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This paper contains a detailed analysis of the properties othe scalar
product of short and long living superpositions of neutral jKoi;jK oi
mesons. It is shown for the exact e ective Hamiltonian for neutral meson
subsystem that the scalar product of its eigenvectors, whik correspond
with these short and long living superpositions, cannot be eal under the
assumption of CPT conserved and CP violated. The standard coclusion
obtained within the Lee Oehme Yang theory of neutral kaons is that in this
case such a product should be real. Also, the general and moldedepen-
dent proof that probabilities of transitions jKoi ! j Koi andjKoi ! j Koi
are not equal in the CP non invariant system is given.

PACS numbers: 03.65.Ca, 11.10.St, 11.30.Er, 13.20.Eb

1. Introduction

Almost all properties of the neutral meson complex are desityed by

solving the Schrodinger-like evolution equation [1 12] (ve use~ = c =1
units)
i@' ti = Hij stig; (t to); 1)
@H y Lk k)] Uk, 0)»

(wheretg is the initial instant) for j ;ti, belonging to the subspaceéd, H
(where H is the state space of the physical system under investigati), e.g.
spanned by orthonormal neutral kaons stategKoi; jK oi, and so on, (then

states corresponding to the decay products belong tbl H et H-), and
the non-hermitian e ective Hamiltonian H, obtained usually by means of the
Lee Oehme Yang (LOY) approach [1 12] (within the use of the Weisskopf
Wigner approximation (WW) [13]):
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Hk M 2 (2)
whereM = M*; = ¥ are(2 2)matrices. In a general casédj can
depend on timet, H;  Hj(t), [14,15].

Usually, solutions of the evolution equation (1) are expresed in terms of
the eigenvectors ofH;. Generally, in the case of two-dimensional subspace
Hj the eigenvectors ofH acting in this H; will be denoted asijli;jsi. In
the general case solutions of the eigenvalue problem féf;;

Hj j1(s)i = 15 J1(s)i; 3)
have the following form [16,17]
jIs)i = Ny J1i ygl2i ; 4)

where jli stands for the vectors of thejKoi; jBoi type and j2i denotes
antiparticles of the particle 1: jKoi; Boi, i jki = jk, (jk =1;2),

1
1+ )
and h, (4 h
+
I(s) = ZT: (6)
i
is) = ho+( )h myy 5 19)° (7)

Quantities my(s); |(s) are real, and

ho = 3(h11+ hy); (8)
h " REE ©
hy = 3(hu ha); (10)
hjx = HjHki; ik =1;2): (11)

In the case of neutral kaons eigenvectors dfi;; are identi ed with the long,

jK i, (vector jli) and short, jKgsi, (vector jsi) living superpositions of K g
and K. This identi cation of vectors jl(s)i with states jK| ()i corresponds
to the standard phase convention for CP transformation: CPjli = j 2i,

CPRi = j 1i.
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The following identities are true for | and g,

1+ s = huy+hyp TrHj; 12)
| s = 2h et = m |§ ; (13)
I s = hithps  hiphp;  det Hy; (14)

where
m=m ms=( m);
= s=( ) (15)

In the standard approach to the description of properties ofthe neu-
tral kaon complex many relations connecting parameters chacterizing neu-
tral kaons follow from the properties of the scalar product & state vectors
jKsi;jKLi. The aim of this paper is to analyze in the general case deta&it
properties of the scalar product of eigenvector§li and jsi depending on CP
and CPT transformations properties of the total system unde considera-
tions.

2. General properties of the product hsjli

Let us analyze the producthsjli in the case of a generaH;; without any
assumptions about CP- or CPT-symmetries of the system undeconsidera-
tions. From (4) one nds

hsjili = NsNy 1+ ¢ ) (16)

The important question is whether the product hsjli is real, bsjli ~ (bsjli) ,
or not, Isjli & (hsjli) . Itis obvious that the answer to this question depends
on the properties of the product ¢ |. From (6) it follows that

1 h , ) [
——> jhzjc j hj© +2i=(hsh) ; 17
JhlzszzJJJ (hzh) (17)

S

where = (z) denotes the imaginary part of the complex numberz (< (z) is
the real part of z). So the trivial conclusion is that

hsjli = (rsjli) hljsi , = (h,h)=0: (18)

