Dt= 2) for W (q;t) to be normalized.
Hencenormalized W(q;t) and (g;t) are the same. For mathematical con-
veniencewe will useEq. (16) and W(q;t) for further calculations. Eq. (16)
can be rearrangedas

@ _ @w, @w

a @ Q aP ; (17)
where
F= q h (18)
and
= m + | . (19)

The Fokker Planck equation (17) can be rearrangedinto the generalform
of cortinuity equation

@V (q;t) @
MR LA 2
@ @’ (0)
wherethe current j is de ned as
. av
=FW Q—: 21
: @ (@)

We shall now de ne the upper bound for the time derivative of information
entropy using Egs.(1) and (20). The time ewlution equation for S can be
written as ds Z @

— = dg=InW: 22

- Yg (22)
Performing partial integration on the right hand side of the above equa-
tion and then putting natural boundary conditions [10], j jboundary = 0, and
j INWjpoundary = 0, one obtains

z
ds _ 1.@Qv
R
o the ngpxt step an application of the Schwartz inequality j dgAB j2
dgjAj2 dqBj? to the integral(23), where A and B can be appropriately
identi ed, yields an upper bound for the rate of entropy change

ds
at Ug;

o 1=2 Z 1=2
_ i 1@V, .
Us = doi doy Cg)’ 24)
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It is to be noted here that the secondintegral is the sameas the trace of
Fisher information matrix [10]. Thus the maximum rate of increaseof S for
an isolated system, is limited by the Fisher information level.

To nd the explicit time dependenceof the above quartity we consider
a simple external force eld. In this cortext we chooseV(q) in Eg. (2) as
potential energy of a simple harmonic oscillator, having frequency! . For
this linear stochastic processwe then seart for the Green's function or
conditional probability solution [34 36] for the systemat g, at time t given
that it had the valueof U%at t = 0. This initial condition may be represeted
by the -function

r_

@ =1lm —exp[ (@ O (25)

= is the normalization constart. We now look for a solution of Eq. (17)
of the form
W (g;tjq’ 0) = exp[G(t)]; (26)
where G(t) = %(q )2+ In (t).
Wewill seethat by suitable choiceof (t); (t); (t) onecansolveEq. (17)
subject to the initial condition
r_

W(q:0id’0) = lim  —exp[ (9 o)?: (27)
Scmoaring Eq. (26) with (27) and G(0) wehave (0)= %; (0)= ¢ (0) =

If we put (26) in (17) and equatethe coe cien ts of equal powers of q we
obtain after somealgebra

2 (1) +4Q; (28)
® (29)

1)
(1)

and
1
(t)

Hereit isto be noted that in the above calculation we have usedapproximate
valuesof g and g2 in the diusion coecient Q as< g >eq and < ¢ >¢q
respectively. < q>¢q and < o > eq are the averagevaluesof g and o° at
equilibrium. Now we considerthe relevant solutionsof (t) and (t) for the
presert problem which satisfy the above initial conditions and are given by

=220 exp( 2 )]+ (Oexp( 2 1) (31)

1 .
20 (t): (30)

(1)
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and
®= ©+2 exp( 1) 2. (32)

Now making useof Egs. (26), (31) and (32) in Eq. (24) we nally obtain the
explicit time dependenceof the upper bound Ug(t) for the rate of ertropy
changeas

_(222%2+4 1p +27 + 22+4Q% 4Q )2

Ug (33)

Similarly, one can calculate the rate of change of information ertropy with
time using Eq. (26) in Eq. (22)

das _ 2Q .
i + —=: (34)

Sincethe information ertropy is the negative of the Shannoninformation,
the rate of change of enropy can be interpreted as the rate of information
transmission. So the upper bound for (33) is interesting in the sensethat
the amournt of information transmitted per unit time cannot exceedthis
quantity. Deviation(dUg) of the bound from ‘é—? can be calculated from

Egs.(33) (34) as

_ ds _ 2( +1p)? _
R N G N CEY G O DE R

Now we explore how these quartities vary with time and other system pa-
rameters. First, we calculate both Ug and dUg at dierent time and plot
in Fig. 1. It shows that the upper bound and its deviation from the rate of
change of entropy with time decreasemonotonically as system approades
the stationary state. This is due to the fact that at very short time the
motion of the particle is mainly governed by the deterministic force and
gradually random force becomese ectiv e i.e., the random force has maxi-
mum tendency to expand the phasespaceagainst the deterministic one at
t! Oandit reduceswith progressof time. Finally they balanceead other
at equilibrium. Thus the rate of change of width of distribution function
and ertropy decreasesegularly. Since possibility of the deviation(dUg) at
large value of ‘é—? is greater, the upper bound and its deviation are maximum
at t! 0 and superposeat long time.
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Now we consider the relaxation time. Egs. (31) (32) shaw that the
relaxation time increaseswith increaseof damping constart( ), because
decreasesiere. , onthe other hand, risesfor increaseof systemfrequency
or strength of multiplicativ e noiseand asa result of that, the non-equilibrium
systemrelaxesmore rapidly with increaseof! or D.

