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THE TUNNEL-EFFECT
IN THE LOBA CHEVSKY SPACE
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The problem of the tunnel-e ect in the three-dimensionalLobachevsky
spaceis formulated and solved. It is shawvn that the tunneling probability
essetially decreasesvhenradius of the spacecurvature is of the sameorder
as linear sizesof the well in which a particle is locked.

PACS numbers: 02.40.Ky, 03.65. w, 23.60.+e

1. Intro duction

It is well known, that processeasing the medanism of quantum tun-
neling are abundart in di erent areasof physics. The tunnel-e ect can be
met in various physical processessuc as chemical reactions at low tem-
peratures, nuclear alpha and cluster decgs, ssion and fusion processesn
thermonuclear reactors, shortly after the Big Bang and inside stellar matter
that proceedthrough the Coulomb barrier.

Howewer, asfar asit is known to the authors, the problem of the tunnel-
e ect in spacesof constart curvature was not investigated.

Quantum-mechanical problems in the spacesof constart positive and
negative curvature have beenthe object of interest of researters since 1940,
when Schrddinger [1] was rst to solve the quantum-mechanical problem of
the hydrogenatom on the three-dimensionalsphereS3 (Einstein's universe).
The analogousproblemin the three-dimensionalLobadevsky space’S; was
rst solved by Infeld and Shild [2]. In recert yearsthe quantum-mechanical
problems in the spacesof constart curvature have attracted considerable
attention due to their interesting mathematical featuresas well as the pos-
sibility of applications to physical problems. These problems are discussed
in the monograph[3], reviews[4 6] and articles [7 12]. Thus, the quantum-
medanical models basedon the geometry of spacesof constart curvature
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are used for the description of the phenomenain nuclear physics [13 15],
particle physics[16] and nanostructure physics[18 21].

In this paper the tunnel-e ect in the three-dimensional Lobadevsky
spaceis considered. The dependenceof tunneling on the spacecurvature
is investigated. In conclusionthe model of Lobadcevsky's spaceinside the
sphereof the three-dimensionalspaceof Euclid is given. This model can be
usedas a model for description of the statesin quantum dots with the dis-
crete and cortinuous spectrum which are localizedin the three-dimensional
Euclidean space.

2. The quantum-mec hanical tunneling in the Lobac hevsky space

Let us considera freely moving particle which, at a given time, meets
a potential barrier higher than its energy As it is known, quantum medan-
ics implies a non-vanishing probability for the particle to crossthe barrier
(i.e. the tunnel-e ect).

We useembedding of the Lobadevsky spacein four-dimensionalpseudo-

Euclidean spacewith Cartesian coordinatesx ; = 1;2;3;4, given by the
formula
X x = x?+x3=x? x3= 2
X = fXq1;X2;X30; X4 = iXo; (1)

where denotesthe radius of curvature.
We intro duce the spherical coordinates in the Lobadevsky spaceas [2]

Xo = cosh ; X1 = sinh sin cos
X2 = sinh sin sin' ; X3 = sinh cos ;
0 <1,; O ;0 ' <2 (2)

Metric of the Lobachevsky spacein thesecoordinates is given by
d?= 2 d 2+ sinh®> d?2+sinh® sin® d? : ©)
The Laplace Beltrami operator is

1 ) @ 1
= - — —sinh® = ———L? ; 4
8 sinh®> @ @  sinh? @)

whereL ? is the squaredangular momertum operator in sphericalcoordinates

. 1
@, @ 1 o ©

2_ -
L= ane™ @ s a:
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Then the Scrédinger equation for motion of a particle in the certrally
symmetric eld U( ) in the three-dimensionalLobadevsky spaceis

H =E ; (6)

where
2

H = %LB"'U(): (7

Now we shall analyzethe tunneling of a particle through a potential bar-
rier in the three-dimensionalLobachevsky space.Let us assignthe potertial
of the barrier asfollows

Uc = _coth ; for 0,

U =
() 0; for 0,

(8)
where Uc is the Coulomb potential in the Lobachevsky space.

We note that this potential diers from the potential originally used
by Infeld and Sdild [2] by a constart term = and does not vanish as

I 1. This choice was motivated by the wish to retain similarity of
expressionshetweenthe casesof positive and negative curvature.

The Coulomb barrier height can be estimated as

coth
B= —9:

)
Separatingin the solution of the Sdrédinger equationthe dependenceon
the angles and' by usingsphericalharmonics,namely = S;( )Y,"( ;")

we obtain the radial equation as follows
~2 1 d d I(+1)

—sinh? — +
2m 2 sinh? d d sinh?