Taking into account the identity (13) one hash = % m
it can be easily found that

and thus

N|—

=(hh)= 5 m=(h) + 5 <(h): (19

1
2



1730 K. Urbanowski

From this relation it is seen that if h, =0, that is, if (h11 h2) =0 (see
(10)) then = (h,h ) 0. This result does not depend on the values of m

and . So, ifh, =0 then the scalar productIsjli must be real.
Now let us suppose thath, 6 0. In order to draw some conclusions
about = (h;h ) in this case one should rewrite ; m; and (h11  hao)

in a more convenient form. If the superweak phasesw [11,12] is used,

tan gw = 2(mi__ms) 2 ; (20)

S |

then one can nd that

m=j jsin sw; — =1 Jcos sw: (21)
Next one should nd a similar expression for< (h;) and = (h;). One has
hij = <(hj) +i=(hy); (22)
(j =1;2), where
<(hi) My o=(hy) 3 (23)
Using the following de nitions
M =M1 My, = 11 22, (24)
one can write that

hll h22 = M = 2hz . (25)

Next, if another phase ; is introduced analogously to the superweak phase
sw by means of the relation

tan ;= ﬂ; (26)

then one nds that
<(hz)= ] hzjsin z; =(hz)= ] hzjcos ;: (27)

Thus, using (21) and (27) relation (19) can be rewritten in a @ompact and
convenient form

=(hzh )= %J jjhzj sin( sw 2) " (28)
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Note that, e.g.,if M 60 and =0then ,=3% +n,(n=0;
1, 2;:::). Onthe other hand there is sw 43,5 in the case of neutral
K mesons (see [10 12]) and thusin( sw 2) 60.

Let us now analyze the case 6 0 and M = 0. These assumptions
yield ;,=n ,(n=0; 1, 2;:::), whichmeansthatalsosin( sw ;)60
in this case.

The last possibility is 60 and M 60. Thereis

h h ; - _
u 211 22 i e| SW o4 ’)e|( sw+ —2); (29)
( | s)

in the case of neutralK system (seege.g.[12], p. 623, formula (2)). Here

o _ 1 1 2 (30)
i T 7 '

AT M2 ()2

1 My Mp

o]

2 = 56 ; (31)
( m2+(+)?
are the real parameters. Thus
tan 2. (32)
ii
From (29) one nds
j = <(e'sw) < ()cos sw+=()sin sw; (33)
> = =(e "sw) = ()cos sw < ()sin sw; (34)
which leads to the following formula fortan :
=() < ()tan sw
t :
Mz SOr=0en sw (39)
On the other hand
=()= jsin sw+ »cCOS sw: (36)

Now if 60 and M 60, thenusing (30) and (31) one infers that ;; 6 0
and , 6 0. Thus it should be=( ) 6 0 in such a case. Estimations of ( )
and < () obtained from tests with neutral kaons show that=( ) 6 < ()
(see, e.g. [12]). Taking into account all these properties it can be edly
veri ed that neither ,= gwnor ,= sw n ,(n=1;23;:::) fullls
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the relation (35) in the case of sw 43,5 . Therefore, the conclusion
that there must be , 6 sy and ; 6 sw n in the neutral meson
complexes seems to be obvious. So in the general case 6 0, M 60
the condition h, 6 0 causes also that=(h,h ) 6 0 and thus by (16) and
(17) that hsjli & Hjsi  (hsjli) .

All the above analysis leads to the conclusion that in the cas on neutral
mesons the following theorem holds:

Theorem For the values of m and which are typical for
neutral meson complexes

msjli = (fsjli) hljsi, (hu hy)=0: (37)

It is interesting to confront this observation with the prop erties of matrix
elements, hj , of the approximate as well as the exact e ective Hamiltonias
for neutral meson complex following from the CP- or CPT-symnetries of the
total system under considerations. The standard approachd the description
of properties of neutral mesons is based on the LOY e ective Emiltonian,
HLoy . Taking H; = Hioy and assuming that the CPT invariance holds
in the system considered one easily nds the standard resulof the LOY
approach

nEgY = nipY ; 38)
where hfSY = 1 jH oy jki; (ik = 1;2). Therefore, within the LOY the-
ory the property that in a CPT invariant system HKgjK i = (K gjK i)

K | jKsi, is considered as quite obvious and unquestionable. This @ne of
the standard results of the LOY theory of neutral meson comptxes. The
guestion is whether such a property of the scalar product uner consider-

ations holds in the case of the exact e ective Hamiltonian fo the neutral
mesons complex or not.