Fig. 1. Plot of Ug and dUg vs time using Egs. (33),(35) for the parameter set
=10, (0)=0 (0)=10D=D%=1 =025 =00and = 0:5 (units are
arbitrary).

We examine now how the upper bound is a ected by noise correlation
strength . In Fig. 2 we have plotted Ug anddUg vs . It showsthat at large
the deviation increasesat faster rate than the Ug. This happensbecause

U, du,

Fig. 2. Plot of Ug and dUg vs strength of cross-correlation( ) using Egs. (33),(35)
for the parameterset = 1.0, (0)=0, (0)= 1.0,D =D%=1 = 0:25 = 00
and t = 2:0 (units are arbitrary).
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the e ectiv e deterministic force is dominating over the random force in the

dynamics with increaseof as the constart force (I1) increasesand the

e ectiv e noise strength (Q) decreases.Thus the greater value of makes
the distribution function narrower and leads to higher value of both the

Ug and dUg. Whereasthe deviation and the bound are found to decrease
for increaseof correlation time ( ) of colored crosscorrelation sincethe I

decreasesnd the Q increasesas becomedarger. It is shovn in Fig. 3.

1.6 1

U, du,

1.2

0.8 g

Fig. 3. Plot of Ug, dUg vs using Eqgs.(33),(35) for the parameter set = 1.0,
0 =10 (0)=120D=D%=1 =025 = 05andt = 20 (units are
arbitrary).

In the next stepwe explorethe role of damping constart ( ) on the upper
bound. The aects both the deterministic force and di usion constart
through , 11 and Q respectively. Sincethe role of former is oppositeto latter
on the upper bound and the deviation, in the interplay of damping constart,
noise strength and system frequency variation of the upper bound and the
deviation with  showv extremal nature what is shavn in Fig. 4. Similarly
the variation of Ug and dUg with the strength of multiplicativ e noise also
exhibits extremal nature. This is showvn in Fig. 5. Thusin the persistenceof
non-equilibrium situation and D haveimportant role. The extremal nature
disappearsif we increasethe strength of additive noise keeping xed other
parameters. The upper bound and the deviation decreasewith increaseof
D%asthe e ectiv e noise strength becomesgreater.

We now examinethe long time limit of the above result (33). Att! 1
Egs.(31) and (32) reduceto

1y=2 (36)
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2.4+

2.04

1.6 1

U, du,

1.2 1

0.8+

Fig. 4. Plot of Ug, dUg vs damping constart ( ) using Egs.(33),(35) for the pa-
rameterset = 0.0, (0)=0, (0)=1.0,D=D%=1 =025 =05andt= 20
(units are arbitrary).

UB

2.0
3 154
<. du,
o)

1.0
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0.5 1.0 1.5 2.0 25

Fig. 5. Plot of Ug, dUg vs strength of multiplicativ e noise (D) using Egs.(33),(35)
for the parameterset = 0:0, (0) = 0, (0) = 1.0, = 1.0, D%°="1 = 0:25
= 0:5andt = 2:0 (units are arbitrary).

and
1L)= I= : (37)

Egs.(36)and (37) imply that att! 1 the numerator of the right hand side
of Eq. (33) vanishes. Therefore we obtain the equation

ds _

oo (38)

Thus the above result satis es our natural demand.
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In conclusions,we have studied herethe non-stationary states of a noise
drivendynamical systemin terms of information entropy, whenthe couplings
betweenadditive and multiplicativ e noisesare coloredwith noisecorrelation
time , basedon the Fokker Planck description of stochastic processesand
Scwartz inequality. We considertime ewolution of the upper bound of time
derivative of information ertropy and its deviation from the rate of change
of information entropy. Our main obsenations include the following points.

(1) The deviation and the upper bound monotonically decreaseto zero
with increaseof time. The relaxation time increaseswith increaseof
damping constart and it decreasesor the increasein systemfrequency
as well as the strength of multiplicativ e noise. The cross-correlation
time and the strength of crosscorrelation have no e ect on the relax-
ation time.

(2) Rate of increaseof the deviation is greater than the upper bound with
increaseof

(3) The Ug and the dUg both decreasewith increaseof correlation time
of cross-correlation.

(4) The interplay of deterministic and random forcesrevealsextremal na-
ture of the upper bound and the deviation.

These obsenations are, of course, restricted to the harmonic oscillator
(HO). Howewer, this is sudh an important systemthat HO insights usually
have a wide impact.
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