E+U() S()=0:(10)

Using the substitution S( ) = f( )=sinh we have

d’f () 2m ? (1 + 1) .
q2 + ——fE U()g S 1f()=0: (11)
Then introducing the e ectiv e potential
2+ 2
V) =u)+ 2m 2sinh? 2m 2’ (12)
equation (11) can be rewritten in the form
2 2
1), 2D “e v()g f()=o0: (13)

d 2 2



2426 Yu. Kur ochkin, Dz. Shouka vy

As aresult the certrally symmetric problem was reducedto one-dimen-
sional one. Thus, the barrier penetration factor in the WKB semiclassical
approximation is

IV ©

8 r
> i >
G= o 2m

> ~2
' 0

V() Eld_ : (14)

where g and 1 are the two turning points.
The condition of applicability of the semiclassicalapproximation in our

casehasthe form o inh
(sinh 1 sinh g) 1: (15)

i.e. the barrier width is signi cantly larger than the de Broglie wavelength.
As aresult in the WKB approximation for the tunneling probability in
the Lobadevsky spacewe have

9
2 7P = 1+1) -2 .
D ex 2 — + — + Ed_: (16
p_> ~2 2m 2sinh>  2m 2 > (16)
0
We note that in the limit of the at space,i.e. when ! 1 ,the expression
(16) transforms to the barrier penetration factor in the at space
8 2.5 9
< =
2 ~2 |1+ 1
D exp 2 o= ( ) E dr : (a7)

~2 r  2m r2
ro
From (16) we can seethat with the growth of angular momertum | the
probability of tunnel-e ect in the Lobadhevsky spacedecreasessin the at
space.
In the casewhen the particle has nonzeroorbital angular momertum, it
possessethe certrifugal energy

_ 2+,
' 2m 2 §inn?

(18)

This energyis addedto the Coulomb energyUc and thusit increaseghe
potential barrier. Howewer, as can be seenfrom comparison(16) and (17)
there is a di erence from analogousproblem in the at space.In the caseof
the Lobadhevsky spacethat it appearsadditional constart is proportional
to the curvature of the space,

U = ; (19)
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which is not presen in the Hamiltonian in the at space. This constart
appears when we get rid of rst-order derivative using the replacemen
S( ) = f( )=sinh in equation (10). We note that this constart can be
removed after rede nition of the Hamiltonian as follows

~2 2

H = — : 2
om LB o2 (20)

3. The -decay in the three-dimensional Lobachevsky space

Let us considerthe phenomenonof -deca in the Lobacdevsky space.
In the phenomenonof -decg there should be distinguished two stages:

1. The formation of -particle inside the nucleus.

2. The nucleus-decy via emission.

We will examineidealization whenparen nucleusconsistsofthe daugher
nucleuswith chargeZeand -particle. To emergefrom the nucleus -particle
should penetrate through the potential barrier (8), where = 2Ze?.

As a result from (16) in casewhen| = 0 for the probability of -decay
in the three-dimensionalLobadevsky spacewe have

8 9
Rz ° 2m 2Ze€2coth ~2 2
D exp_ 2 = + o 2 E d . (21)

0

Let usillustrate -deca with the concreteexample. Namely, we estimate
the tunneling probability for 238U. Let Z = 92 and o = arcsinh(ro=),
whererg = 0:10 'cmis the radius of the daughter nucleusin the at space
and turning point ; is

~2=2m

= th ——
1 = arcc 572

Now for s-stateswe nd the value of G. In the caseof the at spacewhen
| = 0the st energylevel for our exampleis E; = 4:008MeV. This energy
correspndsto the value G = 94:478 In caseof the Lobadcevsky spacewe
have the following equation for the energylevels of the system[22]

p
k2 1lcot( o k2 1)= 24 1; (22)

where r r
2m 2 2m 2

- =B k = )

(B E): (23)

We useequations(21), (22) to nd the valuesof the rst energylevel E
and the tunneling probability D for various valuesof the curvature radius.
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Thesedata are showvn in Table I. We seefrom Fig. 1 and Table | that the
tunneling probability slump when radius of the spacecurvature is of the
sameorder aslinear sizesof the system.

TABLE |

The valuesof the rst energylevel of the systemin the caseof | = 0 and tunneling
probability depending on the radius of curvature.

[em] E [MeV] G
= 0105 10 ' | E=1617| G= 737692
=011 10 ' | E=1948| G= 585275
0:12 10 Y | E=2340| G= 450361
0:13 10 ¥ | E=2595| G= 379435
=014 10 |E=2784| G= 332963
=015 10 ' | E=2933| G= 299398
=016 10 | E=3055|G= 273767
=017 10 | E=315 | G= 253465
=018 10 |E=3241| G= 236953
=019 10 |E=3314| G= 223252
=02 10 |E=3377|G= 211700
=025 10 | E=3593|G= 173550
=05 10 | E=3899| G= 119086
=01 10 |E=23980| G= 101962
=015 10 1° | E=3995| G= 98104
=05 10 0 | E=4.007| G= 94855
=01 10° E =4008| G= 94478

4100 | 4

200 | 4

-300 | -

G -400 | E

-500 B

-600 | -

-800 1 1 1 1 1
0 1 2 3 4 5

p (cm)x10™

Fig. 1. The graph of the dependenceG on



The Tunnel-E e ct in the LobachevskySpace 2429

Note that in this computing the condition (15) is ful lled.