3. CP and CPT transformations and the exact Hj

Solutions of the Schrédinger-like equation (1) can be writen in the ma-
trix form and such a matrix de nes the evolution operator (which is usually
non-unitary) Ug(t) acting in Hy:

... def .
it S U ik (39)
where
I ik qujli + j2i; (40)
is the initial state of the system, j i; | ;t = toi; 2 H;. CP and

CPT transformation properties of the matrix elements, h;c, of the exact
e ective Hamiltonian, Hj;, can be extracted from the suitable properties of
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the exact evolution operator U;(t). The exact evolution operator Uj;(t) has
the following form [18]
Uj(t) = PU()P ; (41)

where P is the projection operator onto subspaceH, and U(t) is the total
unitary evolution operator, which solves the Schrodinger quation

i@@tU(t)j ij= HU@®)] ij; U=t =1 (42)

wherel is the unit operator in H and H is the total (selfadjoint) Hamiltonian
acting in H. In the considered case the projectoP can be de ned as follows
[17,18]

P = jlihlj + j2ih2j: (43)
One has

Hj=PH; Ho=(1 P)H % QH: (44)

The evolution operator U;;(t) has a nontrivial form only if
[P;H]60; (45)

and only then transitions of states fromHj into H» and vice versa i.e.,
decay and regeneration processes, are allowed.
Within the matrix representation one can write [18]

Uji () A(gt) 8 ; (46)

where 0 denotes the suitable zero submatrices and a submatriR (t) is the
(2 2) matrix acting in Hj,

Aa(t)  Ax(t)

Al = An(t) Ag(t) “n
and Aj (t) = i jU;(t)jki h jjut)jki, (k =1;2).
Now if we assume that
[;H 1=0; (48)

(where = CPT is an antiunitary operator with unitary C, P and antiunitary
T denoting operators realizing the charge conjugation, the arity and time
reversal for vectors inH, respectively), then one easily nds that [6,18 22]

Agi(t) = Ax(t): (49)

The assumption (48) gives no relations betweer\1,(t) and A,1(t).
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If the system under considerations is assumed to be CP invamnt,

[CPH]=0; (50)

then using the following, most general, phase convention
CPjli=e ' j2i; CPRi=¢"' jli; (51)
(instead of the standard one:CPjli = j 2i, CPR2i = j 1i) one easily nds

that for the diagonal matrix elements of the matrix A (t) the relation (49)
holds in this case also, and that for the o -diagonal matrix dements

Ap(t) = € Ax(t): (52)

This means that if the CP symmetry is conserved in the system antain-
ing the subsystem of neutral mesons, then for every> 0 there must be

Ap(t) _

=1 const: 53
Az (t) (53)

Now let us consider the case when CP symmetry is violated,
[CP;H]60: (54)

For our considerations it is convenient to decompose the ta@l Hamiltonian
H into two parts [8,9],

H H:+H ; (55)
where
H =3[H (CPH(CP)I: (56)
Under CP, H.: is even andH is odd,
(CPH (CP)* = H : (57)

(Note that if relation (50) holds then H  0.) Now using relations (55) (57)
one can easily conclude that

(CPH(CP)* H 2H : (58)

This result helps one to solve the problem of how the solutionU(t), to the

Schrddniger equation (42) transforms undelCP. So let us de ne Ucp(t) det

(CP)U(t)(CP)*, where U(t) solves Eq. (42). Starting from Eq. (42) one

obtains

. @ _

|@%JCP (t) = (H 2H )Ucp(t) (59)
HUcp(t) 2H Ucp(t); (60)
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with the initial condition Ucp(0) = I. The solution, U(t), of Eq. (42) is the
free solution for Eg. (60) and thus the solution of this lag equation can be
expressed as follows [23]

Zt
Ucp(t)= U(t)+2i U@ )H Ucp()d : (61)
0
Of course, from (59) it follows that Ucp(t) = exp[ it(H 2H )t] but this
formula is much less convenient than (61).

Assuming that the system under consideration is not CP invalant and
using (51) it is easy to nd that

Ara(t) € hejUce(1)jli: (62)
Next, inserting there Ucp (t) given by (61) yields
7t
Ap(t)= € An(t)+2ie? ] U )H Ucp( )d jli: (63)

0

From this last relation one infers that when CP symmetry is violated then
for t > O there must be

2
20T LR 2 a); @00 69
where
2i 2
raa(t) = Apr(D) 0 ejut  )H Ucp( )jlid ; (65)

and r,1(t) 6 0 fort> 0.
Let us analyze the simplest case when is very short,t 0, but still
t> 0and R2jHjli & 0. Then after some algebra one nds

‘Alz(t) 2 .
Azi(t)

RRjH jli
rRjHjLi

2 . ca
4< R2jH j1i

1+ W 61: (66)

O<t O

If 2jHj1li =0 but R2jH?j1i & O then for very short t one has

‘Alz(t) : Ri(H.H +H H,)jli [

' 1+4 s
Aant) | | o HRjH 2j1i

!
Rj(H H +H H.)jli

4< RjHZ i

61: (67)
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Note that these results and (64) are the quite general and thiathey
do not depend on any model or approximation used. Relations6d), (66)
and (67) prove that if the property (54) holds in the system, that is if the
CP symmetry is violated, then in such a system the modulus of e ratio
A12(t)=Az1(t) must be di erent from 1 for every t> 0,

A1o(t)
Aoq(t)

[CP;H]60 ) 61; (t> 0): (68)

The importance of this result consists in the fact that it is the rigorous con-
sequence of only two assumptions. The rst is that the real poperties of the
system follow from the solutions of the Schrodinger Equatio (42). The sec-
ond one is that the total selfadjoint Hamiltonian H does not commute with
the CP operator. Apart from these two assumptions no additional malel
assumptions or approximations were used in order to prove @. In particu-

lar, no properties of the eigenvectorgli;jsi for the e ective Hamiltonian Hj;

and no assumptions about their form were used in the above ceiderations
leading to the conclusion (68).

So, we already have all the necessary CP- and CPT-transforntian prop-
erties of the matrix elements of the exact evolution operato Uj(t) for the
subspace of neutral mesonbl;, and now we can extract from them the suit-
able properties of the matrix elements of the exact e ectiveHamiltonian for
this subspace. One can nd the necessary properties of the rtré&x elements
of Hj; by analyzing the following identity [14, 15, 18, 24, 25]

. @Y(1)

Hj  H® = i—g L] o (69)

where [U;(t)] *is de ned as follows
U ()Y =[] tU;t)= P (70)

(Note that the identity (69) holds, independent of whether [P;H] 6 O or
[P;H] =0.) The expression (69) can be rewritten using the matrixA (t)

@\ ()
Hj(t) |W[A ] (71)
Relations (69), (71) must be ful lled by the exact as well as ly every ap-
proximate e ective Hamiltonian governing the time evolution in every two
dimensional subspaceH; of statesH [14,16, 24, 25].
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It is easy to nd from (71) the general formulae for the diagoral matrix

elements, h;; , of Hj;(t), in which we are interested. We have [18]
!

B i @Aa(t) @A(t) .
hiy(t) = detA (1) at Ao(t) ot Ao (t) ’, (72)
o @A(t) @A) , .\ .

Using (72), (73) the di erence (hy1  hy2) = 2 h,, whose properties are crucial
for the question whether the product hsjli is real or not, can be expressed
as follows [18]

(
.1 @ Aul(l)
hi1(t)  hxo(t) = 'm A11(t)A22(t)@t|n Asa(D)
@, Ap(t)
A1a(t) Aa(t) @,['n Aor(D (74)

At this point one should use the fact that an important relati on between
amplitudes A1,(t) and A»1(t) is described by the famous Khal n's Theorem
[19 21, 26,27]. This Theorem states that in the case of unstale states, if
amplitudes A1»(t) and A»1(t) have the same time dependence

def A1o(t)

r(t) = Aor(D =const: r; (75)

then there must bejrj =1.

The proof of this theorem is rigorous and it does not use the CPor
CPT-transformation properties of the system considered.