In conclusion, the model of Lobatevsky's spacein the sphere of the
three-dimensional space of Euclid is given. This model can be used as
a model for description of the quantum-mechanical system with the dis-
crete and continuous spectrum which is localized in the three-dimensional
Euclidean space,sudh as, quantum dots, nuclei, moleculesand so on.

4. The model of the three-dimensional Lobachevsky space
inside the sphere of the three-dimensional Euclidean space

We realize the model of the three-dimensionalspaceof Lobadevsky in-
side the spherein three-dimensional Euclidean space as follows. Let us
assumethat in the three-dimensionalEuclidean spacethere is a spherewith
the certer at coordinate origin andr < , wherer = fx;y;zg is the radius-
vector of points inside the sphere(seeFig. 2).

@

Fig. 2. The model of the three-dimensional Lobachevsky spaceinside the sphere
of the three-dimensional Euclidean space.1 s the region of discrete spectrum,
2 is the region of continuous spectrum, is the potential barrier width.

Let us carry out the transformation

8 9
< r =
r = fxyzg! 4 ;€ . = fXX00;
151 5
X
= = 24
r Xq (24)

whereit is obviousthat the intro ducedfour-dimensionalcoordinatescoincide
with initial Cartesian coordinates x and satisfy the condition (1), since
these four-dimensional coordinates are independen. Therefore, we can use
coordinates of the three-dimensionaldean subspacex = fx1;x2; x3g.
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Then Laplace Beltrami operator for three-dimensional Lobachevsky
spaceis rewritten as

= r? (xr)® 2(xr): (25)

Sothe Hamiltonian of the free particle is

2 2 h i

- - 2, 2 2
H = om 2 BT 5o r (xr )< 2(xr)

Ho+ V(X; ); (26)

where
2

Ho= —r? 27
0 o (27)
is the Hamiltonian of the free particle in the three-dimensional Euclidean
spaceand the term

2 h i
(xr )2+ 2(xr ) (28)

Vo) = 2m 2

may be consideredas certain quasi-potential in the three-dimensional at
space.

Thus, the exactly-solvable quantum-mechanical models in the spaces
of constart curvature expand the range of the exactly-sohable problems
in nonrelativistic quantum medanics which can be usedfor describing the
physical systemsin the at space.

5. Conclusion

In this paper the quantum-mechanical problem of the tunnel-e ect in
the three-dimensional Lobachevsky spaceis formulated and solved. It is
demonstrated that the e ect of the curvature givesrise to the rst energy
level shift. So,this e ect canreduceto particles blocking (seeTablel). The
model of Lobachevsky's space,preserted in Sec. 4, can be usedas a model
for description of the quantum-mechanical system with the discrete and
continuous spectrum which is localized in the three-dimensional Euclidean
space,sud asfor example,quantum dots, nuclei, molecules.



The Tunnel-E e ct in the LobachevskySpace 2431

REFERENCES

[1] E. Schrodinger, Proc. R. Irish. Acad. A46, 9 (1940).
[2] L. Infeld, A. Sdild, Phys. Rev. 67, 121 (1945).
[3] C. Grosdhe, preprint DESY 95-021,Hamburg 1995.

[4] C. Grosche, G. Pogosyan, A. Sissakian, Phys. Element. Part. At. Nucl. 28,
1229(1997).

[5] P. Higgs, J. Phys. A12, 309 (1979).
[6] H. Leemon,J. Phys. A12, 489 (1979).

[7] A. Bogush, Yu. Kurochkin, V. Otchik, Dokl. Akad. Nauk Belarusi 24, 19
(1980).

[8] A. Bogush, Yu. Kurochkin, V. Otchik, Yad. Fiz 61, 1889(1998).

[9] A. Nersessian,G. Pogosyan, Phys. Rev. A63, 020103(2001).

[10] P. Saksida, Nonlinearity 14, 977 (2001).

[11] N.A. Chernikov, Acta Phys. Pol. B 23, 115(1992).

[12] N. Suzuki, M. Biyajima, Acta Phys. Pol. B 35, 283 (2004).

[13] A. Izmest'ev Yad. Fiz. 52, 1697 (1990).

[14] N. Bessis,G. Bessis,D. Roux, Phys. Rev. A33, 324 (1986).

[15] N. Bessis,G. Bessis,D. Roux, Phys. Rev. A30, 1094 (1984).

[16] J. Boer, F. Harmsze, T. Tjin, Phys. Rep. 272, 1391996.

[17] N. Bessis,G. Bessis,R. Shamseddinel. Phys. A15, 3131(1982).

[18] Yu. Kurochkin, Dokl. Akad. Nauk Belarusi 38, 36 (1994).

[19] V. Gritzev, Yu. Kuro chkin, Phys. Rev. B64, 035308(2001).

[20] M. Salerno,S. Filipp o, E. Tu noand, V. Enolskii, J. Phys. A34, 2311(2001).
[21] I. Smolyaninov, Q. Balzano, C. Davis, cond-mat/0502532 v1.

[22] Yu. Kuro chkin, V. Otchik, Dz. Shoukavy, Rom. J. Phys. 50, 35 (2005).