Now one is ready to examine consequences of the assumptionsaitt
(h11(t) ho(t)) =0 is admissible fort> 0. In such a case an analysis of
the expression (74), relations (49), (53), (64), (68) and tk Khal n's Theo-
rem (75) allows one to conclude that

Conclusion 1
If (h12(t) hop(t)) =0 for t> 0O then there must be

Aq(t) A1o(t)
a = const: and =const: (for t> 0);
@ RAa® Aot ( )
or
(b) Au() 6 const: and Az2() 6 const: (for t> 0):

Ao(t) Ao (t)
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The following interpretation of (a) and (b) follows from (49), (53), (64),
(68) and from the Khal n's Theorem (75). The case (a) means that the
CP-symmetry is conserved and there is no information abouthe CPT in-
variance. The case (b) denotes that the system under consig&ions is
neither CP-invariant nor CPT-invariant.

In our discussion the CPT Theorem [28 33] cannot be neglecte The
CPT Theorem is a fundamental theorem of axiomatic quantum dd theory.
It follows from locality, Lorentz invariance and unitarity . One should also
take into account another fact that there is no experimentalevidence that
CPT symmetry is violated [12, 34]. Therefore, the assumptio that any
guantum theory of elementary particles should be CPT invarant seems to
be obvious. So let us assume that CPT symmetry is the exact symetry
of the system under considerations, that is that the conditon (48) holds.
In such a case the relation (49) holds. The consequence of shis that the
expression (74) becomes simpler and it is easy to prove thahé following
property must hold [18]

_ A1a(t)
hii(t) hao(t)=0 , Aor(D

Now let us go on to analyze the conclusions following from th&hal n's
Theorem. CP noninvariance requires thatjrj 6 1 (see (53), (64), (68) and
also [1 12,19 22]). This means that in such a case there musber = r(t) 6
const So, if in the system considered the properties (48) and (54)did then,
as it follows from (76), att > 0O there must be (h11(t) h2(t)) 6 0 in this
system [18]. Thus, keeping in mind results (28) and (37) onean state that
following conclusion must be true

=const;; (t> 0): (76)

Conclusion 2

If the CPT symmetry is the real symmetry of the system contain
ing neutral meson subsystem and the CP symmetry is violated
in this system (i.e., if (48) and (54) hold) then there must be

rsjli & (fsjli)  h ljsi: 77)

4. Discussion

As it was mentioned, the CPT Theorem follows from basic priniples
of quantum theory. Simply it is the mathematical consequene of basic
assumptions of quantum theory. There is no evidence that théasic prin-
ciples of the quantum mechanics are violated. There is alsoonevidence of
the CPT violation. In contrast to the lack of evidence of the CPT nonin-
variance, the CP violation is an experimental fact [4, 12,34 This means

(by (68)) that in the real system there must be 228 6 1 for (t > 0)
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and, therefore, due to the Khal n's theorem (75) and the reldaion (76),
there must be (h11(t) hoy(t)) 6 0 for (t > 0) in real systems. Thus the
real property of the system containing neutral mesons is thiit must be
kejli & (hsjli)  hljsi (rather than bsjli = (hsjli) hljsi). This means
that one of the standard results of the LOY theory that in a CPT invariant
systemhKgjK i = (KKgjK i) h K jKsi, (where jKsi; jK i correspond
to jsi;jli), is wrong.

On the other hand, the assumption that the inner product KK sjK i
should be real (or equivalently that there should be=hK sjK i = 0) when
the CPT symmetry holds was considered in the literature as te fundamen-
tal property of CPT invariant system allowing one to derive many relations
connecting parameters characterizing the neutraK system and some con-
strains on these parameters [2 12, 35 40]getc.

The result (77) means that all relations and constrains obt&ed in this
way need not re ect real properties of systems under considation. Simply,
they may lead to wrong conclusions obfuscating the real progrties of the
neutral meson systems and thus our opinion about the interamns causing
decay process of these mesons. So within the standard LOY tbey of neu-
tral meson complexes one should be very careful interpretqnthe results of
experiments with neutral mesons and in such a case one can mgwbe sure
that this interpretation corresponds to the real properties of the system un-
der investigations. These reservations also concern relahs derived within
the use of the Bell Steinberger relation. Properties of the nner product
K sjK i are crucial for the interpretation of such relations [35,4(Q. It seems
that while performing an analysis of the results of such expéments, only
relations connecting the parameters characterizing neul meson complexes
which do not depend on any approximations and which follow diectly from
the general principles of the quantum theory should be takennto account.
The mentioned above Khal n's Theorem is an example of such fations.

Note that if we assume that real properties of the system are ekcribed
by the solutions of the Schrodinger Equation (42) (withH = H*) then there
can behsjli = Hjsi  (hsjli) forh, 60 onlyif ,= sw, thatis if

2 M <(hnn hzw) _2(1 ).
=(h1y  ho) s
The result of the Fridrichs Lee model [19] calculations peformed in [17]

with the assumption that values of parameters of this model orrespond to
the parameters of neutralK complex is the following [18]

<(hfs hi5)y= MF- 1.7 10 B¥= (MjHj2i)60; (79)

(78)

and

=(hfz  hb5 Fl=0: (80)

Nl
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So, the relation (78) does not take place in the case of the Hiichs Lee
model. The same conclusion one can draw analyzing the experentally
obtained values M = mg, my  and = mg, Mk, = K.  Ks
[12].

The result (77) is the consequence of the property (68) thatdrt > 0
modulus of the ratio A12(t)=A21(t) must be di erent from unity if CP sym-
metry is violated. Within the LOY theory such a property foll ows from the
properties of matrix elements of the approximate LOY e ective Hamiltonian.
On the other hand, taking into account the conclusions deried in [42], the
property (68) cannot considered to be the obvious.

In [42] it was found that within the LOY theory the modulus of t he
similar ratio can be equal to one for some models of interaains. Note that
the conclusion (68) does not depend on any approximation. lalso does not
depend on any model of interactions. As it was mentioned it ighe simple
implication of two general assumptions: that the total Hamiltonian, H,
does not commute with the CP operator and that the Schrédinger equation
describes correctly the system we are interested in. This na@s that this
relation re ects real properties of system with CP violated

All evolution equations for neutral meson complex have the drm of
Eqg. (1) (see [112,43,44]). Solutions of this equation are sed to describe
time evolution of neutral mesons and mixing processes. Sahg this equa-
tion one can nd amplitudes Aj (t), (j;k =1;2). An important property
of the ratio A1(t)=A21(t) = r(t) follows from the Khal n's Theorem (75).
The main result of this paper (i.e., the property (77)) and the earlier result
that there must be h11(t) haa(t)) 6 0 for t > 0in the CPT invariant sys-
tem [18] (see also [45]) is the consequence of this Theoremn®©may want
to confront the Khal n's Theorem with the experimental resu lts, which give
i1 j r()jj 10 3 = const. with some limited accuracy (see.e.qg, [12,44]).
This does not mean that the Khal n's Theorem is wrong. Simply e ects
connected with the Khal n's Theorem are very tiny and they seem to be
beyond the accuracy of recent experiments (see also [27])n the light of

the detailed model analysis given in [19] the conclusion thafor t to,

irmax () rmin(0)j %7 r< 10 %, seems to be acceptable. Within the LOY

approximation physical states,jli;jsi, decays exponentially. In general there
are tiny corrections to the exponential decay laws at very sbrt and very long
times [46]. The amplitudesAj (t) calculated within the LOY, that is in fact
within the WW approximation give the result r(t) = r_oy = const. These
amplitudes calculated more accurately contains non-expantial and non-
oscillatory tiny corrections (see [19,22]) leading to varing in time r(t) with
the spectrum of changes limited by r < 10 L. In other words there is

r(t) = I'Loy + d(t); (81)



On the Scalar Product of Short and Long Living States ... 1741

where d(t) varies in time t and jd(t)j r fort to. (Note that the
Khal n's Theorem does not require d(t) to be large.) These corrections seem
to be irrelevant for many parameters describing neutral mesn complex but
they and, therefore, the consequences of the Khal n's The@am, must be
taken into account in high precision CPT symmetry tests.

The last remark. Within the standard theory of neutral mesoncomplexes
all evolution equations are derived from the Schrddinger Egation (42) using
more or less accurate approximations (see [1 12,35 40] ando on). This
means that there is a consensus that the Schrdodinger Equatiodescribes
correctly time evolution in such systems. So, if we adopt ths opinion and
assume that the Schrodinger Equation describes correctlyeal properties of
the varying in time processes in the systemsg.g., containing neutral meson
complex as a subsystem, then we must also accept all rigorogsnsequences
of such an assumption. The main conclusions of this paper amnsequences
of this type.
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